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| ntroduction

Analysis 3-4 is a generdization of usual, one-dimensional analysis to the case of
arbirary finite dimensions.

More precisely, instead of functionsR — R we consider functionsR" — R™,

In fact elements of finite-dimensional analysiswere developed already in 18™ century,
but an appropriateframefor thisanalysisare normed spaces. These spaceswereintroduced
(independently and almost simultaneously (1916-1922)) by A. Bennett, F. Riesz, H. Hahn,
S. Banach, N. Wiener. The differentiation operator for mappings between normed spaces
was defined in 1925 by M. Fréchet. (More “weak” notion of differentiability was defined
early (1913) by R. Gateaux, but for thiskind of differentiability the chainruleisnot valid.)
This date can be consider as the birthdate of modern analysis.

* *x %

Our course contains 12 Chapters. |n Chapter 1 we study normed spaces (up to Chapter 5
these spaces are alowed to be infinite-dimensional). In Chapter 2 we consider Fréchet
(and Géteaux) derivative. Chapter 3 is devoted to the most important theorem of analysis,
Inverse Function Theorem (which can be equivalently reformulated as Implicit Function
Theorem). As a tool for proving this theorem we prove at first so called Contraction
Lemma (this is the main tool aso in the final Chapter 12). In Chapter 4 we study higher
derivatives, up to Taylor formula. In Chapter 5 we give some applications of the theory to
optimization problems.

Starting from Chapter 6 we restrict ourselfsjust by FINITE-dimensional case.

In Chapter 6 we construct Riemann integral in R". Chapter 7 is devoted to two im-
portant technical results. In Chapter 8 we consider differential forms, which are in fact
generalizations of “length element”, “area element” and “volume element” of classical
“old” analysis. Chapters 9 and 10 are devoted to the crown theorem of the theory, Stokes
Theorem, which is a generalization of different known results of “old” analysis (Eu-
ler (1771), Green (1828), Ostrogradskij (1834), Stokes (1854)). For this end we define
manifoldsin R".

Thelast two chaptersarefacultativeand writtenin more compressed style. In Chapter 11
we apply Stokes Theorem for study of analytic complex function, and in Chapter 12 we
apply Contraction Lemmafor proving of Existence and Unigqueness Theorem for ordinary
differential equations.

Some remarks on notations.

If wewrite, eg., a é b, this means “using A we concludethat a < b”".

Symbols <1 and > denote, resp., the beginning and the end of the proof. If we prove
some “small” assertion inside the proof of a“great” one, we use symbols <1 and > for
this“small” proof, et-cetera.

“Exerc.” over e.g. an equation mark means that to prove this equation is an exercize
for the reader.

The reader has to remember that misprints are POSSIBLE and to use ever his common
sense.






Chapter 1

Normed spaces

1.1 Norms

Let X beavector space over R. By anormon (or in) X wemean afunction|-|| : X - R
with the following properties:

(i) ¥x € X ||x|| > O (positivity); [x|| = 0 < x = 0 (non-degeneracy);
(i) Yx e XVt € R: |Itx]| = |t] [Ix]| (positive homogenity); in particular ||—x|| = [|X]|
(symmetry);
(iii) vx,y € X: [x+yl < x| + Iyl (subadditivity).

If we interpret ||X]| as the LENGTH of the vector x then the
property (iii) expressesthe triangle inequality (A-in.).

A normed space X is a vector space equipped with a norm.
(1] (X € NS)

X vl x+y
(1]

\

O vy Examples.
LR -D;
2. R™, |I-lp), where |||, is defined for 1 < p < oo by the
formula
Xl = (XalP 4+ xal®) 7P (X = (X, X))
For p = 2 we obtain the usual Euclidean length.
3. (R, [Illec), where

NB [IX]loo = liMp— o0 [IX[lp-

4.¢,. Thisistheset of all sequencesx = (X1, X2, . . .) of real numberssuchthat >, xi2 <
oo, with the norm defined so:

o0
2. 2
[IX]| = E X,
i=1

9
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5. C([0, 1]). Thisisthe set of al continuousreal-valued functionson [0, 1] equipped with
the norm

x| := max_|x(t)].
Il te[O,l]l ®)

Second Triangle Inequality. Let ||-|| beanormin X. Then

X .
vx,ye X: Xl =yl < IIx =yl
[1XI| x| < Without loss of generality we can assume that ||x|| > |Vl
(since||x —y|l = |ly — x|l). We need to verify that ||x|| — [ly]l <
[IX — y||. But indeed
A-in.
0 IVl y X)X =y +ylI < X =yl + Dyl
1.2 Balls

Let X beanormed space. Put for x € X,r > 0

Br(X) ;== {y € X | |ly—x| < r} (the closed ball with the center x and radiusr);

IO?,r X):={y e X | |ly — x|l <r} (theopen ball with the center x and radiusr);

For balls with center at 0 we write for short
Br = Br (O), Br = Br (0)
Propertiesof balls. It is easy to verify (please!) that!
1) B/ (x) = x+ Br; Br(x) =X+ Br,
2) Br =T B]_, Br = rBl,
3) B C ¢ Br;
4) ifry <rp, thenBr, S Byy;
5) Br = U By = UBy;

O<)a<r a<r
6) Br ZmBa ZﬂBa;
a>r a>r

NB Here and below we use the following notations:

A+B:={at+blacA beB} (A BcX),
A=ftajteT,acAl (TCR, Ac X).

In particular

X+A=XX}+A={x+alae A} (xeX),
tA:={t}A={talae A} (teR).

Notation. For ballsin R we write | (“interval”) instead of B. For example

Iy =[-1,1].

in 3) and 4) we suppose that our normed space is non-trivial: X # {0}.
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1.3 Norm topology

Let X be anormed space. We define the topology = generated by the normso: aset G is
open if for each point x € G there existsaball B, (x) that is

@ contained in G:
Ger oVxeG3e>0:B,(x) cG.
s " +()

Thefirst assertion of thefollowing theorem meansthat this
definition is correct.

Theorem 1.3.1.
a) So defined 7 isatopology.
b) Openballsin X are open setsin thistopology, and closed balls are closed sets.
¢) Boththe open ballsand the closed ballswith the center at x are bases of neighbour-
hoods of x in thistopology.

<a) G, et = |J,Gy € 7. Indeed if x € |JG, then x € G, for some ao, hence
B:(X) C G, for somee > 0; afortiori B, (x) C |J Gg.

Further, G1,G2 e 1 = G1 N G2 € 7. Indeed, if Xx € G1 N Gy, then x € G;
and hence B;, ¢ G for some ¢; > 0. Analogously B, ¢ G for some ¢, > 0. Put
& :=min(eq, €2). Then B, (x) c G1 N Ga.

Thus 7 isatopology.

b) Let us prove that I038(x) er.Letye IO38(x). Then
€S
s=|ly—x| <e.

Takeany ¢ > 0 such that
0<ée—S. (1)
Then
zeBs(y)=llz—yll<d= llz—xl
B A-in. 1) o
(%) < lz=yl+ly—xl<é+s<¢ = zeB.(x),
—— ——
<0 =s
which meansthat B;(y) c IOBS(X). Thus, IOBS(X) €.
That (B, (x))° € 7 can be proved analogously.
¢) If U isan open neighbourhood of x in z, then (by our definition of ), B.(x) c U
for some ¢ > 0; afortiori I%S(x) c U. But I%S(X) is an open set (by b)) and contains x
(obvioudly), so IOB(g (x) is an open neighbourhood of x, therefore B, (x) is a(closed by b))
neighbourhood of x. All isproved. >
By a horm topol ogy we mean the topology generated by a norm.
NB Any norm topology is Hausdorff. (Prove!)

Convergence and continuity

Convergencein a normed space X means convergencein the topology generated by
the norm. It follows from the definitions that

Xn—— X € X & ||Xn — X|| —— 0.
n— oo n—oo
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Continuity of amapping f : X — Y (where X, Y are normed spaces) means continuity
in topologies generated by the normsin X and Y. It follows from the definitionsthat f is
continuousat apoint X € X if and only if (iff)

Ve>030>0: [x—%|<é= |- FR)|<e @

(just asin usua analysis, only with ||-|| instead of | - |).
For short we write (2) in the form

[x=%]| > 0= |f(x)—f(®)]—0,

or
| fx)— fx)|——— 0.
|[x—%||—0
Theorem 1.3.2. Let X be a normed space. Then thenorm ||| : X — R isa continuous
function
<1 Continuity of ||-|| at apoint X means that
[Ixll = |&]| ———0
Ix|l—]|%||—0

But the latter relation istrue, since, by the Second Triangle Inequality,

Xt = &[] < Ixl = %] &

1.4 Equivalent norms

Let ||-]|; and ||-||> betwo norms on avector space X. We say that thenorm ||-||; is stronger
than the norm |||, and write
-0l = 1I-ll2,

if thetopology 71 generated by ||| is FINER than the topology 72, generated by |- ||5:

-l = [Ill2 “& 71 D 72.

Theorem 1.4.1. The following conditions are equivalent (TFAE):
aQ) -y = NI-ll2;
b) Jri,ro>0: é‘rll'nl c |°3\r|2-|\2;
€) dry,ro> 0: B‘r'i”l c B‘,'z'”z;

d) Iri,ro>0: 2y = r1ll-llo. (Whichmeansthat Vx € X: rq[[X|ly > r2 [IX]l2.).
<11°(a) = (b):

o, 1.3 71012 S def. of ¢ Ol . . O .
BI\_|1H2 € 1 2R BQHZET]_ 3.0 Q- BQHZDB! \|1:> Bgusz! Hl;

thus, wecanputry = ¢, ro = 1.
2° (b) = (c):

g 1.2 Ol-1ly 1.2 oy, (b) Ol-» L2 Sl 1.2 S
B! g 12 ﬂ B\rl g 12 ﬂ aB\rllHl c aB\rlez 12 ﬂ B\rl ll2 1.2 B‘r|2H2~

r>ri a>1 a>1 r>rz
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3° (¢) = (d): Let (c) istrue. We need to verify that Vx € X : ra||x|ly > r1 [IX[l,. Without
. ©
lossof generality x # 0.Wehave [Irix/[x[l1ll; = r1 = rax/[Ixlly € By = rax/|Ixll; €

B2 = lIrax/IXll1llz < r2 = r1lIXll2 = r2 X1
4° (d) = (a): Let (d) istrue. We need to verify that 11 D 2. Let U € 72 and let X be an
arbitrary point in U. By the definition of 75, for somee > 0

BI'2(x) c U. @y

Now, [|X|l1 <1 9 IX]l2 < r2, which meansthat I%‘rli”l c I%'r‘z'”z. Multiplying by &/r» we
obtainB!! IOBL"”Z. And the trandation by x yields (by the property 2 of balls, see 1.2)

ery/ra

) o . 1
BHL (0 ¢ BI1200 € U ThusU e 7. >

Example. In¢;

-2 = oo s llloe # N-ll2
where
IXlloo i= sUp IXi] (X = (X1, X2, ...)).
ie{l.2,..)
(Prove!)

Equivalent norms
We say that two norms ||-||; and ||-||, on avector space X are equivaent and write

-l ~ 1INz

if each norm is stronger than the other, that is, if they generate one and the same topology:

-l ~ M-z = -l = -llzs -2 = 11 ll) & 71 = 2.

| Theorem 1.4.2. InR"

—E{'”m
kL

B 20 xlly > IXll2 > [IXlls (provel), hence (by
g’ Theorem 14.1) [|-fl1 > [I-ll2 = I loo-
2° n|Xlloo = /NlXll2 = [IX]ly (prove!), hence
Il = I-ll2 = II-ll7. >
NB In fact ALL normsin R" are equivalent (see
1.9).

-l ~ M-l ~ oo

1.5 Bounded sets

A set Ain anormed space X is caled bounded if A iscontained in the ball B, for some
r > 0.
NB A set Aisbounded iff the number set {||x|| | X € A} C R isbounded.

Example. Each ball (closed or open), with any center, is bounded. (Prove!)
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Theorem 1.5.1. For equivalent normsthe set of all bounded sets is one and the same, that
is, if [I-llg ~ 1I-ll2, then

Aisboundedin ||-]; & Aisboundedin |||, .

<1 Thisfollowsfrom equivalence (a) < (d) in Theorem 1.4.1. >

Remark. The theorem suggests that boundedness can be expressed in terms of the ToPO-
LOGY 7 generated by the norm. And indeed A is bounded iff for each neighbourhood U
of zeroin r thereexistsd > O suchthat A C U.

1.6 Product

Let X4, ..., Xn benormed spaces. The vector space X1 x - - - x Xp can be equipped with
the norm

(X1, . X) =1 U Xallxy s - - -5 1Xnllxg) s D

eRn

where1 < p < oo, and [|-||, isthe norm in R" defined in 1.1. Just asin Theorem 1.4.2.,
it can be verified that for p = 1, 2 and oo we obtain equivalent norms. (In fact, the norms
(1) are equivalent for ALL p € [1, oo], since al normsiN R" are equivalent, see 1.9.)
Remark. Thenorm |-||, inR" isaspecial case of this congtruction (R" =R x - - - x R).
NB The topology generated by the norms (1) coincides with the product topology in
X1 x -+ x Xp, €each X; being supplied with the topology generated by the norm.
Criterion. Let X1, ..., X be normed spaces. Then

(X1, ..., Xn) > (Re, ..., %) € Xy x -+ x Xn & Vi [xi — %] - 0.
< Thisfollows at once from the definitions. >
Theorem 1.6.1. For each normed space the algebraical operations
X xR - X, (X, 1)~ tx (multiplication)

and
+: XxX-> X, (X,¥y)— x+Yy (addition)

are continuous.

< R A-in R R
0< |tx—f%]| < [tx—tX]| + |tx— %] = It| |[x =% +[t—f|x] ——— 0
- [[x—%||—0
—t] [t—f]—0
t—f
. o(tX) hence [tx — x| — Oas(x,t) = (&, f). Thus, the multiplication is
continuous.
[ ] L ] 20
(tx) .y An R R
0<|x+y)-&+9| < [x=%|+]y-9] ———0,
|x—=%||—0
ly-9]—0

hence | (x +y) — (X + ¥)| = 0as(x,y) = (X, ¥). Thus, the additionis continuous. t>
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1.7 Natural topology in R"

The topology generated by the equivalent norms |-|l1, [Ill2, lI-llec iN R" (see 1.4) is
called the natural topology.
NB We ever consider R™ with the natural topology.

Theorem 1.7.1. The natural topology zng inIR" coincideswith the product topology zprod
(that is, the topology of the product R x --- x R (n times), where R is equipped with its
standard topology).

In particular the natural topology in R isits standard topology.
<1 For short consider thecasen = 2.
0° Since the neighbourhoods of x are trandations by x of the neighbourhoods of 0 (by
Property 1 of balls, see 1.2), it is sufficient to verify that each neighbourhood of 0 in 7
contains aneighbourhood of 0in zprod and vice versa. Below the notation U e Nby means
that U is a neighbourhood of x.
1° Let U e Nbo(zprog). Then by the definition of the product topology there exist ¢1 >
0, &2 > 0such that

Udlyxly, 5 loxl,=Bl>eNbrg). OK.
g:=min(e1,62) ~——
=tGy)lixise, lyl<e)

2° Let U € Nbg(zna). Then (since tng isgenerated by ||-|| ) there exists ¢ > 0 such that
U 5 Bl= =1, x I, € Nbo(zproa). OK. >

1.8 Bounded setsand compact setsin R"

A set A c R" iscaled bounded if it is bounded in one of the norms ||-||1, [I-ll2, |I‘llso
(then, by Theorem 1.5.1., it it bounded a so in the two others; in essenceit is boundedness
with respect to the natural topology, see Remark in 1.5).

Theorem 1.8.1. Aset K c R" is compact (in the natural topology) iff it is bounded and
closed.

<1 For simplicity of notations consider the casen = 2.

0° We need the following important theorem of general topology:

Tichonov Theorem. The product [ ]; X; of (arbitrary many) topological spa-
ces (equipped with the product topology) is a compact space iff each X; isa
compact space.

1° Let K becompact (inRR2). Then K isclosed (asacompact set in aHausdorff topological
space). Now the projections Ky and K> of K onto the axes x;

oo ‘ and x» are compact (in R) as the images of a compact set by
‘ continuous mappings. Hence, as is known from one-dimensional
K, analysis, K1 and K2 are bounded. So thereexistsa > 0 such that

"k Kiclai=12,...whenceit followsthat
| Kix Ko C g x I =BLl>
ThusK1 x K> isbounded. A fortiori K ¢ K1 x K> isbounded.

K, X

2° Vice versa, let K be a closed bounded set in R2. Then K < BL!> for somea > 0.
But B!{”” = lg x |5 is compact by Tichonov Theorem, hence K is compact as a closed
subset of acompact set. >
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1.9 Uniqueness of the norm topology in R"

Up to equivalence there exists just one norm in R" — all norms in R"generate one and
the same topology:

Theorem 1.9.1. All the normsin R" are equivalent.
< Let ||-|| beanorminR". Show that ||-|| ~ |-]|1.
1° |I-lx > |I-ll: Consider the canonical basis {e1,...,en} of R", (§ = (0,..., O, 1,
1
0,...,0)). Forany point X = (X, ..., Xn) € R"it holds
A-IN.
X[l = IX1€1 + -+ + Xnenll < [IXa€1ll + -+ [Xn€nll
= |Xq|llecll + - - - + [Xn] ll&nl]
< M(IXa| + -+ + [Xn]) = M IX]l1 .
M:=max{lell,--, llenll}
Hence, by Theorem 1.4.1., ||-|l1 = II-]l-
2° ||l = lI-l1: Consider the unit sphere Sin the norm ||-||¢:

S:={xeR"| x|y =1}

This set is compact (in the natural topology). Indeed, S is obviously bounded, and Sis
closed as the pre-image of the closed set {1} ¢ R by the continuous mapping ||-||; (see
Theorem 1.3.2).

Now we claim that |-|| is a continuous function on R" (with the natural topology).
Indeed, ||| is continuous with respect to the topology = generated by ||-|| (once again by
Theorem 1.3.2.) and g IS FINER than 7 by 1°.

We concludethat ||-|| attainsits MINIMAL valuem on S, that is,

IXlly = 1= [Ix|l = m, "
IXoll = m for somexg with [[Xoll; = 1.

Thisvalue m must be greater than 0, since otherwise xo = 0 and || Xoll; = 0. It follows
from (1) that

S
' XL > 1= X = IX]lq ||=——]|| > M
B! == 1xlly
%o >1 ——
>m
Hence
X[ <m=|x]; <1,
gln that is,
: Bl Bl

Thus, by the same Theorem 1.4.1., ||-|| > |I-]l1. >

1.10 Linear mappings
For alinear mapping | we usualy writelx or | - x instead of | (x):

IXx=1-x=I1(x).
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The set of all linear mappings from a vector space X into a vector space Y is a vector
space with respect to operations

(I +mx:=Ix+mx, (@hHx:=tdx) (t e R),

and we denote this vector space by
L(X,Y).

The vector subspace of all coNTINUOUS linear mappings, in the case where X and Y are
normed spaces, we denote by
ZX,Y).

Theorem 1.10.1. Let X and Y benormed spacesandlet| € L(X, Y). Thenl iscontinuous
iff | iscontinuousat 0.
<1 "Only if”: obvious.

“If”: Let | be continuousat 0, that is, ||h|| - 0= |lh|| — 0. Then for an arbitrary
X € X it holds

110+ h) Ix| = flih] —— 0,
—_— hl—
=Ix+lh

which meansthat | is continuousat x. >

Operator norm
Let X, Y be normed spaces. We define the norm of amapping! € L(X,Y) as

Il == sup [IIx]|.
Ixl<1

Very often one says “operators’ for linear mappings, that is why this norm is usually
named operator norm. (Below we will see that thisisreally anorm.)

Example. For any k € R thelinear mapping R — R, X — kx hasthe norm [K|.
Basic Inequality (BI). Wl € L(X,Y) ¥x e X: | IIx] < Il I |
< If x = Othen our inequality istrivialy true. If x 7% O then

Il = H - ||)” H” i

Criteria of continuity. Let| € L(X, Y). The following conditions are equivalent:

< It >

‘ = [Ix[l|!

I

<
Ix/lxM=1

a) | iscontinuous;
b) theimagel B; of theunit ball in X isboundedinY;

¢ 3k > 0vx € X: |Ix|| < k|x]| (the norm of Ix admits an estimation linear in

1x11);
d) |Illl < oo (the operator normisfinite).

< (a):>(b) Sincel is continuous at 0O, there existso > 0 : | B§< C BI. Multiplying by
61 we obtain (by linearity of 1) | BX c BY_,, which just means that the image | Bf S
bounded.

o1
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(b)=(c): If | Bf C B\k(, then (without loss of generality x # 0)

eB\k(
wlog ,.,\
x;éO
X[l II|—||||X|| < kx|
|I l
eBX

©=(d): If [IIx]l < kIx]| for al x, thensupyy <1 X[l <k, thatis, [[l| < k.
= ——
<k [Ix]]
—~—
<1
(d)=(@): If |I]| < cothenO < [lIx]| < 1l T) 0, hence || x|| e 0, that
-0

Ix[l—
is, | iscontinuousat 0. But then, by Theorem 1.10.1., | is continuous everywhere >

Remark. ||l|| = inf{k > 0| ¥x € X: |IIx]| < k|x][}.

Theorem 1.10.2. The mapping £ (X,Y) —» R, | — ||| isanorm.
< That ||I]| > Oisobvious. If ||I|| = Othen ||Ix|| = O for all x with ||x|| < 1 and hence,
by linearity of |, for al x, which meansthat | = 0. Further

Ithl = sup [Ithx]l = sup [itdx)[l = [t| sup [Ix]l =t

Ixli<1 lIxll<1 Ixll<1

At last

M1 +121 = sup fI(1+12)x]l = sup [llax+lax|l < sup  |llax]| +  [ll2x]l
lIxll<1 Ixi<1 Ixll<1 ——

S —
<tall IXIE <tz (1]
—— ——
<1 <1

< el + izl >
NB We EVER consider .Z (X, Y) as a normed space with this norm.

Thecase X = R"

Theorem 1.10.3. Any linear mapping fromR" (with the natural topology) into a normed
space Y iscontinuous:
L@R",Y) = 2Z[®R",Y).

< Letl e L(R",Y). Eachelement X = (X, ..., Xpn) of R can bewrittenasx;e; + - - - +
Xn€n, Where {eq, . .., ey} isthe canonical basis, so if we putlg =: a;, then, by linearity
of I,

IX = X181 + - -+ + Xpan. D

In view of Theorem 1.10.1. it is sufficient to verify that | is continuous at 0, that is, that
X = 0= Ix - 0.Butx - Omeansthatall x; — 0 (sincethenatural topology coincides
with the PRODUCT topology), whence it follows (by continuity of algebraical operations
in anormed space, see Theorem 1.6.1.) that

X]_a.1+"'+Xnan—)0.

Thus, by (1), Ix — 0.
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(ANOTHER PROOF:

x| = (xzer + - )l < [xalll ley || +--- <maxfla || (IXa| 4 ---) < kIIX]lq,
—— N e
a =k =lxlly

so | is continuous by Criterium (c) of continuity.) >

Evaluation at a point
Let X, Y be vector spaces, and let h be a FIXED element of X. The evaluation at h (or
delta-function at h) is the mapping

eVh=oh:L(X,Y)> Y, I > |h
This mapping is (obviously) LINEAR.

Theorem 1.10.4. Let X, Y be normed spaces. Then for each h € X the evaluationat h is
CONTINUOUS:
evh € Z(ZL(X,Y),Y).
Ih
/_/\ . - . . . B
< |levall = sup [levhl | < |Ih|l, henceby Criteria(d) of continuity, evi, iscontinuous.
<1 ——
BI
< Il il
—

<1

“Lemma” from Functional Analysis
Mappings into R are usually caled functionals in the case where the “first” space is
infinite-dimensional. (The name “Functional Analysis’ originates from this word.) The
vector space of al linear (resp., continuous linear) functionals on a given vector space
(resp., normed space) X we shall denoteby X’ (resp., X*):

X' :=L(X,R), X* = Z(X,R).
Later we at least two times shall use the following:

Theorem 1.10.5. (“Lemma’ from Functional Analysis) Let X be a normed space. Then
for each vector x € X thereexistsa functional | € X* of the unit normsuch that its value
at x isjust the normof x:
I =1, Ix =[xl

<1 We give the proof for X = R" only. If x = 0 then we can take as| ANy functional of
thenorm 1. Let x # 0. Put (below ||-|| denotes ||-||5)

X

e=—
X1l

(where the latter point means scalar product). It is clear that ||| = 1, so

and ly:=e.y (yeRM

= sup |e-y| <1, llef=le-el=1
lyl<l ~—>— 1
< el Iyl -
prop. N~ ——
of .=l <«
proa.

Since e belongs to the unit ball, over which we take the supremum, we conclude that
I = 1.
At last

X X-X X2
IX=e-X=— - X=—=— = |X||.>
[IX]] 11| [IX]]






Chapter 2

First derivative

2.1 Fréchet and Gateaux derivatives

The classic definition of the derivative

f/(x) ‘— |lim w
h—0 h
(h#0)

can be written in the form (below we drop for short “h # 07)
o
h h-o

where
r(h):= f(x+h)y— f(x) — f'(x)h.

So we can reformul ate the definition asfollows: afunction f : R — R isdifferentiableat
apoint x if there existsanumber | (= f’(x)) suchthat f admitsthe representation

vhe X: f(x+h)=fXx) +Ih+r()),

wherer isamapping R — R, that satisfies the conditionsr (0) = 0 and

g
h h-o

D

Such amapping we call small.
A key point to generalize this definition is the idea that | can be considered as a
(continuous) LINEAR MAPPING R — R:

I :R—> R, h~1lh

(we identify anumber | with the linear function with the (slope) coefficient ). Thisleads
to the following definition:

A mapping f : X — Y between normed spaces X and Y is differentiable (in agiven
sense) at apoint x € X (notation: f e Dif (X)) if there exists a continuous linear mapping
| : X = Y suchthat f admitsthe representation

VYhe X! fx+h)=fx) +lh+rh), o)

21
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wherer isamapping X — Y, that isSMALL (in this sense). There are two basic kinds of
smallness for mappings between normed spaces:
A mappingr : X — Y isFréchet-small (F-small) if r (0) = 0 and

Ir (hyll

— 3
bl 1hi—0 3
r is Gatteaux-small (G-small) if r (0) = O and
vhe X: @—m (t € R). (4
t t—0

NB For X =Y = R hoth (3) and (4) are equivaent to (1) (verify!).

Accordingly we speak about F-differentiability and G-differentiability. Very often we
drop the symbol “F”, so “differentiability” means ever “Fréchet differentiability” and
“f e Dif(x)” means“ f e F-Dif(x)".

Remark. Both our differentiabilities do not depend on the choice of EQUIVALENT norms
in X and. (Verify!)

The mapping | in the representation (2) is called the derivative of f at x and it is
denoted by f/(x).

Examples.

Y I 1. If X = R (“time”) then we can identify a linear mapping

1 : | : R — Y withtheelement| - 1 of Y and it is easy to see that
F-differentiability is equivalent to G-differentiability, and

; ft+AD = ()
f(t)y-1= |
1 R © AtITO At

: Below we shall denote the last limit by f(t) and call f(t)
Q P/ \y (whichis avector in Y) the usual derivative of f at t (it is the
S velocity of apoint that movesinY by the“law” f).

2. Any CONSTANT function is differentiable everywhere, with zero derivative.
<If f =c,then f(x+h) = f(X)+0.h+0,and0issmall (in any reasonable sense!)

3. Any continuous linear mapping | is differentiable, and its derivative at each point is
equal to this mapping itself:

(thelimitin).

I'=1  (thatis ¥x e X I'(x) =1).

<l(x+h)y=Ix+1h+0. >

4. Thefunction f : R" - R, f(x) = [IX[I3 = X2+ - +%x2 (X = (X1, ...,%n)) iS
differentiable everywhere, and

f'(x)-h=2x-h,

where the point to the right means scalar product. (Prove!)

5. Let the function f : R2 — R is equal to 1 on the right branch of the
1 parabola {(t, t?)} wiTHOUT the origin (t > 0) and is equal to O at all rest
pointsof theplane. Then f isG-differentiableat 0(= (0, 0)), with f’(0) =0

0 (e Z(R?,R)), butisnor F-differentiable. (Verify!)
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Theorem 2.1.1. F-differentiability implies G-differentiability, with the same derivative.
< It issufficient to show that if r : X — Y is F-small, thenr is G-small. Letr (0) = 0

and
lir Chyll
—_—
Ihil  Ini—o0

Then for each fixed h e X \ 0 (for short we write X \ O instead of X \ {0})

©)

r (th) H”””H

t

1Al — o,

t—0

since [[th]| = |t] H H — 0 and hence, by (5), Hr(tﬁ)”/”tﬁ” — 0.But thisjust means
that @ .

t t—0
Thus, r is G-small. >

Theorem 2.1.2. G-derivative is defined uniquely.
<1 We need to verify that if for agivenx € X

vhe X: fx)+Iih+ri(h) = f(X)+I12h+ra(h), (6)

wherel1,l2 € Z(X,Y) andry,ry are G-small, thenl; = I, that is, for each h € X it
holdsl1h = I>h. But indeed (for t # 0)

lth — Ih ' l1(th) —I2(th) (g ra(th) —ra(th) _ ra(th)  ri(th)
! - t - t B t 150

whenceit followsthat I1h — [h = 0. >

Corollary 2.1.3. F-derivative is defined uniquely.
< It followsfrom Theorems2.1.1. and 2.1.2. >

Theorem 2.1.4. If f isdifferentiable at x, then f is continuousat x.
<1 By thecondition, f (x+h) = f(x)+Ih+r(h),wherel € Z(X,Y)andr issmall. We
need to verify that if h — Othenlh +r(h) — 0. Sincel isacontinuouslinear mapping,
Ih - 0ash — 0. Now, forh #£ 0

lIr (M)l

r(h)| = h
lIr (hyll i Ihil T
——

-0

(for h = Owe haver (0) = 0), which just meansthatr (h) - O0if h — 0. >
NB G-differentiability does NOT imply continuity (see Example 5).

2.2 Computation Rule and directional differentiability.
For practical computation of derivativesit is convenient to use the following

Computation Rule. Let f : X — Y be G-differentiableat agiven point x, andleth € X
begiven. Putfort e R

‘go(t =
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sothat ¢ : R — Y. Then ¢ isdifferentiableat 0, and

Fooh=¢0) = 2| fox+th]

Otli—o
(Asto ¢(0) see Example 1).)
Y
f ¢
/‘
$(0)=f(x) $(2)=f(x+1h)
X x+h :
0 1t

< Let f'(x) =1.Wehaveg(t) = f(x+th) = f(x) +1(th) +r(th), so(fort # 0)

p0=p© _ Ith+reh

r(th
= = (—) — |h
t p(0)=f (x) t leLin t

-0

ast — 0, which does mean that ¢ (0) = lh. >
The Computation Rule suggests the following definition. We say that a mapping
f : X — Yisdifferentiable at a point x in a direction h if the function

p:R>Y, t— f(x+th)

is differentiable at 0. In such a case we call the vector ¢(0) € Y the differential of f at x
by theincrement h, and we denote this differential by Dy, f (X). Thus

f(x +th)y — f(x)

t ®

0 .
Dpf(X) := ¢(0) = 5‘ f(x+th):tll_>rrg)
0

Corollary 2.2.1. If f : X — Y is G-differentiable at x then f is differentiable at x in
each direction, and

vheX: [Dnf(x)=t'(0h]

Viceversa, if f isdifferentiable at x in each direction and the mapping
l[:h—> Dhf(x), X->Y

iISLINEAR and CONTINUOUS, then f is G-differentiableat x, and f'(x) =1.

Remark. The mapping | in Corollary 2.2.1. is ever HOMOGENUOUS. More precisely, if f
isdifferentiableat x in adirection h, then for any real number c it is differentiableat x in
thedirection ch, and

|Den f () = cDn f (%) |

(Thisfollows at once from the last expression for Dy, f (x) in (1).) But thismapping| can
be non-linear (that is, non-additive), as the following example shows.
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Example. The function f : R2 — R given (in the polar coordi-
nates) by the formula

f(0,0) =psSn30,

the graph of which is shown on the picture (from: M. Krupka,
Matematicka Analyzalll, Opava 1999), is differentiable at EACH
point in EACH direction, but isNOT G-differentiable at the origin.
(Verify!)

The next lemmais an extension of (1).

Lemma2.2.2. (on f(x +th)).Let f : X = Y. Putfor givenx,h e X

p(t) ;== f(x +th) (t e R).
Then

|9(t) =Dnf(x+th)]

(If one side is defined then the other oneis also defined, and they are equal.)
@ lim f((x +th) +zh) — f(x +th)

—0

T
et =) _
T

<1 Dpf(x +th)

= li =¢(). >

70

2.3 Rulesof differentiation

First of all, differentiation isalinear operation:
Linearity of differentiation.(a) If f € Dif(x) then for each c € R we have also cf €
Dif(x), and

‘ (cf) (x) = cf’(x) ‘
(b) If f1, f» € Dif (x), then f, + f» € Dif(x), and

(L4 1200 = 100 + 500

< () We have (cf)(x + h) = c(f(x + h)) = c(f(xX) + f'(x)h +r(h)) = (cf)(x) +
(cf’(x))h + (cr)(h), so we need to verify that cr issmall. But indeed (for h # 0)

l[er)(h)]] _ e ()l — | Ir (Nl
(all Ihll bl 1hI—0
e e’
r issmall
—)0

(b) We have analogously (in obvious notations)
(f1+ f2)(x + h) = (f1 + f2)(X) + (f{(x) + f,xDh + (r1 +r2) (),

so we just need to verify that rq + r issmall. But indeed
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Ira +r2) I _ lira(h) +ra(ll _ lira(®l+ lira(h i

Ihi] | (h)lhhll | (h)‘” [l
ri I r1,rp aresmall
= » 0. >
Ihil Ihil Ihll—0

Product Rule. Let X, Y1, ..., Ym benormed spaces, andlet fi : X > Y, i=1,...,m.
We denote by (f1, ..., fm) the product mapping X — Y1 x --- x Yy defined by the
formula

Y1
fir (1, .os )0 = (F2(X). ..., fm(X)).
X The mapping (f1,..., fm) is differentiable (resp., G-
frN differentiable, differentiable in a direction h) at x € X iff
Ym each mapping f; isdifferentiable (resp., G-differentiable, di-
fferentiablein h) at x, and
(f1,..., fm)

X—> Y1Xx...xYm

(f1, ..., fm)'(X) = (f{(X), ..., (X)) (component-wise
Dn(f1,..., fm)(X) = (Dnf1(X),...,Dhfm(x)) | differentiation).

<1 Consider, e.g., the case of F-differentiation. We have

(f1,..., fm)(X+h)y = (fi(x+h), ..., fm(xX+h))
= (fi(x) + f{cOh+r1(h), ..., Tm(X) + f,Oh +rm(h))
=(f1(x), ..., fm(X)) + (fl’(x)h, e, f,%(x)h) + (r1(h), ..., rm(h))
=(fr, ..., T+ (F{(X), ..., LD+ (r1,...,rm)(h).

Now, (f{(x),..., fn(X)) € Z(X,Y1 x --- x Yp) iff each fi € Z(X,Y;) (by the
definitions of product vector space and product topology), and (r1, ..., rm) is smal iff
eachrj issmall. Indeed

(ry,....rm)() _ (ra(h) m(h) o ri(h)
IIhil B ( (Lol ] ) Ihi—0 o= bl Ihi—o

since convergencein aproduct space is just convergence of each component. >

Chain Rule. Let f : X — Y bedifferentiable at a point x € X,andletg:Y — Z be
differentiableat thepoint y := f (x). Thenthe compositiongo f

s 7z isdifferentiable at x, and the derivative of g o f isequal to the

f
X =Y o o
composition of derivativesof f and g:
X By
f/ /
x 5y £ 7 (o 0 =gy o ']

<1° Put f/(x) =:1, dg'(y) = m, g(y) =: z. We have, by the conditions,

VAx e X: f(x+ Ax)=y+| Ax+ri(AX), (1)
VAyeY: g(y+ Ay) =z+mAy+rg(Ay), 03]
where
rt(AX)
Iri(ax)| -

IAX|  lax]|—0



2.3. RULESOF DIFFERENTIATION 27

[rgay)]

> 4
Ayl 1ayl—0 @)
We need to verify that
VAXxe X: (go f) (X4 Ax) = z+ (Mo ) AX +r(AX), (5)
here Ir (AX)]
r (Ax
> (6)
IAX]  1ax]|—0
2° But
r(Ax) = mr¢(AX) +rg(Ay), (7)
where
Ay =1 AX+r¢(AX). (8)
Indeed
(@o HHx+ Ax) = g(F(x + Ax) 2 g(y +1 Ax + 11 (AxX))
——
Dy
@ z+m(l Ax +r1¢(AX)) +rg(Ay) L, Z+ (Mol)AX +r (AX).
3° Now,
Ir (A1 @ [mre(Ax) +rg(Ay)| _ [mre(Ax)] + [rg(Ay)]
lAX]| lAX]| B IAX]|
trick
s reax] | Jrg(an] 1Ayl
< [Imi| + .
IAX]| Ayl TAX]|
—_— trick
()]
e
Ixl—0

So al will be proved if we show that

@ rg(Ay)/lAyll - Oas||x| — O;

(b) 1AYIl/1lAX] isbounded for sufficiently small || AX]|.
4° Proof of (a): r¢ isequal to 0 at 0 and is continuous (since f and | are). So |Ay|| — 0
if |AX] — 0, and (a) istrue by (4).
5° Proof of (b): we have

ay] @ [l ax-+riean] _ I axi+ |reax)
TAX] — IAXI| =

lax]
IHAx+ [recax] o dre@o] o

I AX|| lAX]|
N —

(©)
—_—
[[AIXx—0

@

for some c > 0 and sufficiently small ||Ax]|. >
Important special cases.

1) If f =1 e 2(X,Y)then| (gol)(x) = g'(1x) ol |

D lfg=1e LY 2)then|(lo f)(x) =10 f'(x)|(wecan“transfer” lo through
the brackets).
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3) If X =R, then\ (go f)(t) =g (f(t))- f(t)]|(recal that f(t) isan element of Y).
4) Inparticular,if X =Rand f =1then|(gol)'(t) =g'(t) - (-1)| and
5) if X =Randg = then| (o £)(t) =1 - {() |

< All thisfollows fromthefactsthat |’ = | and that f (t) = f'(t) - 1. >
Below we refer to Specia Cases 1), 2), 4), 5) astol-Rule.
NB For G-differentiability Chain Ruleis NOT valid, as the following example shows.

Example. Let f : R - R2, t — (t, t2), and let g bethe function from

1] opf 5) in (2.1) (where we used the letter f for it). Then f is G- (and even

< F-)differentiableat 0, g is G-differentiableat f (0) = (0,0),butgo f
isNOT G-differentiableat 0.

—— >

Lemma2.3.1. (onevaluation). Let X, Y, Z benormed spaces, andletamapping f : X —
Z (Y, Z) be differentiable at a point x. Let k be a fixed vector inY,andletg: X —» Z
be defined by the formula

g(x) := f(x)-k (thevaLUE of f(x) atk).

Then g isdifferentiable at x, and

vhe X: g()h=(f'(x)h)k.

<1 Obvioudly, g = evkof (recdl that evk : | — | - k, see Chapter 1), hence, by I-Rule
(evk € Z(2(Y, 2), 2)),

g'00h = (evico f'(x)h = ev(f'(0h) = (' ()h)k. &

2.4 Partial derivatives

Here we consider two related things: differentiation in a (vector) subspace and partial
differentiation.

Differentiation in a subspace
Let f : X — Y beamapping between normed spacesand let X1 be avector subspace
in X (thenotation X1 € X). Wesay that f is F- (resp., G-)differentiableat apoint x € X
in the subspace X1 if f admitsin x + X1 the representation

vhy € X1 f(x+hy) = f(x) +I1hy +r1(hy),
wherel; € £ (X1, Y)andry : X1 — Yis F- (resp., G-) small. In such a case we write
f e Difx,(x) (resp., f € G-Difx, (X))
andwecall 11 thederivative of f at x in the subspace Xj:

I =: f)’(l(x).
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Example. A mapping f : X — Y isdifferentiable at a point x in a (non-zero) direction
h iff f isdifferentiable at x in the one-dimensional subspace Rh (= lin{h} = span{h}),
generated by h, and in such a case

frp(X) - th =tDp f (x) (t € R).

(Verify!)

Theorem 2.4.1. If f : X — Y is F- (resp., G-)differentiable at x, then f is F- (resp.,
G-)differentiable at x in each subspace X; € X, and the derivative in Xj is just the
restriction of the “ total” derivative:

f>/<1(X) = ()|,

<1 Thisfollows at once from the obvious facts, that the restriction of a continuous linear
mapping onto a vector subspace is aso a continuous linear mapping, and the restriction
of asmall mappingisalso small. >

Partial differentiation
Let X1,..., XyandY benormed spaces. We say that amapping f : X1 x...x Xy —
Y is F- (resp., G-)differentiable at a point X = (X1, ..., Xp) in thei-th coordinate if the
mapping

f(X1, ooy X1, 5 Xigd, oo X)) s Xi =Y, K> F(Xe, ..., Xie1, Xiy Xit1, - -+ » Xn)

(that is, the mapping with all other coordinates FIXED) is F- (resp., G-)differentiable at
the point x; . We denote the corresponding derivative by
of (x)
0 X

(e Z(Xi,Y))

and call it the partial derivativein X; at the point x.

Theorem 2.4.2. Amapping f : X1 x --- x Xp — Y isdifferentiable (F- or G-) at x in

thei-th coordinatesiff f is differentiable (in the same sense) at x in the subspace
Ox---x0x Xj x0x---x0,

and

of (x)
o X

<1 Thisfollowsimmediately from the definitions. >

vhi € X : hi = fouxixx0) - (0., 0,hi,0,..., 0).

Theorem 2.4.3. (on total and partial derivatives). Ifamapping f : Xy x --- x Xp > Y
is G-differentiable at a point x = (X1, ..., Xn) then f is G-differentiable at x in each
coordinate, and

n

. of
th(hl,,hn)exlxx)(n f/(X)h=Z a)(<X)hl
=1~

or, more short,

RGLIC) of(x) N of (%)
T oXy oXn oXi [

f/(x)

i=1
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Herel1 @ --- @ Iy, for I} € £ (X, Y), denotes the direct sum of the mappings;,
defined by the formula

Il@"'@ln:XlX"'XXn—)Y, (hl,,hn)|—>|1h1++|nhn

Q) -h=1()(h,....,hp) = F'(x)- D (0,...,0,h;,0,....0)

i=1
n
MRS (0., 0,10, 0)
i=1
n
. Z f(;x...xXix...xo(X) -0,...,0,hi,0,...,0
i=1
n
Theorem 2.4.2. of (X)
em - hj.
gl: 0 X I

2.5 Finite-dimensional case
We ever denote by ey, . . ., &, the standard basisin R":

g:=(...,0,, 1 ,0,...00eR"

9. 9
i-th place

Foramapping f : R"=R x ... x R — Y the partial derivative in the i -th coordinate
applied to the “vector” 1 € R (that is, the “usual” partia derivativein thei-th coordinate)
istraditionally denoted by

of

— ZR,Y)~Y).

o (e Z[R,Y)=Y)

By Theorem 2.4.2. (with hj = 1), and by the Examplein 2.4 (withh = g andt = 1),

of (x
OXi

=Dg f(X) | )

(Emphasizethat of (x)/0x; isan element of Y.)

Jacobi matrix

Theorem 2.5.1. (onrepresentation). Let amapping f = (f1,..., fm) : R" — R" be G-
differentiableat a point x € R". Then f/(x) isrepresented asalinear mapping R" — R™M
by the matrix of partials derivatives

of1(x) of1(x)
oX1 " OXn

Ji(x) == : .. :
fm(x)  ofm(X)
8X1 aXn

This matrix is caled Jacobi matrix of f at x.
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<1 By linear algebra, we need to verify that the i-th column of the matrix represents the
vector f/(x) - g. But indeed

00 - & T (00, ..., fa00) & = (F10 @, ..., fh00 - &),
and ofi (x)
fj’(x).ei = Dgq fj(x)(é) (;Xi >

Corollary 2.5.2. In conditions of Chain Rule, for mappings between finite-dimensional
spaces, Jacobi matrix of the compositionis equal to the matrix product of Jacobi matrices
of the composed mappings:

Jgo t (X) = Jg(F (X)) (%).

<1 Thisfollowsfrom Chain Rule and the fact that the matrix of acomposition of two linear
mappingsis equal to the product of the matrices of these mappings. >

Example. How to computethederivativeof thefunction f (x) = x* (x > 0)?Represent f
asacomposition: f = goA,whereA : R — R2t — (t,1), g: R%2 > R, (X, y) — xV.
By I-Rule,

f(t)y=g'(t,t)- (1, 1) =

TheoreLn 251 ag(t9 t) ag(t9 t) 1 _ ag(t9 t) + ag(t7 t)
N oX oy 1 oX

oy
-1 t
= yx¥ o T (Inx)xy]X=y=t = (Int + Dt'.
Gradient
In the special case of scALAR functions f : R" — R Jacobi matrix isthe row
of (x) of (x)
6X1 aXn ’

Thecorresponding vector inR"iscalled thegradient of f at x andisdenoted by grad f (x):
of (x) of (x))

s e RM.
8X1 aXn ( )

grad f (X) := (

In this situation Theorem 2.5.1. (Theorem on representation) says.

[ #/()-h=grad f(x) - h

: @)

where the point to the right means scalar product. Indeed

h
ot of ) [ ) ot
(M axﬂ) h: Dt

For any UNIT vector v € R" (||v]|2 = 1), the differential of amapping f : R" — R at
apoint x by theincrement v is called the derivative at x in the direction v and is denoted
traditionally by of (x)/év:

o)
= =Dy f(x).
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Theorem 2.5.3. If afunction f : R" — R is G-differentiable at a point x, then for any
unit vector v € R" it holds
of (x)
ov

(where the point means the scalar product).

qof(x)/ov =D f(x) = f'(x)-v L grad f(x) - v. >
Corollary 2.5.4. Thegradient vector of f at x yieldsthedirection
of the greatest growth of f at x and is orthogonal to the level line

of f passing through x.
@ <1 The scalar product grad f (x) - v is maximal for the unit vector
% v that has the sAME direction asgrad f (x) and is equal to O for v
orthogonal to the gradient.

rad f(x)

=grad f (X) - v

2.6 Mean Value Theorem

In classic differential calculus, the following result plays an important role:

Theorem 2.6.1. (Lagrange). If afunction f : R — R iscontinuousin the closed interval
[0, 1] and is differentiableinthe openinterval (0, 1), then thereexistsd e (0, 1) such that

f(1) — f(0) = ().

This result is NOT true for functions with vector values, as the following example
shows.

Example.Let f : R — R2,t — (cos2zt,sin2zt). Then f (1)—
f(0) = (0, 0), but

/ \\t_ 0 f(t) "L (o7 sin2rxt, 27 cos2xt),
t=1 hence || f (t)||, = 2z, which is never zero.
But the following ESTIMATE of the increment is true:

Theorem 2.6.2. (Mean Value Theorem, (MVT)). Let afunctiong : R — Y (whereY is

a normed space) be continuouson [0, 1] and differentiablein (0, 1). Then
(1) — @Ol < sup lleM®I.
O<t<1

<11° Puty :=¢(1) — ¢(0). By Theorem 1.10.5. (Lemmafrom FA (see Chapter 1)) there
exists| € Z(Y, R) such that
=1, ly =1yl 1)
2° Consider the composition
R5Y LR
It isdifferentiablein (0, 1) by Chain Rule.

3° Wehave ||y|| D ly =1(p(1) — ¢(0)) = (I 0c9)(1) — (I 0 ¢)(0). By Theorem 2.6.1. for
somed € (0, 1) it holds

Top@) —(0p)0) =(0p)®) 1. 50) 2 I 19@) < sup o). >
:/1" O<t<1
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CAR-INTERPRETATION. If Y = R? and we consider t € R

S astime, then ¢ describes a motion of a“car” in the plane, and

. ¢ (t) isthevelocity of thiscar. Theineguality in Theorem 2.6.2.

() supl|d®)|] (MVT) meansthat our car in one hour will be INSIDE the circle

Ost<d with the center at the original point, the radius of whichisequal

to the maximal value of the velocity of the car during this hour.

Remark. Infact the following much more strong result is true:

By the conditions of MVT, the increment ¢ (1) — ¢(0) liesin

the closed convex hull of the set {¢(t) | 0 <t < 1} (shadowed
on the picture).

Corollary 2.6.3. Let X, Y be normed spaces, let X, h € X and
let amapping f : X — Y hasthefollowing properties:

a) the restiction of f onto the closed interval [x, x + h] (:=
{x+th |t e [0, 1]}) iscontinuousand

b) f is differentiable in the direction h in the open interval
X, X+ h) ¢c={x+th|t e O, 1}). Then

[fx+h)—fC)l < sup [IDhf(WI.
ye(x,x+h)

< Put o(t) ;= f(x+th), t € R. By Lemma 2.2.2. (on f(x + th)), it holds ¢(t) =
Dy, f (x 4 th). So our assertion followsfrom MV T (Theorem 2.6.2.). >

0(1)6(0) b

sup|[$ @)l
O<t<1

Corollary 2.6.4. In the situation of Corollary 2.6.3., let f hasthe following properties:
a) therestiction of f onto theinterval [x, X 4+ h] is comtinuous and
b) f is G-differentiablein (x, x 4+ h). Then

Ifx+hy—fel <lhl sup |-
ye(x,x+h)

< Thisfollowsfrom Corollary 2.6.3. and the fact that

Bl
IPhfI = [ f'(y)-h| < | 'O bl >

2.7 Continuousdifferentiability

Let X, Y benormed spaces, let x € X, andlet f : X — Y be G-differentiablein an open
neighbourhood U of x. We say that f is continuously G-differentiable at x and we write

f e C&(x),
if the derivative mapping
f':U - Z2XY), y= f'(y)
is continuousat x. Thus

f e CE(x) & || f/(x+h) - f’(x)Hmo. (1)

Theorem 2.7.1. (on ContinuousDerivative). If f : X — Y iscontinuously G-differentiable
atapointx € X, then f is F-differentiableat x.
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<11° We have
f(x+h)=f(x)+ f'(x)h+r(h), f'(x) e Z(X,Y), r € G-smdll.

Putfort e R
w(t) :=r(th) = f(x +th) — f(x) —tf’(x)h. 2
Then
rh) = w(@) — v (0). 3
2° Wewant to apply MV T, so computethederivativeof . By Lemma2.2.2. (on f (x+th)),
w(t) = Dp f(x +th) —f'(x)h = (f'(x +th) — f'(x))h. 4
—_—
=f/(x+th)h
3° Now,
Ir ) @ w@) — w0 mvr 1 t
M= = o, vl
9 1 , /
@ = sup [[(f/(x+thy — Fo)h|
”h” O<t<1
2 (Fxthy— ) i
1
< sup [[(F(x+th) — /6 0
O<t<1 Ihi—0
since |th|| = |t| |Ih]| m O uniformly in0 <t < 1. Thusr is F-smal, so f is
-

F-differentiableat x. >

ClassC!
Let X,Y be normed spacesand let U beanopensetin X. Wesay that f : X —» Y is
of classClin U an we write
f e Ct(U)

if fisdifferentiableat each point of U (that is, in U), and the derivative mapping
f':U = Z2(XY), x—= f'(x)
is continuous.

Theorem 2.7.2. (C1-Theorem on Continuous Derivative). Let f : X — Y becontinuously
G-differentiable at each point of an open set U in X. Then f isof classCl inU.
< Thisisan immediate corollary of Theorem 2.7.1. (on continuous derivative) >

2.8 Continuous partial derivatives

At first we prove one result on continuous differentiability in n fixed directions.

Continuousdifferentials

Lemma2.8.1. Let X, Y benormed spaces, and let h1, ..., hy befixed vectorsin X. Let a
mapping f : X — Y bedifferentiableinthedirectionshy, . . ., hy in some neighbourhood
U of apoint x, and let all the mappings

D f X Dpf(X), U>Y  (=1...,n)
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be continuous at x. Then f is G-differentiable at x in the vector subspace H in X,
generated (spanned) by the vectors h; (H = lin{hy, ..., hp} = span{h1, ..., hp}).
< 1°If f 1sG-differentiableat x in H, then

fi;(X) - hi = Dp, f(X) i=1...,n),
sowemust haveveg,....ch e R
f'(x)-(cih1+. . .+cphp) = c1 f'(X)h1+. . .4+cn f/(X)hn = €1Dn, f (X)+. . .+CnDh,, T (X).
(1)

(Since H isfinite-dimensional, the so defined linear mapping f/, (x) is CONTINUOUS.) We
haveto verify that for this f/, (x) it holds

: th
WheH! fxaeh=fox)+ Foohtrdy, W
t t-o0
that is, that
vheH: f(x+th) — f(x) —tf (x)h 0.
t t—0

This means by (1) that we need to verify that Vcy, . . ., ¢y € R:

f(x+t(cthi + ...+ cahn)) — F(X) —t(c1Dn, F(X) + ... 4+ caDn, f (X)) 0
t t>0
By homogeneity of Dy f (x) in h, it holds ¢;iDp, f (X) = Dgn; f(x) so without loss of
generality we can assume that c; = ... = ¢, = 1 (take ¢ihj as NEw h;). Further, by
induction argument, it is sufficient to consider the case n = 2. Thuswe need to verify that
f(x+t(hs1+hp)) — f(x)
t

— (Dh, f(X) 4 Dn, f (X)) E)) 0. 2

2° Adding and subtracting f (x 4 th1) in the numerator, we can write the |eft-hand side
of (2) asthesum|1|+ , where

_ fix+thy) = f(x) _ Dn, f (%),

_ f(x +thy 4+ thp) — ft(X +thy) —tDp, f (X)

So it is sufficient to verify that -0 and — 0ast - 0.
3°[1] - 0ast — 0by thedefinition of Dp.
x+th+th, 40 pyiting (see the picture)
x+th,+8h, 9p(0) = f(x+thy +0thy) —0tDp, f(x) (@ € R), (3)

X x+th, we can Write in the form
1) —-¢©
5° By Lemma2.2.2. (on f (x 4 th)), we obtain from (3)
»(@) = Din, f(x+thy + 60thy) —tDp, f(X)
homog.
of Dy

=" t(Dp, f (X + thy + 6thy) — D, f (x)). (5)
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6° At last, L L
MVT
2] 2 G le@ -1 "< & s 9@

[t] 0<g<1

9 sup1 | Dh, f (x + thy + 6thz) — Dn, f ()| oo

0<0<

since [[thy + thz|l < [t|(IIh1]l + 6 [Ih2]) oS, [t1(thll + ITh2ll) 30 uniformly in ¢

and Dy, f is continuous at x.Thus,—> Oast —» 0. >

Continuous partial derivatives

Theorem 2.8.2. Let X1, ..., Xy and Y be normed spaces and let a mapping f : X1 x
... X Xp = Y haveall the partial derivativesof/0X; inanopensetU c X1 x ... x Xp
and these partial derivatives be continuousin U. Then f isof classClinU.

<1 For simplicity we consider only thecase X1 = --- = Xp =Y =R (thatis, f : R" —
R), which is the most important for us. In this case continuity of the partial derivatives
o0f/0X; means just continuity of the partial derivatives 6f/ox; = Dg f. By Lemmaon
Continuous Differentials we conclude that f is G-differentiable in U. By Theorem on

Representation,
F(x) = (af(x)’m’ af(x)) .
8X1 aXn

Since each component of this vector continuously depends on x, we conclude, that f’
continuously depends on x. Hence by Theorem 2.7.2. (C1-Theorem on Continuous Deri-
vative), f isof classClinU. >

Corollary 2.8.3. Let f = (fy,..., f) : R" — R™M, and let all the partial derivatives
ofj/oxi (i=1,....n; j =1,...,m) becontinuousinU c R". Then f isof classC?
inU.

<1 By the Product Rule, 6f/ox; = (6f1/0xXi, ..., 0fm/0X;), S0 of /6X; are continuous if
al ofj/ox; are. >



Chapter 3

| nver se Function Theorem

3.1 Lipschitz functions

Let X, Y benormed spaces, and let A ¢ X. Wesay that amapping f : X — Y isLipschitz
on A with a constant k > 0, and we write

f e Lipak

vx,x2 e Ar [ f(x) — f(xa)ll < Klixe — ol
Wesay that f isLipschitzon Aandwewrite f € Lipga if f isLipschitzwith someconstant
k. If A= X orifitisclear what A we mind, we omit A andwritesimply f e Lip.
Examples.
1|-]:R— R, x> [X|,isLipschitz with the constant 1.
2. For any normed space X, the norm ||-|| is Lipschitz with the constant 1.
3.1f f € Z(X,Y), then f e Lip| f].
QI fxa— fxall = 1 f(xa = x)ll < [l lIx2 = x2ll. >
4. Thefunction x = /[x], R — R, isSNOT Lipschitz.

\x  Theorem 3.1.1.If f isLipschitzon an openset U then f is continuous
inU.
< x+h)y = )l < kilh] TS 0. >

X Theorem 3.12.1f f ¢ CL (x), then (for any ¢ > 0), f is Lipschitzin

some neighbourhood of x W|th the constant || f/(x)|| + e.
<1 By the definition of Cé (X), there exists 6 > 0 such that for any

y € Bs(x) itholds || f'(y) — f/(x)| < & and hence
[ FO= [ ') = 00+ 00 < [/ = /00 + [ 00 < e[ 00| = k.
_———
<&
(1)
ThenVxy, X2 € Bg(X) it holds
<k by (1)
MVT’_/,—
o) = ol < sup [ f'O)] Ixe —xall < klix =Xl . >
ye[x1, %]

37
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3.2 Banach spaces

We say that a normed space X is a Banach space (in honour of a Polish mathematician
Stefan Banach), and we write
X e BS

if X is complete as a metric space (with the metric o (X, ¥) := [[x — y|)), that is, if any
Cauchy sequencein X converges.
Note that in a normed space

{xn} € Cauchy < || Xm — Xpll —— O
m,n— oo
Examples.
1.R,R", C([0, 1]), £2 are Banach spaces.

2. Thevector subspacek in £2 which consistsfrom all FINITE sequences, that is, sequences
of theformx = (X1, ..., Xn, 0,0, ...) (n dependson x), equipped with the norm form ¢2,
isNOT a Banach space.

3.3 Contraction Lemma

It is the name of the following

Theorem 3.3.1. Let X € BS, let Abea cLOSED subsetin X, andlet f bea mapping from
Aintoitself, f : A . If f e Lippk withk < 1 (strictly!), then the operator f has one
and just one FIXED POINT X, that is, a point such that

f(X) = X. Q)
(Note that we can rewrite (1) as f (X) = id(X).) In this
) case we write
id
Kern )
& 4 <1 0° The idea of the proof is clear from the picture: the
broken line leadsto X.
X% % % 1° Take an ARBITRARY point Xo € A and put
x1 = f(Xo), X2 = f(X1),..., Xny1 = F(Xp),... .
We have

X1 — Xoll =: a

X2 = X1l = I f(X1) — T (X0)|l < klIXg — Xoll = ka, 2
@)
Ixs =Xl = [ f(x2) — f(x0)|l < Klx2 — x1]l < K?a,
Xn+1 — Xnll < k"a. (3)

2° {xn} € Cauchy.
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trick

<K [ Xm = Xnll = | Xm — Xm=14 Xm-1 — Xm—2+ - - + Xn+1 — Xn ||
suppose —_—
m>n
n me1 > kN<oo
< Xm = Xm—all + - + [Xn41 — Xnll < @K™ + - + KM =——m 0. D>
—_— —_— m,n— 0o
<akm-1 by (3) <akn by (3)

3° Put X := limxy, (thelimit existssince X € BS). ThenX € A, since Aisclosed. Further,
since f iscontinuous (by Theorem 3.1.1.) it holds

N . . obv. . A

fX)= lim f(Xp) = lim Xpp1 = lim x, =X,

N—00— — N> n— oo
=Xn+1

hence X isafixed point for f.
4° Thisfixed pointisunique. <k If X1 and x; arebothfixed pointsfor f,then|| f(x1) — f(x2) || <
—— ——

=X1 =Xo

<1

3.4 |somorphisms
Let X,Y e NS, andletl € Z(X,Y). Wesay that| isan isomorphismand we write
| elso(X,Y) (or simply | € 1s0)

if | isabijection, and if theinverse mapping |~ (which is automatically linear, verify!) is
also continuous.
We say that X and'Y are isomorphic (as normed spaces) and we write

X~Y

if there exists an isomorphism from X onto Y.

Examples.

1. If ||-]l, and ||-||, are two equivalent norms on a vector space X, thenid : (X, |-]l1) —
(X, lI-ll2) isan isomorphism.

2.R" x RM =~ RMM,

3. Z[R, X))~ X.

4, R", R) ~ R".

NB 3X € NS: Z(X,R) # X.

5. Z (2, R) = {5.

6.1fl ¢ Z(R,R),thenl elso < | #0.

7.1fl € ZR",R"), then!| € Iso < detl # 0 (asis known from linear algebra).
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3.5 Inverse Function Theorem

Hereis ageneralization of the classic Inverse Function Theorem:

Theorem 35.1. Let X,Y € BS, f : X - Y, X e X, ¥ := f(R). If f € CL(®)
and f/(X) e Iso(X,Y), then there exists a neighbourhood U of X such that f isa
HOMEOMORPHISM of U onto f (U). Theinverse mapping f ~1 is differentiable at ¥, and

(=@ = (')~ ()]

<11° Reduction to the case f(0) = 0, f’(0) = id. Without loss of generality we can
assumethat X =Y, x = ¢ =0, f/(0) =id. <aPut f(h) ;== fX+h) - fX).
It is clear that f : X — Y satisfies the condition f(0) = 0 and has at 0 the same
differentiability property as f hasat X. Thus, without loss of generality X =0, ¥ = 0.

Now putl := f/(0)and f := 1710 f (recal that =1 € Z(Y, X), sincel € 1s0).
By Chain Rule, f'(0) = 1710 f/(0) = id. If thetheorem istruefor f, thenit istrue for

——
=l

f =lof (since f 1 = (f)~1ol~1). Thus, without lossof generality X = Y, f/(0) = id.

f

X— Y>>
g

So, the decomposition f (X + h) = (%) + f/(h +r(h), LML, 0 reduces

to
f(h)y =h+r(h), or f =id+r, 2
wherer satisfies the conditions
fecl(o) h
r(0) EWAS g 1r0) FWHSg 1 TET cont0), w 20
-

2° Reduction to the fixed point problem. Now note that to find the inverse functionto f
means to solve the equation

fx)=y
with respect to y. But for aFIXED v,
f(X) =y & x e Fix(id—f +y). 4
N——
@

-r

K (d-Ff+y)yX)=x fX)=y. >b>
So (in view of Contraction Lemma) our goal is to find a set, where the mapping

g:—r+y . . . g:=-r+y (5)
f isLipschitz.

y id Zr=id—f 3 By Theorem3.1.2. appliedtor, thereexistse > 0
/ suchthatr e Lipg, 3. Put

S. R .- - -1
= X U= (fIBg)(Bc/z) (C By).

(Here denotes the pre-image, not the inverse mapping!)




3.5. INVERSE FUNCTION THEOREM 41

4° f e Bij(U,B;)2). < Let y € B Consider the

X mapping
yr € id/Lf y—r: Xx—=y—r(x), X—= X
“ &2 - - This mapping is Lipschitz on B, with the constant 2,
U X : X sincer isLipschitz. Moreover, y —r maps B, into itself;
€ indeed,

| ~r
- IXI <e=lly—=r)ll < lyll + Ir)l <e.
~~—~— S~——

2 1
se/2 < 5 Il

<e

By Contraction Lemma, there exists one and just onefixed point of y —r. But by (4)
this means that there exists one and just one point x € B, such that f (x) =y, that is, by
the definition of U, there exists one and just one point x € U such that f (x) = 0. >
5° Let now f~1 denotesthe (existing!) inverse mappingto f : U — B /2. For conveni-
ence introduce the following notation: for x e U, y € B2,

XxXoyoefX=yox= f‘l(y).

6° f 1 e Lip2. < Letx1 <> y1, X2 <> yo. It holds

id=f—
X1 — X2l "= ICF (xa) =1 (x0)) — (f (X2) =F ()| < lly1 — Y2l + IIF (x2) — r (xa)
—— —— —— —
=y =y 3
' ? D 1 3 — xql

1
< llyr — yall + 5 [IX1 — X2ll -

Weconcludethat |x1 — X2|l < 2]ly1 — vzl thatis, || f ~(y2) — f~1(y2)|| < 21lly1 — Y.
B>

7° f e Homeo(U, B, 2). << f =id+r ?é Cont; f—l?so Cont. o>
8° (f~1Y(0) = id (= (f(0))~1). < We need to verify that the mapping

s=f1—id

issmall (recall that f ~1(0) = 0, since f (0) = 0), that is, that

1091
IIKII Ik —0
or h K
Ih—ki | if h < k.
kI Iki—0
But indeed
Ih — Kl lh =K Ihl|
— Ll ,
lIkI| [l kIl 1kI—o0
S—— ~—

0

r="f—i

d 6
Ir (1l/Ihll————0
Ihi—0

since k|| » 0= |h|| —» 0. >
—~—

0

6
<2kl
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Corollary 3.5.2. Let f = (f1,..., fn) : R" — R" be continuously G-differentiable
at x (thiswill be so, e.g., if all the partial derivatives of;/ox; are continuous in some
neighbourhood of x), and let Jacobi matrix Js (X) have non-zero determinant. Then there
exists a neighbourhood U of x such that f is a homeomorphism of U onto f (U), the
inverse mapping f ~1isdifferentiableat y := f (x), and

Ji-1(y) = Qr ()7L,

< R" isaBanach space, and f’(x) isan isomorphism iff det Js (x) # 0. >

3.6 Implicite Function Theorem

An important corollary of the Inverse Function Theorem (3.5.1.) is.

Theorem3.6.1.Let X,Y,ZeBS, F: X xY — Z.Put

M = F1(0).
Letm:= (X,¥) € M, thatis, F(X,y) =0,andlet F e C(13(m), oF/oY(m) e Iso(Y, 2)
(so that Y and Z are isomorphic). Then there exists a neighbourhood U of X in X, a
mapping f : U — Y and a neighbourhood Nof min X x Y such that

g f=MnNN. @

Thismapping f isdifferentiable at X, and

Fm\* oF
f’(ﬁ):—(aagﬂ)) Oaa;m). ©)

In other words, since the condition gr f ¢ M meansthat F(x, f(x)) = 0 (for x € U),
% N the theorem asserts that the equation

y —gr f

— T m F(x,y)=0
'—< can be solved with respect to y:

X y= f(x),

b4 M the resulting (“implicite”) function f being differentia-
U ble at X, and its derivative at X can be expressed in terms
of partial derivatives of F at m.

Before the proof consider amodel example.

Example. Let X =Y = Z =R, F(x,y) = X2+ y?2 — 1, m = (0, 1). Here M is the
unit circle with the center at 0. We have 0F /0X| g 1) = 0, 0F /0yl 1) =2 # 0. The set
M N N (see the picture below) is the graph of the function
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the front view

the view
from above

f(x) =+v1—x2 (xeU= (-1 12y,

and

S}
M

Q)|
x

f/(0) = ——2 10D _

3
<M

©1
For the proof we need some lemmas.

Lemma 3.6.2. Let X1, ..., X, be Banach spaces. Then their product X1 x ... x Xp is

also a Banach space.
<1 Completeness of all X; implies completeness of the product, since convergence in the

product is just convergencein each component. >

Lemma 36.3. Let f = (fy,..., fm) @ Xex ... x Xqp > Y1 x ... x Yy, and let
X € (X1,...,%Xn) € X1 X ...x Xp. Then

ofj ()
0 X

where:; and 7 j areresp. the following imbeddings and projections:

=(mjof o) (x),

i Xi > X x...x Xp, X (X1, 0o Xie1, Xiy Xit1, - - -5 Xn),
i :Yix ... xYm= Y, (Yi,....¥m) = VYj.
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< Thisfollows from the facts that
fi=mjof

and fj o isjust the mapping fj with al the arguments but i -th one FIXED to be equal
the corresponding components of x. >

Lemma 3.6.4. Let X, Y, Z be normed spaces, Y and Z being isomorphic, and let

A XxY > XxZ

be the linear mapping represented by the matrix ( ': 8)

id 0
A=(a)

whereid = idy, 0 € (Y, Z),a € .Z(X, Z), b e 150(Y, Z). Then A e Iso(X x Y, X x
Z), and
L ( id o
A (—b—loa b—l)'

ail aiz . RV
A (a21 azz) @j € L(Xj, Y),

Here

means of course that

: ain a2 \ (1) ._ (auhi+aghy
Ah € Y1 x Yo isrepresented by (a21 azz) (hz) = (a21h1 + azzhz) ,

h e X1 x X2 isrepresented by (:;) (hj € Xj).

<1 Thedirect computation yields
idx O . idyx 0 \ _ (idoid—0Oob™loa ido0+00b™t
ab b-loca b)) ~ \acid—bob™loa ac0+bob™1

_fidx 0O .
and analogously

idxk O idx 0 _ (idx 0 _ ., .
—blcabl)°\ab)T\ o0 id XY -

Proof of Theorem 3.6.1.
<1 0° Theideaisto extend F to amapping G, to which we can apply the Inverse Function
Theorem (see the picture in Examplel).
1° Put
G=(@x,F): XxY > XxZ, XY X F(XY)).

Note that G does NOT change the first coordinate! (On the picture vertical lines remain
verticall)
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2° We have )
FeCL(m)
(i, F) €  Ckm)

(theprojectionz1 : X x Y — X isof courseof class C! as acontinuouslinear mapping),

d
an Theorem 2.5.1. (M M) ( idy

on represent. X 0
~ oF(m) o E/m) oFm) oF(m) |-
X oY oX oY

3° By Lemma3.6.4., G’ € Iso, and

idx 0
(G'(m)~t ~ ( 3 <6F(m))_1 dF(m) (aF(m))_l)«
oY °ToX oY
4° By Lemma 3.6.2., both X x Y and X x Z are Banach spaces, and we can apply the

Inverse Function Theorem. We conclude that there exists a neighbourhood N of min
X x Y such that G isahomeomorphismof N onto G(N), G~1 isdifferentiable at

G, Prod. Rule

G'(m)

- F(m) = (X,0),
~ G(N)
N and
G W (G™Y((%,0) = (G'(m) ™
1
G Note that G~ does NOT change the first coor-

dinate, since G does not.
UxW

5° By properties of product topology, there exist a neighbourhood U of X in X and a
neighbourhood W of 0in Z, suchthat U x W c G(N). Put

N:=G LU x W).
6° At last put

fi=mnp0 G lo 11,
where 77 is the projection X x Y — X, (X,¥) — X, and 11 is the imbedding X —
XxZ, X (X,0).

1

XxY < XxZ

T2l Tn
f
Y — X

7° By Change Rule, f isdifferentiableat X, and

Lemma3.6.3. 0 (G_l)Z(()za 0))
= —6)( .

8° Thelatter partial derivativeisjust the (21)-element of the matrix representing

f'(R) = (r20 G0 11) (R)

G ((},0) & (G'(m)~L.
9° By 3°, thiselement isequal to

oEM\ "t aF(m)
_( oY ) CTox
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Thus, (2) is proved.
10° And, by thevery construction, gr f = MNN.[Formal verification: Let (X, y) € MNN
(sothat x € U). Then

X, y)eM = F(x,y) =0= G(X,y) = (X,0) = (X, y) = G~1(x, 0)

=Sy=(m0oG o)X = (x,y)eorf.

=f

Thus NN M c gr f. Inverting the argument, we can analogously obtain the inverse
inclusion.] >
NB Vice versa, Inverse Function Theorem can be deduced from Implicite Function The-
orem. [HINT: the equation y = f(x) can be written in the form F(x,y) = 0 with
Fx,y)=y—-f(x)]



Chapter 4

Higher derivatives

4.1 Multilinear mappings

Letamapping f : X — Y isdifferentiable(everywhere). Itsderivativeisamapping from
Xinto Z(X,Y):
f': X > Z2XY), x> f'(x).

Itisnatural to define f”(x) as (')’ (x), so
f7(x) e L(X, Z(X,Y)).
It isalso natural to consider the mapping

(hl, h2) [d (f”(X) : h]_) “hy, Xx X =Y.
N —— e’
eZ(X,Y)
Thismapping iSBILINEAR, that is, linear in hy for fixed hy (evidently) and linear in hy for
fixed hy (since f”(x) isalinear mapping from X into £ (X, Y)).
Analogously higher derivatives lead to MULTILINEAR mappings. Let X1, ..., X, and
Y be vector spaces. We say that amappingu : X1 x ... x X — Y ismutilinear (or

n-linear), and we write
uel(Xg,..., Xn;Y),

if uislinear in each separate variable for fixed others, that is, if

Vie(l,...,n}: UX1,...,Xi—1, X + BYi, Xit1s - » Xn)
=aU(X1, ..., Xi,---, Xn) + fUX1, ..., Vi, ---» Xn) (a, B € R).
(For 2-linear mappings we say bilinear.)
For multilinear mappings one uses one of the following notations:

UX1,...,Xp) = U-X1...Xg = UX1...Xp = (U | X1, ..., Xn).

Examples.
1. The usua multiplicationR x R — R, (X, Yy) — Xy isbilinear.
2. ThemultiplicationR x R x R - R, (X, Y, 2) = Xyzis3-linear.

3. Thescalar product R" x R" — R, (X,y) = D[ Xiyi, wherex = (X1, ..., Xn), Y =
(Y1, - - -, Yn), isbilinear.

47
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4. The vector product R® x R® — R3, (X, y) — X x Y ishilinear.
5. The COMPOSITION
comp: L(X,Y) x L(Y,Z) - L(X,Z),(,m)—» mol
and the EVALUATION
ev: XxL(X,Y)=> Y, (X, 1) IX
are bilinear.
6. The DETERMINANT mapping

X1 X2 X3
det: RExRExRES R, (X,¥,2) > |y1 Y2 Y3
Z1 Zp 73
(X = (X1, X2, X3), .. .) is 3-linear.
Itiseasy to verify(!) that L(X1, ..., Xp; Y) iSaVECTOR SPACE.

Operator norm
Now let X; and Y be normed spaces. Then the vector subspace of L(X1, ..., Xp; Y)
consisting from all CONTINUOUS n-linear mappings we denote by

ZL(X1, ..., Xn; Y).
Put foreachu € L(X1, ..., Xn; Y)

lull ;== sup fluxy...Xnll (operator norm).
Ixall <1
IXnll<1

Examples.

1. ||multiplication] = 1;
2. ||scalar product|| = 1;
3. ||vector product|| = 1,
4. |lcomp|| < 1;

S llevl < 1

6. || det|| = 1.

Basicinequality. Letu € L(X1, ..., Xp; Y). Thenfor any (X1, ..., Xn) € X1 X ... X Xp

[luxa...xnll < X[ Ixall- %]l ] (basicinequality (BI)).

< If x; = 0for somei then both sidesare 0. Let none of x; is0. Then

uxa . .. Xnl H
muI I

- IXall. . AXnll < flulf (Xl fIXnll . >
|IX1|I ||Xn|I H

Normed space £ (X1, ..., Xn; Y)
Theorem4.1.1.Letu € L(Xq, ..., Xp; Y). Then the following conditions are equivalent:
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a) ue Z(Xy,..., Xn; Y), thatis, u iscontinuous,
b) uiscontinuousat O;
c) llull < oo.

<1 0° For short consider thecasen =2: u e L(X;Y; 2).
1° (@)= (b): obvioudly.

2° (b)=(a): Let (x, y) beanarbitrary pointin X x Y. We need to show that u is continuous
a (x, y). We have

[Nu(x +h,y +Kk)—u(x, y)|| = [luxk + uhy + uhk] < [Juxk|| + luhy]| + [[uhk]| .
%,—z N — —— N —
LT, UG, y)+u(x,k) 1 2 3

muﬁlm'+u(h,y)+u(h,k)

Soitissufficient to verify that[ 1],[2],[3] - Oas h|, kIl — 0.1k = Othen[1] =0,
if k + 0 then

5 (159 )|

If k|l — 0 then /TK — 0 and hence /Tk[x — 0; further |[k/+/TKI|| = lIkIl/~/TKT =
VITKI = 0. Thus[1] - Oas k| — 0, by (b).

Quite analogously [2] — O as |h|| — 0. Atlast[3] - Oas|h| — O, |k| — O, by
(b).
3° (b)=(c): By (b), there exists 6 > 0 such that

I <4, llyll <d= fluxy|l < 1. @)

Then
lull = sup luxy|| <52 < .
| N——

Ix|l<1

lyll<1 =o-3u(ox) (@)l
—————

(€Y

< 1if IXI<Llyll<1l

BI
42 (= (b): If I, lyll = Othenjuxyl < [jull IXIllyll - 0. >
——
©L
Note that all the multilinear mappings from Examples 1)—6) are continuous (since all

they have norms < 1). As to mappings from 1)—4) and 6), their continuity follows also
from

Theorem 4.1.2. In finite-dimensional case all the multilinear mappings are continuous.
<1 Analogously to the case of linear mappings. >

Theorem 4.1.3. The operator normisreallyanormin £ (X1, ..., Xn; Y).
We EVER consider £ (X1, ..., Xn; Y) asanormed space with the operator norm!
<1 By Theorem 1, the operator normisFINITE onthewhole space £ (X1, ..., Xp; Y), and
itiseasy to verify that all 3 axioms of anorm are fulfilled.
Canonical isomor phisms

Theorem 4.1.4. For any natural k and n, k < n, it holds

ZL(X1y oo s X Y) & LK1, ooy Xk L (Kt 1s -+ -5 Xns Y))
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(the isomor phism of normed spaces), and the CANONICAL 1SOMORPHISM
LXK, Xy Y) =5 LK1, Xk L Kkt 1 -5 X V), U 4,

UX1, ooy XK) = UKL, ooy Xk vy )
N’

n—k “freg”
arguments

conserves the norm:
ull = I1a].

<1 0° For short consider the case n = 2, k = 1. We need to verify that
L (X1, X2, Y) & L (X1, £ (X2, Y)).
1° ALGEBRAICAL ISOMORPHISM:

ag.
L(X1, X2;Y) = L(X1,L(X2,Y)). 2

Put for u € L(X1, X2;Y)
U(x1) :=u(xg,-) (€ L(X2,Y)),
andforov € L(X1.L(X2,Y))
0(X1, X2) == (v -X1)-x2  (€Y).
It is easy to see that the mapping
U: X1 > L(X2,Y)
islinear, that is, U € L (X1, L(X2, Y)), and the mapping
D:X1x Xo—>Y
ishilinear, that is, v € L(X1, X2; Y), and that the mappings
u— tdando > v

are linear and mutually inverse (ﬁ: u, o= v). Hence u — U is alinear hijection of
L(Xq, X2; Y) onto L (X1, L(X2; Y)), that is, (1) istrue.

2° TOPOLOGICAL ISOMORPHISM: If U € £ (X1, X2,Y) then Vx1 € Xi: U(x1) =
u(xy, -) € Z(X2,Y) (sinceu is continuous). Now the (linear) mapping

GZX]_—).,%(Xz,Y)

is continuous since it has a finite norm equal to the norm of u:

Ul = sup [Ux¢ll= sup sup || (Ux1) X2l =]ull.
Ixll<1 Ixel<llxell<l  ~————"
—_— =U(X1,X2)

ogvSu
= SUPlIxq||<1, x|t

Thus, T € Z (X1, Z(X2,Y)).
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Quiteanalogoudly it canbeverifiedthatif o € £ (X1, Z (X2, Y))thent € £ (X1, X2;Y).
We concludethat u — Uisalinear bijection of £ (X1, X2; Y) onto .Z (X1, Z (X2, Y)).
Since |ju]l = ||U]|, bothu — U and v — v have the norm 1 and hence are continuous.
Thus they are isomorphisms of our normed spaces. >
Remark. For X3 = X2 = R"and Y = R, (1) isin fact the well-known (from linear
algebra) isomorphism between bilinear forms and linear operatorsin R".

Differentiation of multilinear mappings

Theorem 4.1.5. (Quasi-Leibniz Theorem (QL)). Any mappingu € .Z (X1, ..., Xn; Y) is
differentiable, and its derivativeis given by the formula

n

u/(X].’ L 9Xn) : (h17 .. hn) - ZU(X].» L 9Xi—17 h|9X|+17 CE 9Xn)9
i=1

or, more shortly

n

WXt ... %) = EP U, ... Xic1, o Xig1, - Xn). ®)
i=1

(The definition of the DIRECT sSUM @]_;li =11 & ... ® |, seein Chapter 2.)
<1 Thisfollowsat oncefrom Theorem on continuouspartial derivatives. Indeed, u islinear

and continuousin each its argument, henceVi € {1,...,n}:
ou
ﬁ(xl, s Xn) = UL, - Xi—1, 0 Xidds - - -5 Xn) (e Z(Xi,Y)).
|

Now, each partial derivativeou/o X : X1 x ... x Xy = Z(Xj,Y) iscontinuous as the
composition of two continuous mappings:

ou
— = Uj ormj,
0 Xi
where
it X1 X...x Xp—=> X1 x...X Xy X...x Xp, (X1, ..., X)) > (X1, ..., Xiy ..., Xn),

Ui D X1 X ... x X X...x Xp—= Z(X,Y),
(X]_,...,X_i,...,Xn) '_) u(Xla"')Xi—lﬁ',xi+1)"',xn);
i iScontinuousas any projection, and u; is continuousby Theorem on canonical isomor-
phism (sinceu is). >
Remark. We can rewrite (3) so:
U=®o(Uiony,...,Unomn),

where @ denote the following mapping:

n
B LXY) x .. x L(Xn,Y) > LK1 x..x Xn, Y), (1,....12) = .
i=1
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It isevident that this mapping @ islinear, and it is easy to verify (1) that it is continuous.

Corollary 4.1.6. (Leibniz Theorem). Let f : X —»> Y andg: X — Z be differentiable at
apoint x,andletu e Z(Y, Z; W). Then the compositionu o (f, g) isdifferentiableat x,
and

(uo (f,9)(x) =u(f'(x)h,g(x)+u(f(x),gxh).

f
x99 vz w

<1 Thisfollows at once from Chain Rule and Quasi-L eibniz Theorem (QL):
Chain
o (f,g)Y0h L W ((f,9x) )o (f,9/(x))-h
S——— ———
=(f(x),9(x))  =(f"(x),g'(x))
= U'(f(x), g()) o (F'00h, g'00h) F u(F 00h, gx)) + u(f (x), g KOh). &
Examples.

1. If uistheusua multiplicationR x R — R, andif X = R, weobtaintheclassic Leibniz
rule: (fg) = f'g+ fg'.

2. For the mapping @ : R" — R, X > X2+ ...+ X% = x - x = x%, we have (here
f = g=1id,u = scalar product)

gx)-h=x-h+h-x=2x-h

(thefirst point denoting the application of alinear mapping, the other points denoting the
scalar product!), so
g'(x) = 2x,

if weidentify avector x with the linear function h — x - h. (Compare with the usual rule
(x3) = 2x.)

4.2 Higher derivatives

Letamapping f : X — Y bedifferentiable everywhere (or inan openset U c X). Then
we can consider the derivative map

X = ZXY), x> f'(x).
We say that f istwo times differentiable at a point x, and we write
f e Dif?(x),

if f’isdifferentiableat x; wedefinethe second derivative f”(x) of f at x asthederivative
of f’atx:
700 = (F)'(x) (e Z(X, Z(X,Y))).

By induction, we put

f(n+1)(x) — (f(n))’ (X),

and we use in evident sense the notations

Dif'(x),  Dif"(U),  Dif".
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Besides we put

Dif! := Dif, Dif® := ﬂ Dif".
n=1

Thuswe have

f: X—>Y
i X = ZXY)
f7: X > L(X, ZL(X,Y))

FO) X S L, LK, LYY )

The space Z(X, L(X, ..., Z(X,Y)...)) of values of the n-th derivative f™ is
isomorphic (by repeatedly applied Theorem on isomorphism, see 4.1) to the space of
N-LINEAR mappingsfrom X x ... x X (ntimes)into Y:

LXK LXK, ..., 2KY). )~ LXK, ..., XY) =L X Y).
_./—/
n times
The multilinear mapping, corresponding to f ™ (x), is given by therule

—~

FOx)(hy, ..., 0Mn) == (.. ((F"(X)-h1) -h2)...) - hn.

Usually we IDENTIFY f(™(x) and f (M (x), drop the wave and write

f™(x)hy, ..., hn.

Example. For g : R" - R, x - x2:= X - X (see 4.1) we have q”" = (2 scalar product),
that is, vx € R":q”(x)h1ho = 2hy - ho. (Provel)

4.3 Rulesof differentiation

They are in essence the same as for the first derivative.
Linearity. If f, g € Dif"(x) thenVa, # € R:af + gg € Dif"(«), and

(@f + B X)) = af ®(x) + pg™ (x).

<1 By induction.
Product Rule.Let f = (f1,..., fn) : X = Y1 x ... x Ym. Then f e Dif"(x) iff each
fi e Dif"(x), and

£ (x) = (ff“’ x), ..., £ (x)) .
<1 By induction.

ChainRule. If f € Dif"(x) and g € Dif"(f (x)),thengo f e Dif"(x). (Theexplicite
formulafor (g o f)™(x) isvery cumbersome, and we drop it.)
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<1 For simplicity we consider only the case n = 2. By Chain Rule for thefirst derivative,
(go f) =comp(f’,g o f),

where
comp: Z(X,Y)o ZL(,2Z) > L(X,2), (,m)— mol.

Since f and g are 2 times differentiable at x and at f (x), resp., the mappings f’ and ¢’
are differentiable at x and f (x), resp. The mapping comp is differentiable (everywhere)
by Quasi-Leibniz Theorem. So (g o f)’ isdifferentiable at x by Chain and Product Rules
for the first derivative. But thismeansthat g o f is2timesdifferentiableat x. >
Computation Rule. Let f : X — Y be n times differentiable at x. Then for any
hiy,...,hp e X
fM)h h o
01, e = 50— e —t20

0 0
- - f(X+t1h1++tnhn) .

For short we shall write the last expression as

f(X+tihy + ...+ thhp)

@
Tooh

0
—| ... | fT(x+tihi+...+thhp).
sl g (x+1t1hy nhn)
<1 For simplicity consider the case n = 2. It holds
0
—| —| f(x+tihy +t2h
atloatzo( 1h1 + t2ho)
= Pttty Kevn, (F/(x+tahy))
C.R. for
the 1. der.
= 2| (e '+ thp) e, | (x+ tahy)
C.R. for
e L9 41y 00

= €Vh, -(f//(X)h]_) = (f//(X)h]_) -hy = f//(X)hlhz. >

(Recall that evy, denotes the (continuouslinear) mapping of evaluation at a given point
h, see Chapter 1.)
I-Rules.

f
Q) Let X5 Y 5> 7, f eDifP(x),1 € Z(Y, Z). Then

(o HYPohy.. hp=1- (f(p)(x)hl...hp),

or, shortly,
(o H)Px) =10 (fPx)),

where we consider the p-th derivative f (P (x) asa p-linear mapping.
In particular, if X = R then

(o f)(p)(x) =1 . f(p)(x),

where we consider f(P)(x) asan element of Y.



4.4, HIGHER PARTIAL DERIVATIVES 55

f
b) Let X 5 Y 5 2,1 € Z(X,Y), f e Dif®(Ix). Then

(f o)(¥)hy...hp = FPx)(Ihy)...(hp).

<1 For short consider p = 2.

a)
p Comp. Rule 0 0
(o £)")hthy =" —| —| (o f)(x+1tihs +t2h2)
I—rulefor 1. der. O 0
= — | . —| f(X+tihy+toh
8t10( 5%, (X+1t1 1+22))
|—rule for 1. der. 0 0
= - —| —| f(x+tihy+1toh
(5'[105'[20 ( +11+22))
Comp:.RuIeI . f”(X)hlhz.
b)
P Comp. Rule 0 0
(f ol)’(x)h1h2 = —1| —| (fol)(X +tihy + toho)
Vislinear ¢ i 4 tiihi+talhy)
Comp. Rule

f”(x)(hy)(hy). >

4.4 Higher partial derivatives

Let f: X1 x...x Xn — Y. Of course we define partial derivatives of higher orders

inductively:
Pty o [ o of (X)
0Xiy ... 0Xi, T Xy \ 9Xip \ T\ oXi, )T ,

oP 0 0 . .
= 0+ 0 — (1,...,ipe{l,....,n}.
oXiy...0Xi,  9Xiy oXi,

or, shortly,

So
oPf(x)

—_ Xi Xigy o Xi,Y)...
8X|16X|p Eg( |1,$( 125 99%( Ip> ) ))

~ g(X|1,,X|p,Y),

Th. on
Isom.

and we have identity oP f (x)/0Xi, . .. 0 Xi, with the corresponding p-linear mapping:

aPf(x) oPf(x)
mhl.-.hpf(.-.(( X, hl)hz)...)hp (hk € Xi) .

Asinthe case of thefirst order, if each Xj = R (thatis, X1 x ... x Xp = R"), we put

ot A 9)a) )1 ev
6Xi1...6Xip T\ 6Xi1...6Xip .




56 CHAPTER 4. HIGHER DERIVATIVES

Lemma4.4.1.Letamapping f : X1 x...x Xn — Y be ptimesdifferentiableat x. Then
foranyis,...,ipe{l,...,nfandfor anyhyx € Xj,k=1,..., p,itholds

oPf(x)

— " hy...hp= fPx)hy...h
OXiy - 0Xi, TP Cohs.. R,

where .
hg :==(0,...,0,h,0,...,0),
ik

that is, the partial derivative applied to the vectors hy, ..., hp is just the " total”
derivative applied to their imageshathy, . . ., ﬁp by the canonical imbeddings of X;, into
the product space X1 x ... x Xp.
<1 1° We use below the following result: If f : X — £ (Y, Z) isdifferentiable at x then
for any fixedh € Y themapping g : x — f(x)h, X —» Z isaso differentiableat x, and

vk e X:g'(xk = (f'(x)k) h.

(See Chapter 2.)
2° For short let p = 2. We have

f”(x)(O,...,ill,...,O)(O,...,E,...,O)

Comp. P
Rle 21 2| fx+t(0,....h,...,00 + (0, ...,k ...,0)
COMPRUC ot (x +11(0.....h.....0)) /aXi )k

o (0| Ax+u®...h... 0\,
o 6t1 0 axig
Comp. 2

0 0 0-f(x
Rule coh) k% 9T

0 Xi; 0Xi, 0Xj, - 0Xj,

Theorem 4.4.2. (on representation). Let a mapping f @ X1 x ... x Xn = Y be p-times
differentiable at x. Then its p-th derivative at x can be represented by the matrix of the

partial derivatives:
f P (x) ~ M
oXij .. .6Xip i

in sense that

vhi, ... hPe Xy x...x Xp, h<=(hK .. h):

n

oPf
f®uont.hP= > _ T 1 e
= 0Xiy.. 0, e

il:m,lp

< In notations of the previouslemma,

fPoht...hP = (h+hi).. (WP +h)
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fPx)is n R R
mutiner 3" fPoht +ht >
1 p
H —_—

&L @p(1(x))/0(Xiy... Xip)hE - hP,

Corollary 44.3. Let f : R" — Y be p-times differentiable at x. Then f(P)(x) can be
represented by the following matrix with elementsin Y:

f(P)(X)N M
8X|16X|p iy ipe{l n},

..........

inthesensethat for any h®, .. .hP e R"  (hX = (h¥, ..., hK))

oPf
f®ooht..hP = > hi...hP _otx) (€Y).
.~ 1 'p OXij; ...0Xi
i1,.,ip=1——"— P
eR o

Hereall hikk are real numbers, and hil1 . hi‘:) isjust the usual product of real numbers.
Remark. For thecase p = 2and Y = R we obtain as the representative of f”(x) a

“usua” n x n-matrix
(62f(x))
OXi0Xj /)i (...

.....

Thismatrix is called the Hesse matrix of f at x (and its determinant is called the Hessian
of f at x).

Example. For themapping g : R" — R, X = x° = x - x we have
2 0
xeR": f’x)~| .. |=2-1
0o 2
where 1 denotes the unit matrix. It corresponds of course with the fact we know that
f” = 2id.

45 ClassCP

We say that amapping f : X — Y is p-times continuoudly differentiable (resp., p times
continuoudly differentiableinanopenset U c X oratapointx € X) or that f isof class
CP (resp.,isof classCP in U or at x), and we write

f eCP(resp, f eCP(U)or f e CP(x)),

if fisptimesdifferentiable everywhere (resp.,inU or in aneighbourhood of x) and the
derivative f(P) s continuous (resp., continuousin U or at x).
Thus,

f eCP:= (P ¢ Cont.
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We put also

o0
cY:= cont, C® = ﬂ CP.
p=0

The mappings of class CP we call also, for short, CP-mappings.

Example. Any continuous linear mapping is of class C*. (Indeed, the first derivativeis
aconstant mapping, and al the other derivatives are zeros.)

Lemma4.5.1.
c®>cloc?5...0CPH ... 5 C® =Dif*.

<1°DifPtl c CP. <« f e DifP*l = (P e Dif = f(P e Cont= f € CP. >

22 CPHLlc P feCPlo feDifPIL fecP. o>
3° C*® c CP < Obvioudly. >
4° C* c Dif*® < Obvioudly. >p>

5 Dif° € C® < f e Dif® = Vpe N f e DifPt! 5 vpeN'feCP= f e
C®. pp> 1>

Lemma4.5.2. Foranyk € {0, 1, ..., p}

feCPo 0 ccCPk

< (f(k))(p_k) =fP

Theorem 4.5.3. Any continuous multilinear mapping is of class C*°.
<1 Use induction. For linear mappings the assertion is true, by Example above. Let our
assertion istrue for k-linear mappingswithk < n — 1, and let

ue Z(X1,..., Xn; Y).
By Remark after Quasi-Leibniz Theorem,
U=®o(Uiony,...,Unomn),

where u; are continuous (n — 1)-linear mappings, and @ and z; are continuous linear
mappings. All these mappingsare of class C*, by theinductive assumption and hence are
infinitely differentiable. By Product and Chain Rules, U’ is aso infinitely differentiable.
Henceu isinfinitely differentiable and therefore (by Lemma4.5.1.) is of classC*°. >
Remark. In fact the n-th derivative of a continuous n-linear mapping is a CONSTANT
mapping, and hence all the subsequent derivatives are ZEROS:

u™ = congt, u™b — o, ulta —o, ...
Viz,ifue Z(X1,..., Xn: Y) thenvx € X1 x ... x Xp:
uM(x)ht...h" =

= 3 uh{® . g™ (hkz(hk,...,h‘g) eXix...x xn) 1)
eSSy
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where &, denotesthe group of all permutationsof the set {1, . . ., n}. [This can be proved
by using Computation Rule. (Prove!)] E.g., for bilinear u

u”(x)hk = uhzky + ukzhy. 2

Note that in the case of MULTIPLICATION (u : R? — R, (X,y) — Xxy), Equation (1)
follows at once from Representation Theorem:

1

k
u”’(x) ~ ((1) 0) , henceu” (x)hk = (hy hy) ((1) é) (kl) = hiko + kihp.

Note also that it followsfrom (1) that u™ (x)h® ... h" does NoT change by any permu-
tation of the vectorsh?, ..., h" (for bilinear case it is quite obvious, see(2)). Thisis no
accident! See the next section.

Product

Theorem 4.5.4. (fy,..., fn) e CP & fy,..., fm € CP.
<1 Thisfollows at once from Product rule for higher derivatives and from the topological

fact that (fl(p), o n(qp)) is continuous iff each fi(p) is. >

Composition

Theorem 4.55. f,ge CP = go f € CP.
<1 By induction. For p = 0 all is O.K. (the composition of continuous mappings is
continuous). Let our assertion istruefor p — 1. We have, by Chain Rule,

(go f) =compo(f’,g o f).

Themappingcomp : (I, m) — mol isacontinuous bilinear mapping (see 4.1) and hence
is of class C*™ (by Theorem 4.5.3.). A fortiori it is of class CP~1, by Lemma4.5.1. The
derivatives f’ and g’ are both of class CP~1, by Lemma4.5.2., and f isof class CP~1
by Lemma4.5.1. Hence g’ o f is of class CP~1 by the induction assumption. Then, by
Theorem 4.5.4. (on product), (f/, g’ o f) isof classCP~1. So, once again by theinductive
assumption, the mapping compo(f’, g’ o f) isof class CP~1. Thus, (go f) e CP~L,
which means, by Lemma4.5.2.,thatgo f € CP. 1>

CaseR" —» R"
Criterion. A mapping(fy, ..., fm) : R" — RMisof classCP iff all thepartial derivatives
of the order < p of each function f; exist and are continuous.
<1 Analogously tothecase p=1. >

4.6 Symmetry of higher derivatives

Here we prove that for CP-mappings the derivative f (P (x) is a symmetrical multilinear
mapping.

A mapping f : X" — Y (for arbitrary sets X and Y) is called symmetrical if its value
does not change by any permutation of its arguments:

feSyM: VX, ..., Xxne XVo € Gn: T(Xs1),---5 X)) = F(X1,..., Xn).
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(Recall that &, denotes the group of permutations of the set {1, ..., n}.) The set of al
symmetrical n-linear mappingsfrom X" — Y (for vector spaces X and Y) we denote by

(Respectively, for continuous case we use the letter .£.)

Lemma 4.6.1. Let for a mapping ¢ : R? — R the second partial derivative 6%p /o6yox is
continuous at the origin. Then

%9(0,0) _ .. A% (0 (t,0), 0. 1)
oyox t10 t2 '

Here A2y denotesthe SECOND DIFFERENCE of ¢ . Recall that thefirst difference Ap (x; h)
of ¢ at x by h is defined so:

Ag(X; h) = App(X) '= p(X + h) — p(X). @)

Higher differences A"p(x; h1,...,hy) of ¢ at x by hy, ..., hy are defined inductively.
E.g.,

A%p(x; 1, 12) i= Any(An, @) (X) = Any@ (X 4 h2) — An,p(X)

2 p(x+hi+hp) —p(x+h) —p(x+h) +9(x). (2
x+hy
©
@ Note that (as it is clear from (2)) the second differenceis
x+h+h, SYMMETRICAL in the increments:
X 1
4 A%p(x; h1, hg) = AZp(x; ha, hy). ®
x+h,
QAt72A%p(0; (t, 0), (0, 1)) = t72A1,0)(A0,02)(0, 0)
trick: g(x):=
A,np(x,00=

PO 2 g(t) - g0))

Lagr. Th,;
for some

BV g o

g x)=
ﬁ(pgi,t)_
“EO 1 (200D 09,0
oX oX
Lagr. Th;
for some
0 0
LY 12 oyt
oy 0X

_ %90, 1) . 0%¢(0, 0)
oyox  tlo  0yoX

>

since 6%¢p /6yox is continuous at (0, 0) and (4, ) — (0,0) ast | 0. >
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Corollary 4.6.2. Let for a function ¢ : RZ2 — R the partial derivatives 62¢/6yox and
0%¢p /oxoy are both continuous at (0, 0). Then they are equal there:

52
0yoX

_ %

0,09 .

<1 This follows from Lemma 4.6.1., by symmetry of the second difference in the incre-
ments. >
Lemma 4.6.3. Let for a mapping ¢ : R? — Y (where Y is a normed space) the partial
derivatives 92p /ox10x2 and 62¢ /6 x20% are continuous at a point . Then

_ %%
< o 0X20X1

62(0
0X10X2

X

<11° Without loss of generality we can assume that X = 0, since our function ¢ has the
same differentiability properties at X, asthe function

g:h— pR+h),R2>Y

at 0. (This follows at once from Chain Rule, since the mapping h — X + h has at each
point the derivative equal toid.)

2° Put

62(0

_ &
y: 0 0X20X1

o 0X10X2

(eY).

Our amisto show that y = 0.
3° By Lemma from Functional Analysis (see Chapter 1), there exist | € £ (Y, R) such
that ||I|| = 1andly = |ly||. Then

82¢7

i =ty=1 (22| - gue 20 op)) _ o) 4g2,

0X10X2|g  0%20X1|qg 0X10X2 |q 0X%20X1 |g ’
since the second partia derivative

o2(l 2 .

M — | o ¢ (|, j= 1, 2)

0Xi0Xj |—-Rule for 0Xi 0X;j
X=R

is continuous at 0 together with 6% /oxi0X;. >
Lemma4.6.4.Lety : R" — Y beof classCP. Thenfor anyo € &, andanyis,...,ip €

{1,...,n}itholds
oPy 9P

6Xiﬂ(1) e Xig(p) 6Xil...Xip

In other words, partial derivativesdo not depend on the order in which we differentiate.
<1 1° It is sufficient to prove this for p = 2, since then we can TRANSPOSE any two
NEIGHBOUR partial differentiations, and by such transpositions we can obtain any permu-
tation.
2° for p = 2 our assertion follows from Lemma 4.6.3., since all partial derivatives at the
second order of a C2-mapping are continuous. >

Theorem 4.6.5. Let f : X — Y beof class CP. Then for each x € X the p-th derivative
f (P (x) is symmetrical.
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Comp.
Rule oP

< f(p)(x)ho-(]_)ho-(p) m o
o ... 0l

fX+ts@whe@ + .- +topho(p)

Ogvtlhl_;’_____;’_tphp
464 oP e
20 | f(X+thi+... +tphp) =°
B ot | T ahe - tehp)
(We can apply Lemma 4.6.4., since the mapping (t1,...,th) —» f(xX+tithy 4+ ... +
thhn), R" — Y is of class CP as the composition of the C*°-mapping (t1,...tn) =

X +tihy + ... + thhy (aconstant plus a (continuous) linear mapping) and f € CP.)

fPx)hy...hp. >

Corollary 4.6.6. Let f : X3 x ... x Xn — Y beof class CP. Then partial derivatives

oPf

8Xi1...Xip

(i1,...,ine{l,....n}

do NoT depend on the order in which we differentiate.
Thismeans, e.g., that 82 f (x)/6X10 X2 and 2 f (x) /0 X20 X1 define one and the same

bilinear mapping X1 x X2 — Y:

021 (x) h 021 (x)

vh X1, h Xop: ————2 = —
LE AL E A2 0X10X2 12 0X20X1

hohs.

< Thisfollowsfrom Theoremin view of Lemma4.4.1. >
Remark. This corollary justifies notations of the type

63
X20Xo

4.7 Polynomials

Let X,Y be vector spaces. We say that a mapping p : X — Y is a homogeneous
polynomial of degree n, and we write

p e Pa(X,Y),
if there exists an n-linear mapping

ueL®X;Y) (=L(X,...,X;Y))

n

such that
p=uocA,

where A = A isthe diagonal mapping, defined so:

A:X o XMi=Xx. . ox X, x> (X,...,X).
Ny n

In other words,

p(x) = u(x,...,X).
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In the case where X, Y are NORMED spaces, we say that p is a continuous homoge-
neous polynomial of degree n, and we write

p e Pn(X,Y),

if thereexistsu € £ ("X; Y) with the same property.
If p=uo A wesay that u generates p, or that p is generated by u.
We put also

Po(X,Y) := {al the CONSTANT mappings X — Y}

(the polynomials of degree 0).
In what follows we consider only homogeneous polynomials, and we will drop
“homogeneous’.
Examples.
1. Each linear mapping is a polynomial of degree 1, that is, P; = L.
2. The power mapping x — X", R — R isa continuous polynomial of degreen.

3. The maping (x, y) — X3 + 4xy?, R? — R is a continuous polynomial of degree 3.
< Thispolynomial isgenerated, e.g., by thefollowing two 3-linear mappings (R?)3 — R:

(X1, Y1), (X2, Y2), (X3, ¥3)) F> X1X2X3 + 3(X1Y2y3 + X2Yay1 + X3y1Y2),
(X1, Y1), (X2, ¥2), (X3, ¥3)) = X1X2X3 + 4X1Y2Y3,

the former being symmetrical, and the latter being not. >

4. Each n-linear mapping is a continuous polynomial of degreen.
< Forn = 2, eg., abhilinear mappingu : X1 x X2 — Y is generated by the following
bilinear mapping U : (X1 x X2)? = Y:

U (X1, Y1), (X2, ¥2)) > 3(U(X1, y2) + U(X2, y1)).

5. Thefunctiong : R" — R, X = X% = X-X = X2+ ...+ x2 isacontinuous polynomial
of degree 2 (generated by the scalar product).

6. More generaly, for any linear operator A : R" — R", with the matrix (a&jj), the
mapping (quadratic form)

el n
IR{”—>IR{,X»—>(Ax)p-'x:Za”xixj (X =(X1,...,%n))
i,j=1
isapolynomia of degree 2. (Provel)
7. ThefunctionC([0,1]) » R, x fol x2(t) dt isapolynomial of degree 2. (Prove!)

Symmetrization

For any mapping f : X" — Y, whereY isaVECTOR SPACE (X" := X x ... x X),
we define its SYMMETRIZATION sym f by the formula

. 1
VX1, ..., %Xn € X:|(sym f)(Xq, ..., Xp) = o Z f(Xs1)5 -+ Xo(m) |
" 6e6y
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Example. Let f : R2 — R, (X,y) = X — 2y. Then

(ym H)(x,y) = S(F O y) + F(y. %) = $(x = 2y) + (y —20) = =2 F Y.

Lemmad4.7.1. Letu € L("; Y). Then
a) symu € Lym("X; Y);
b)u e Lym("X;Y) & symu =u.
< @) Forany r € G, it holds
def 1
(g/m U) (Xf(l), ey Xr(n)) = — U(XT (O' (1)), ey XT (O' (n)))
we replace 1 n! — —
byo(Detc 7€Gn =(ro0)(1)

0:=t00

=(roo)(N)

— X o, X
oo &, N 6 U(Xp(1)s - - - » Xo())
roo aso runs over Sy 2€On

def
= (symu)(X1, ..., Xn),
which means that symu is symmetrical.
b) "=":if uis symmetrical then
def 1 1
(wmu)hl ...hh = m Uhg(l) . hg(n) = muhl ...hp=uhy... hp,
—_— !

ceSp —uhy...hn

hencesymu = u.
"<":if symu = u then u is symmetrical by a). >

Lemma 4.7.2. If a polynomial is generated by u then it is also generated by symu.
<QLet p=uoA.Then

1
(ymu) 0 &) = (YMU)(X, ..., X) = =0 D> UK, ..., X) = UK, .., X) = P(X),
T 6eGy

thatis, p = (symu)o A. >

Lemma 4.7.3. Each polynomial is generated by an UNIQUE symmetrical multilinear
mapping.

In other words, if ug o A = uz o A and ug, uz € Sym, then uy = us.
<1 For conTINuous mappings this follows at once from Theorem on differention of
polynomials it the next subsection, which saysthat if p = uo A and u € Zgym, then
u=1/n!- p™(0). For "agebraical case” we give below a scetch of the proof (you may
omit it).

For any givenhy, ..., h, put

ﬂ(tl,...,tn)::U(t1h1+...+tnhn,...,t1h1+...,tnhn)

Then 0"z /oty . .. dtn|o is equal to the coefficient by tito . . . t,. This coefficient is equal,
by symmetry of u, to n'uh ... hy. Hence uhs ... hy isuniquely defined by z. But 7 is
uniquely defined by p, sincez (ta, ..., th) = p(tihs + ... +tahp). >

Corollary 4.7.4. 1f a polynomial is generated by two multilinear mappingsthen they have
one and the same symmetrization:

UioA =Uzo0A = Symug = Symup.
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< It followsfrom Lemmas 4.7.1.-4.7.3. >

Differentiation of polynomials
The following theorem is a generalization of the fact that

xM® =nn=1)...(n =k + x"K

Theorem 4.75.Let p € Pn(X,Y), p=uo A, ue Lym("X,Y). Then

a) pisofclassC*>;
b) foranyk e {1, ..., n}itholds

p® € Pr_k(X, Lym(*X; Y)),

viz,fork < n

p® =nn—=1)...(n = k+ Dug o An_k, (1)
where
uk(xl7 MR Xn_k) :: u(xl’ AR Xn_k7 .7 A .)’ (2)
——
k
that is,
pPx)h1...hk=n(n=1)...(n=k+Du(x,...,x, hy,....h), (3
———
n—k
andfor k =n
p(x) = nlu.
¢) For any natural k > n
p® =0

<11° p € C*® by Theorem on composition of CP-mappings, since p = uo A, and
both u (as a continuous multilinear mapping) and A (as a continuous linear mapping) are

C°°-mappings.
2° We have
Chain
pP'(xX)h = (Uo A)(x)h Rule uU(AX) - Ah=U'(x,...,x)o(h,...,h)
Quasi—
LeBNZ kX, ) 4 UG ) "M ek, L x, h),

which means that for k = 1 theformula (1) istrue. Let usfix this:
(U ¢] An)/ = Nnujz o An_]_. (4)
3° Let (1) istrueforl,..., k. Then

p® =nn—1)...(n =Kk o An.

Hence
p*k+D = (pkyY =n(n—1)... (N — k+ 1)(Uk 0 An—k)’
(4),applied to
oAp—
M nn—1) ... (n—k+ )N —K) (U1 0 Am_ky_1.
— ——

2 =An_
(:)Uk+1 n—(k+1)
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which meansthat (1) istruefor k + 1, and, by induction, b) is true.
4° Since p(™ = congt, all the subsequent derivatives are zero. >
Remark. You can obtain (1) using Computation Rule. (Do it!)

Corollary 4.7.6. Let pbea continuouspolynomial of degreen, generated by a (continuous)
symmetrical n-linear mapping u. Then p(0) = 0 and

0, ifk#n,

® 0y =
PO = nlu, ifk=n,

4.8 Taylor Formula

At first alemma:

Lemma4.8.1. Let amappingr : X — Y bek times differentiable at 0, and let

r(0) =0, r'(0) = 0, r’©) =0,...,r®w0) =0,

_ K (... rh) )
r(h) = O(Ilhll ) (-‘:’ (K “IhI—0. fIhl%0 0)

<1 By induction. 1° For k = 1 we have

Then

r(ojuhh) :L(%)+r’((z))h+r(h)

(that is, r isequal to itsrest term), sor (h) = o(||h||) by the definition of differentiability.
2° Let for k — 1 our assertion istrue. Then
Irll  lir(h)y —r O] mvr 1 ,
= = sup |[ri(th)| [thi]
Iy Iy Ihi% o<t<1 ” ”
i r'(th
tr|=ck U tk_l H (k)ﬂ
O<t<1 lth]*= lhl—=0
by the induction assumption; indeed if ||h|| — O then ||th|| = |t| ||h]] — O uniformly
int e (0,1), and hence |r'(th)| /lIth|*~ = 0, sincer’ satisfies the conditions of the
lemmafork — 1. >

Taylor Formula

Theorem 4.8.2. Let f : X — Y beofclassCKinU c X. Thenfor x e U

FHh)y = £00+ 100 + 217002 + ...+ & R0 1 (), 1)
where
(s) S._ (s
fO00R = fO0h. h,
s times
and

r(h) = o(llh][%).
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<1 0° We can rewrite (1) in the form

@)

where
f(h):= f(x+h) — f(x),

and p; denotes the polynomial generated by @ (x) (which
is a continuous symmetrical i -linear mapping, since f is of
class

CP inU). Thusthe graph of f (see the picture) is also the graph of f when considered
with respect to the trandated (on the picture dotted) axes. By Lemma4.8.1., al we need
isto verify thatr (0) = 0,r’(0) =0, ...,r® () = 0.

1° r (0) = 0, since f(0) = 0 and each polynomial is equal to O at O.

2°Forany j =1,...,k

k

. . 1 -
o2 o ->= o =ow
— e’ i—1 |' N——
bV £ () (x) 4_;6.[ e ifi =
0 ifi ]
CaseR" —» R

Corollary 4.8.3. Let a function R" — R have continuous partial derivatives up to order
kinanopensetU c R". Thenfor anyx e U

Lof(x), 1 Z”: 82 (x)

h -~
0Xi 0X;]

focth) = 00+ 3 = .+§i

hihj +

i=1 ,j=1

1 < K f (x)
T 2 axil...axikh'l'“h'k+r(h)’
i1,...,.ik=1
(h:(hlaahn) ER”)
wherer (h) = o([|h[[%).
Here ||-|| is ANY norm in R". (If ||-||; is another norm in R", thenr (h) = o(||h||§)
also, since any two normsin R" are equivalent.)






Chapter 5

Extreme Problems

|. PROBLEMS WITHOUT CONSTRAINTS

5.1 Generalized theorem of Fermat

Definition. Let X be atopological space, and let f beafunctional on X, f : X —> R. We
say that f hasalocal minimumat apoint X € X, and we write

X € Locmin f,
if f attainsat X its minimal value in some neighbourhood of X. Thus,
% € Locmin f i< 3U e Nbgwx e U@ f(x) > f(X).
Theorem 5.1.1. Let X be a normed space, and let a functional f : X — R hasa local

minimum at a point X.

a) If for someh e X thereexists Dy, f (X), then Dy, f (X) = 0.
b) If f isG-differentiableat X, then f’(X) = 0.

< @) If X € Locmin f then 0 € Locming, whereg : R — R,t — f (X + th). By the
classic Fermat's theorem, ¢ (0) = O; but Dy, f (X) = ¢(0).
b) It followsfroma), since f/(X)h = Dy, f (x). >

Example. If X = R" and f has the partial derivatives of the first order at the point
X € Locmin f, then all these partial derivatives are equal to O:

of®) _  _otd _,
oxt T oxm

5.2 Necessary and sufficient conditions of locmin

Theorem 5.2.1. (on necessary conditions and sufficient conditions of the second order).
Let X eNS, f : X - R, f € C3(X).

69
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a) (Necessary conditions) If X € Locmin f then f/(X) = 0, and

vhe X: f”()h? > 0. (1)
b) (Sufficient conditions) If f/(X) = 0and Ja > 0 such that

vhe X: f7()h? > a |h|?, 2
then X € Locmin f.
<1 By Taylor formula,
f(R+h)=f®R) + f’()?)h+%f”(>2)h2+r(h), ©)
where
r(h) = o(Ih||?). (4)

8 Let % e Locmin f. Then /(%) "o >4

f (X) for all sufficiently small t € R. Hence,

0. Further let h € X. It holds f (X +th) >

21217 (R)h?+r (th) = 3 £7(R)(th)?+r (th) D f (% +th) — F(&) = F/(X)(th) = 0 (5)

>0 0
for all sufficiently small t. But
r(th) = o(t?), (6)
since (without loss of generality h # Q)
r(th r(th
Iranl _ e ki _
t Ith? t-0
——
@
t—0

So (5) ispossible, only if f”(x)h? > 0.
b) Let /() = 0, and let (2) be fulfilled. Then

. o 1 e «
fFR+h) = F0) 217 @h2+rh) > 4 IhI2+ o(Ih|?) > 0
N—

Dainie
for all sufficiently small ||h||. Hence, X € Locmin f. >

Conditions (1) and (2) in (5.2.1.) are, respecively, the condition of non-negativity
and the condition of strict positivity of the second derivative f”(X) in the sense of the
following definition:
Definition. Let X € NS, u € L(X, X; R) (bilinear functional).

a) u issaid to be non-negative if the corresponding polynomial is non-negative, that

is, if

vh e X: u(h,h) >0, (7
and positiveif the corresponding polynomial is positive at any non-zero vector, that
is, if

vh e X\0: u(h, h) > 0. (8)
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b) uissaidto bedrictly positive if

Ja > 0vh e X: u(h,h) > a ||h|?. (9)

It isevident that
strict positivity = positivity = non-negativity
In general the inverse implications are not true;

(Counter-) examples.

1. The functional R? x R?2 — R, ((X1, y1), (X2, y2)) — X1X2 iS non-negative, but is not
positive.

2. Thefunctional £2 x €2 = R, (X,y) = >.i21(1/iV)xyi is (evidently) positive, but is
not gtrictly positive (verify!).

Finite-dimensional case

In FINITE-DIMENSIONAL case positivity is equivalent to strict positivity: If u e
L(R", R"; R) is positive, then u is strictly positive.
<1 Denote by Sthe unit spherein R" (defined by the equation ||x|| = 1), put p:=uUo A,
and consider the restriction p|s. It is clear that this restriction is continuous (since in
finite dimensional case any bilinear functional is continuous). Further, Siscompact, being
closed (S = ||-] =% (1)) and bounded. Hence, p|s attainsits minimal value, say a. Sinceu
is positive, we have o > 0. Thus,

Xl =1= u(x,x) >a > 0. (20)
Soforany h # 0
h h h h
u(h,h) =u (nhu — |Ihl| —) = |Ih|2u (—, —) > a |h|?,
) Il Il IhI [h]
N ———
(10)

which meansthat u is strictly positive. >
Further, in FINITE-DIMENSIONAL case the positivity condition (2) takes the form

vh = (h hn) € RMO: Zn: azf(ﬁ)h hj >0 (12)
= € : —NjNj .
1, > 1in \ = aXIaXJ 1

This condition is none more then the condition of positive definiteness of Hesse matrix of
the function f at the point X. Thus, by 1.9, for f : R" — R, dtrict positivity of f”(X) is
equivaent to positive-definitenessof Hesse matrix of f at X. Thelatter may be established
with the aid of SILVESTER CRITERION from algebra:

SILVESTER CRITERION. A squaire matrix A is positive definite iff all its principal
minorsdet A (k =1, ..., n) are positive.

A17”""12 3| - Ay

A, il &y 8pp Agz| - 8y
Ay 8518y 8y - &

A=A, | agap a5 - ag,
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Remark. For the case of local MAXIMUM we havetoreplaceall “>" in (1) and (2) by “ <”.
Thestrict NEGATIVITY of f”(X) isequivalent to NEGATIVE definiteness of the Hesse matrix
A; thelatter is equivalent to the conditions. det A; < 0, det Ax > 0, det Az < 0, det A4 >
o,...

<1 Apply Silvester criterionto —A. >

|l. PROBLEMS WITH CONSTRAINTS

5.3 Setting of the problem

Definition. Consider the following EXTREME PROBLEM WITH CONSTRAINTS (for definite-
ness, the case of minimum): for agiven function f : X - R (X € NS) and a given set
A c X (the constraints), to find al pointsin A, where the RESTRICTION f | hasitslocal
minimum:

Locmin(f|a) =7 (D)

Of course, we equippe A with the induced topology, so that

aeclocminfla e 3U e Nba(X)Vx e UNA: f(x)> f(a) (aeA).

If A= X, we obtain aproblem without constraints.
Definition. By smooth (extreme) problem we shall mean a problem (1) with A given by
an equation
A=g~1(0), 2

whereg : X — Y isa(sufficiently) smooth (e.g., of class C1) mapping from our normed
space X into some another normed space Y. In other words,

A= {xe X g(x) =0} ©)

Example. The problem with the constraints A ¢ R? given asfollows: A = {(x, y}x = 1}
isasmooth problemwithY = Rand g(x) = x — 1.

5.4 General (non-smooth) problems. necessary condition
of locmin

At first consider a motivating example. Let f : R2 —» R, A = {(x, y)|x > 0}, f e Dif,
andleta = (X, ) € Locmin f |a. Then

YA
f'(a)=0 if aeintA (thatis, if X > 0),
1222 of (a) of(a) _ A it
o X >0, oy =0ifaefrA(thatis, if X =0).
A7 This follows from a general theorem to be proved below,
butitisclear by itself: inthefirst case we havein fact, locally
T grad f (that is, in some neighbourhood of a), a problem without

constraints, so Fermat theorem is applicable.
In the second case (X = 0) our function f cannot have a strictly negative derivativein x
at a, sinceit would mean that f STRICTLY decreasesat a in x-direction, which contradicts
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to local minimality at a. The conditions 6f (a)/ox > 0, of (a)/0y = 0 mean that the
gradient (of (a)/0x, of (a)/ay) of f and the unit outer NORMAL vector v = (—1, 0) to
A at a have opposite directions. In general, as we shall see, the vector opposite to the
gradient at a point of local minimum, must lie in the NORMAL CONE to A at this point.

Tangent vectors

Definition. Let X be a normed space, A C X,a € A. We say that avector h € X is
tangentto A at a, and wewriteh € Ty A, if there exist asequence {a,} of pointsin A and
a sequence {Tn} of positive real number, such that a, convergesto a and T,, L@y — a)
convergesto h:

heTaA e IHTn} C (0, +00)Han) C A:an— a, 2 .

n

It isobviousthat dways0 € T4 A (takea, = a) andthat if h € Ty Athenth € T4 Afor
anyt > 0 (take T, = t™1Ty). Thismeansthat To A is
a CONE with the vertex at O (the vertex belonging to the
cone).

Examples.

1. For amotion f : IRid — RS2 the velocity f/(t) at a
“time’

moment t istangent to the trgjectory at the point f (t).

2. For adifferentiable function f : R — R any vector of

the graph of the derivative at a point x (considered as an

element of .Z (R, R)) istangent to the graph of f at the

\ point (X, f(x)).

| 3. If Aisopen then ANY vector is tangent to A at each
point:

' (x) X

Vae At TaA=X  (verify!).

In particular
VX e X: Ty X = X.

4. To{0} = {O}.

5.1f Y € X (thisnotation meansthat Y isavector subspacein X), then
vyeY: TyY =Y.
Lemmab.4.l. Let f : X — Y bedifferentiable at a point a, and let

278 ,h (@mheX. Th>0). 1)

— a,
an Th n— oo

Then

fan) — f(a)

T — f’(a)h. 2
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- f(an) = f(@) fenif@ (f@ + f'@@ —a)+r@—-2a) - f@)

Tn Tn
trick ah—a r@ —a llan—all ,
= f(@) + — f'(a)h. >
Tn llan — all Th
—— ————— —————
) I
—h Han—al\(—l)m — |

_— reSmall
— 0

f’(a)eCont
—— f/(a)h

—0

Normal vectors
NORMAL vectorsto aset A C X arenot “in reality” vectorsin X, they are covectors,
that is, elements of the space
X*:= Z(X,R)

(whichis called the buAL spaceto X; recall that R* ~ R, (R™)* ~ R").
Definition. Let X € NS, A C X, a € A. We say that an element h* € X* isnormal to A
at a, and we write

h* € Ng A,

if h* (asalinear function on X) is NON-POSITIVE on the tangent coneto A at a:

h*eNaA:eVvheTaA: h*-h<0. 3

(Recall that wewritelh =1 - x = I(h) for linear|.)
Inthe case X = R" you can IDENTIFY alinear function

[(X1,...,%Xn) =l1X1 4+ ...+ InXn

with the vector (I1, ..., ) (in the samE R™) and think about | - h as about the SCALAR
PRODUCT.
Once again, it isclear that Ng A isacone, containing O as the vertex.

Examples.

1. For a(smooth) curvein R3, the normal cone at apoint is the normal plane to the curve
at this point.

2. Let K+ and K~ be the positive and the negative quadrantsin R?,
resp. Then

NoKt =K, NoK™ =K,
3. For an OPEN set A the normal cone at any pointistrivia:

Vae A: NaA={0}  (verify!).

In particular ¥x € X: Ny X = {0}.
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Necessary condition of locmin

Theorem5.4.2. Let X e NS, f : X > R,ae AcC X, f € Dif(a). Ifa € Locmin f|a
then
—f’(@) e Ng A.

<1 Let ussupposethat — f’(a) & Na A. Then, by definition, 3h € T4 A:
— f/(a)h > 0. 4

By definition of atangent vector,3a, — a (a, € A) 3Ty > O:

Th

a
an — a, — h.

for al sufficiently
great n since
an—a and aeLocmin f|a ¢ ¢
(recall that Tn>0) an) — f(@) Lms41 4 L
<’ ( )T @ » f'(a)h < 0, acontradiction! >
n

Remark. That werequireinthetheorem f e Dif(a), notmerely f € Difg(a), isessentia,
as the following counter-example shows:

Example. Let A bethecirclein R? shown on the picture, and
z g(rf'(O) let f : R2 — R bedefined by therule

N Oif (x,y) e A
A —
A f(X’y)_[xif not.
<
y 2 Then f € Difg(0), with f/(0) = (1, 0),and0 € Locmin f | a,
but

—f'(0) = (=1,0) ¢ No A= {(x, y)| x = 0}, (= y-a&xi9).
The point isthat the set A is not “star-like”.

NB InthisexampleTogr f # gr f'(0). < gr f = (Ax0)U(gr f'(0)\ A) (seethepicture);
Togr f =gr f/(0) U x-axis o>

Remark. For f e Dif, the generalized Fermat theorem follows from Theorem 5.4.2. and
Example 3 from prewious set of examples.

5.5 Smooth problems: sufficient conditions

IDEA OF LAGRANGE. Theidea of Lagrange was to reduce the problem with constraintsin
question:
Locminfja=? (A=g%0)

to a problem wiTHOUT constraints for some new function @ (instead of f). The mosts
simple way to construct ® : X — R, starting from f and g, isto consider some LINEAR
(continuous) function A : Y — R and to put

®:=f+iog (1)

Such a function @ is called LAGRANGE FUNCTION, and the functional 1 € Y* in (1) is
called LAGRANGE MULTIPLIERS (plural!).
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If Y =R, then A € R* ~ R isjust anumber (Lagrange multiplier), if Y = R", then
A e (RM* ~ RMisavector (41, ..., An) (Lagrange multipliers).

Theorem 5.5.1. (sufficient conditionsfor a smooth problem). Consider a smooth problem
Locmin f|a =2, A =g }0).

If for some A € Y* Lagrange function ® = f + 1 o g has a local minimum at a point
a € Athen
a € Locmin f|a.

<aelLocmin(f +100Q) Y- 2 e Locmin (f+2100)|la = aeLocmin f|a. >
B e

Y- £ | o+ (40 )A
e e’
QIA::00

Remark. The condition “34 € Y* : a € Locmin(f 4+ A o g)” is NOT necessary for
“a e Locmin f|A”", asthe following counter-example shows:

Example. X =R?, Y =R, f(X,y) =X, g(X,y) =X+ x% here A= {x =0} U {x =
—1},0 € Locmin f|a, but VA € R: 0 ¢ Locmin(f + 4g). (Verify!)

5.6 Smooth problems: tangent coneto A = g=1(0)

Theorem 5.6.1. (on the tangent cone to a graph).

Y Y , Let X,Y e NS, f : X - Y,andlet f € Dif(x).
o)  Then
f (x,f(x)) Tty or f=gar f/(x). (1)
r
g ‘ , Heregr f dentotesthe graphof f:
X X X

g f:={Xx f(X)|xeX}cXxY.

<1 gr f/(X) C Tix, fxp Or f. < Let (h, k) € gr f/(x), that is, k = f/(x)h. Take ANY
sequence Ty J 0, and put X := X + Tn h, yn := f(Xn). Then (xn, yn) € or f, and

Ons Vo) = O+ Tnh, £+ Tahp) — T8 (f (x)),
Otne Yo) = (6 £00) _ (4 Tnh, £ (x4 T h)) = (. { (x)

obv f(x+Th) — f(X)\ feDif(x) . 3 .
(1 1 TE=L0) 220 1, i = .k

hence, (h,K) € Tix, f(x)) or f. o>
2° Tix, fxp or f Cor f/(x).
< Let (h, k) € Tix, tx)or T, thatis, I{xn} € X, I{Tn} C (0, +00):

(Xl’h f(Xn)) m (X’ f(X)), (2)

(Xn, F(xn)) — (%, (X))
Th n—

> (h,K). ®
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Relation (2) means that

Xn— X, fxn) — fX). (@)
Relation (3) means that
Xn — X f(xn) = f(X)
—— > h — >k
T " T ©)
By Lemmab.4.1., it follows from (4) and (5) that
T0m) = T 1y, ©6)
Th

Comparing (6) with the second relation in (5), we conclude (by the uniquenessof limitin
aHausdorff space) that k = f/(x)h. But thismeansthat (h, k) € gr f/(x) ot >
Remark. In Step 1° we used just G-differentiability of f at x, but in Step 2° we have
used F-differentiability essentialy, and this condition of F-differentiability is essential
for validity of the theorem, as the following counter-example shows:

Example. Let A be a CIRCLE, shown on the picture, and let f : R2 — R be defined by
therule

_Joif(x,y) € A
Y- . y) = xif(x,y)e A

Then f e Difg(0), f/(0) = 0, gr f’(0) = R? x 0, but Togr f =
(R? x 0) U (R(1, 0, 1)). (Verify! Compare Ex. 2.9! That example also is
suited!)
0 X
Theorem 5.6.2. (on the tangent cone to g~1(0)). Let X,Y € BS, g: X = Y, A =

971(0),a € A(thatis g(a) = 0),g e (C%;(a), g'(a) € Sur (thatis, g’'(a) iS SURJECTIVE:
g’(a)X =), and let the kernel

K :=kerg'(a) :=(g'(@)X0) = (k| g'(@)k = 0} 7

pre—image, rather
~ thanthe
inverse mapping!

SPLITS the space X in the sense that there exists a vector subspace L in X such that:

(i) K, L e BS (when equipped by the induced norm);
(i) X=K@L (thatis, X=K +LandK NnL = {0});
(iii) X ~ K x L (thatis, more precisely, the mapping (k,1) —» k+1,K x L — X)is
a (linear) homeomorphism). Then

[ TaA=kerg(a).| ®)

Note, that K as the pre-image of a closed set is CLOSED, so the condition K € BS
is fulfilled automatically (a closed set in a complete metric space is also complete, when
equipped by the induced metric).

Note also, that in FINITE-DIMENSIONAL case (X = R") ANY vector subspace splits
the whole space 1, so you can forget about this condition if you wish deal just with
finite-dimensional situation.

14 Choose an orthonormal base in K, and extend it to an orthonormal basisin R"; the subspace, generated
by the “new” basis vectors, will be the desirable L. >
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<1 1° Without loss of generality (wlog) we can assumethat a = 0. Otherwise we consider
anew mapping g : X — Y, defined by the rule g(h) = g(a + h). It is clear that
§(0) = g'(a), andthat A := §~1(0) = g~(0) —a = A — a, that is, Aisthetrandation
of A byf the vector —a, so that To A = Ta A.

L A 2° By (i)-(iii), we can assume that g isamapping K x L — Y.
Denote by g, and g; the corresponding partial derivatives:
/ _ / . / — / .
v K KOK,5 g0 KO, GOl = gO O (9
U 3° gk (0) = 0. <t K = ker g'(0). o>

4° g, (0) € Sur. <k Since g'(0) is surjective

/ 9 / / /
vyeYIk eKxL:y=g(- kD 2 gk Ok+g O] =g O).
—_———
30
=0

This meansthat g; (0) is surjective. >>
5° 9 (0) € Inj (that is, iSINJECTIVE). <k Let| € L and g; (O)l = 0. Then

/ 9 / /
g0 - ©0,1) 2 g, (00+g, O] =0,
—_— ——
0 0
which means that

0,1) ekerg(0) =K x 0 (weidentify K and K x 0!).

If follows (by (ii)) that| = 0. >

6° By 4° and 5°, g; (0) € Bij (isBIJECTIVE). Hence, g; (0) € Iso(L, Y), infinite dimensi-
onal case automatically (any linear map is continuous!), and in general case by so-called
Openness Principle from functional analysis.

7° By Implicit Function Theorem, 3U € Nbp(K) 3V € Nbg(L)dp : U —» V :

Lge=ANnU xV),

2. ¢ € Dif(0),

3. ¢'(0) =—(g. (0))ogr (0) =0.

inverse map!
%o
It followsfrom 3), that gr ¢’ (0) = K x 0 = ker g’(0).
8° By Theorem 5.6.1.,gr¢’(0) = To A. >
Theorem 5.6.2. says in particular that the tangent cone to A is aVECTOR SUBSPACE

in X. In such a case any hormal vector is ORTHOGONAL to each tangent vector:

Lemma 5.6.3. (on orthogonality). Let X € NS, A c X,a € A. If Tq A is a vector
subspacein X, then
Vhe TaAvh* e NgA: h*-h=0.

If h* . h = 0then we say that h* and h are orthogonal (in finite-dimensional case it
isusual orthogonality).
<1 By the definition of a normal vector, h* - h < 0. But we have also —h € T4 A (since
Ta A is a vector subspace), so it holds also h* - (—h) < 0, that is, h* - h > 0. Hence,
h*-h=0. >

Corollary 5.6.4. In conditions of Lemma 5.6.3.,

vh* € Na A: Ta A C kerh®.
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5.7 Smooth problems: necessary condition

Theorem 5.7.1. (on Lagrange multipliers). Let X,Y € BS, and let (see the diagram)
A:=g10),ac A f eDif(a),g e Cé(a), g'(a) € Sur. If

a e Locmin f|a, D
then
J e Y= ZLY,R): (f +10g) (@) =0. )
—_——
=0
X f R
—
o 73
Y

Thus, the theorem says, that there exists Lagrange multipliers A such that the corre-
sponding Lagrange function satisfies at the point a Fermat condition.
Before the proof consider amodel example:

Example. Let X = R2, Y = R, f(x,y) = X2+ y2 g(Xx,y) = x — 1. Here A =
(G Y)Xx =1}, andvbe Al Tp A= {x =0}, NpA={y = 0}.
—_—

=:{x=1}

Now, 1 € R* ~ R may be here identified with areal numbers, so our Lagrange function
y hasthe form
L D(X,y) = X2+ y2 + A(x — 1).
NoA f R d Condition (2) gives (for a =: (%, §))
\ K\ R '(@) = (2x+4,29) = (0,0). (3
N v
level / Condition a € g~1(0) gives
linesof 1| | grad f@=(20) £-1=0. @)
| [\ level It follows from (3) and (4) that

linesof g
TA A X=1 y=0(thatis,a=(1,0), 1 =-2

Thus the unique candidate for a point of local minimumisa = (1, 0), and it is easy
to verify that really a € Locmin f|a.

The necessary condition — f’(a) € N3 Ameanshere (since Ty A isavector subspace
of R?) that grad f | Ta A. So grad f |, is orthogonal at a both to the level line of f (as
the gradient of f) and to the level line of g (whichisjust A). It follows (by the formula
dp/0v = grad g -v), that both f and g have zero derivativein the direction of the common
tangent line to these level lines, that is, zero derivative in y: 0f/0y|a = 0g/0yla = O.
Further, 69/6x|a = 1 # 0, so far some 4 € R it holds f /ox|a = 469/6X|a (namely, for
7 =2, for wehave 0f /ox|a = 2). So, for this 1, both f and Zg have ONE AND THE SAME
partial derivatives at a and hence one and the same derivative at a. Hence their difference
f — 7g has zErO derivative at a.

We see that our desired Lagrange multiplier is

A=—=41
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Roughly speaking, by adding Ag to f we “rotate” the graph of f around the HORIZONTAL
line, passing through the point (a, f (a)) and paralel to the mentioned common tangent
line, until we obtain the HORIZONTAL tangent plane to the graph.

THE PROOF. <1 1° To avoid appealing functional analysis, werestrict ourselvesby the
FINITE-DIMENSIONAL case (X = R", Y = R™).
2° By Theorem5.2.1. — f/(a) € N5 A.
3° By Theorem5.6.2., T A= kerg/(a).

obv

4° kerg'(a) C ker f/(a). < kerg'(a) £l N A’ ’5c'6'4' ker(—f’(a)) = ker f’(a). >
5° ALGEBRAICAL LEMMA (on passing through). Let X, Y, Z be vector spaces, and let
p € L(X,2Z),y € L(X,Y). Let y besurIECTIVE. Then the following two conditionsare
equivalent:

(a) kery c kerg;

(b)3Z e L(Y,Z): 9 =7 oy (p can be“passed through y ).

X ¢ y4
yN M
Y

<1 (b)=(a): Let x € kery, that is, yx = 0. Then px 2 7(yx) = O, that is,
~—~—

0
X € kerg.

(8= (b): Takeany elementy € Y. Sincey € Sur,3Ix € X : yx = y. Put
VY = oX.
This definition is correct, that is, doesn’t depend on the choice of x. Indeed, if we have
another x” with the property y X’ = y then
@
y(X'=X) =X —yx=0=2xX'—xeckery = x'—x ckerg = p(xX'—x) = 0= ¢x’ = px.

By the very construction, 9 = 2o y. B>
6° By 4°, we can apply 5° to the diagram

X f/(a) R

—

g(@® 7
Y

and concludethat 31 e L(Y, R)(= Z(Y,R),sinceY =RM) : f'(a) =70 g'(a).
7° Put A = — 1. Then

Chaine
Rule

(f+i0g/@ = f'@+iog@=f'@-71og@=0.0

5.8 Problemswith equations and inequalities

As an application consider a classic extreme problem with equations and inequalities to
find local minimums of a given function R" — R on the set

A={xeR"g1(x)=0,...,9(X) =0; gks+1(X) > 0,..., g (x) > O}.
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(All the function are supposed to be sufficiently smooth.)
Description of amethod. At apointa € Locmin f | wehavefori =k+1,...,1 either
gi(@ =0orgi(a) > 0.

According to which of these two possibilities is realized, there 2 possibilities. A
method of solution the extreme problem isto consider one by another all the possibilities
and apply to each of them Theorem on Lagrange multipliers (TLM) with an appropriate
g.

We illustrate this method on the following ssimple example:

Example. Let
A= {x| g1(x) =0, g2(x) > O}.
Put
A1 = g7(0), Az:=g;(0), By = g5 ((0, +00)).

The sets A; and A, are closed (as the pre-images of the closed set {0}), and the set By is
open (as the pre-image of the open set (0, +00)). It isclear that

A= (A1N Ay U (A1 N By),

the two intersections being digoint. Let a € Locmin f | a.
There aretwo possibilities: 1) a € A1 N Ag; 2) a € A1 N Ba.
Inthefirst case

a e Locmin f|A] A1NAPCA

ac AN A aelLocminfin, 0 A, -

Vg g-100)

Thuswe can apply TLM with g = (g1, g2) : R" - R2.
In the second case

a e Locmin f|a | AinBacA . .
= aelocmin f = a e Locmin f .
ae A1NBy |mne, | A1

——
oo

(Proof of the last implication: since B, € Op, there exists (U € Nbg(R™) : U c By =
(A1NB)NU =A1NU)
Thuswe can apply TLM withg = g1 : R" —» R.






Chapter 6

Riemann integral in R"

6.1 Partitionsand cubes

A partitionof a(bounded closed) interval | = [a, b] isafinitesequence p = (to, t1, .. ., tk),
such that

In such a case we write
p € Partl.

We say that theintervals J = [ti—1, tj] are the intervals of the partition p, and we write
J € Intv p.

AcubeQinR"isaproduct I1 x ... x I, of nintervals |; = [a;, bj] (maybea; = b; for
somei), we write
Q € CubeR".

The volume of a cubeis defined as the product of the lengths of its edges:
vol Q :=(by —a1)...(by —apn).

For example, any point x € R" considered asaone-point set {x} isacube of zero volume.
A partition P of acube Q = 11 x ... x Ip isasequence (ps1, ..., Pn), Where pj isa
partition of theinterval |;:

PePat(ly x...xIn) P =(p1,...pn), pi € Partl;.

A cube Sof a partition P isaproduct J; x ... x J,, whereeach J; is
aninterval of the partition p;:

S SeCubeP:=S=J x...x J,J €lntvp.

Let P =(p1,..., pn) @and P" = (pj, ..., pp) betwo partitions of a cube Q. We say that
P’ isarefinement of P and we write

P - P
if for suchi the sequence p; is asubsequenceof p;.

83
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6.2 Riemann integral

Let f : M —> R, M c R". Inthis chapter we ALWAYS suppose that f isbounded, that is,
itsimage f (M) isabounded subset of R:

f € Bdy = f(M) e Bd(R).
If f € Bdy then we can EXTEND f to abounded function on the wHOLE R" by putting
f(x) =0forx e R"\M.

So without loss of generality (wlog) we can (and we shall) assume that our functions are
defined on the whole space.

For agiven cube Q in R" and agiven partition P of Q wedefinethelower sumLp f
and the upper sumUp f of f, correspondingto P, by the formulas

Lp f = (inf f)yvol S, Up f = (sup f)vol S.

Se%eP S Se%eP
(Here, e.g., infs f denotesthe infimum of f on S, that is, inf(f (S)).) By boundeness of
f, boththeinfs f and supg f are ever FINITE.

The lower integral of f over Q is defined as the suPREMUM of all lower sums, and
the upper integral as the INFIMUM of all upper sums:

L/ f :=sup{Lp f|P € PartQ}, u/ f :=inf {Up f|P e Part Q}.
Q Q

=L =:U
As we shall seein a minute (Lemma6.3.3.), the set L lies TO THE LEFT of the set U, so
L U both integrals are finite, and the lower one is less (by “less’ we

Y mean “ <", for “ <” we say “strictly less’):

Lff/ L\JyfR L/Qfgu/Qf.

We say that f isintegrable over Q inthe sense of Riemannif thelower sum isEQUAL
to the upper one:

f e (R)Int :@L/f:U/f.
L U (Rylnta Q Q

! Insuch acasethiscommonvalueiscalled the Riemannintegral
Jf of f over Q and is denoted by

(R)/ f or (R)/ f(X1,...,Xp) dXg...dXp.
Q Q

Asarulewe shal drop (R) and “in the sense of Riemann.”
Examples.
1. f = const = ¢; [ ¢ = cvol Q. < For any partition P of Q

Lpc= > cvoS=c > Y- vl Q,

SeCube P SeCube P

and analogously for Up c. >
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lie——
a -

— .
2f=-1 0 1 f[_l 1 f = 1(doesnot depend onthevaueo at 0). < Exercise. >

3. The Dirichlet function fpj; : R — R, defined by the rule

o [1ifx¢Q
fD”(X)_[Oifer

is NOT integrable over, say, [0, 1]. <VP € Part[0, 1]5 Lp fpir = O,Up fpir = 1, S0
L f[O,l] foir =0, Uf[O,l] foir=1 >
4. Any function CONTINUOUS on a cube (that is, in each point of this cube) Is integrable
over this cube. This follows from the LEBESGUE THEOREM below. For n = 1 we obtain
the classic integral of one-dimensional analysis.

The Dirichlet function from example 3 isan example of so called indicator functions:
Definition. The indicator (or characteristic) function of a subset M of aset X is defined
by therule

() == lifxeM
M) =100t x g M

6.3 Criterion of existence of Riemann integral
Let f € BA(R"), Q € CubeR".
Lemma6.3.1.VP e PatQ: L, f < Up f.

AQVSe CubeP:infsf < supg f. >
Lemma6.3.2. If P, P’ € Part Q and P’ - P then

LPfSLp/fSUp/fSUPf.

< The middle inequality is true by Lemma 6.3.1. Let us prove the
left one. Any cube S of the partition P is built from some cubes
S, ..., § of the partition P’ (k dependson S), and so

@//s volS=vol S + ... +vol §;
hence

S (inf f)vol S’ = (inf f) vol S, + ...+ (inf f) vol S,
S—— S——
<infg, f <infg, f

If we sum these inequalities over all S € CubeP, we obtain Lp f < Lp/ f. Theright
inequality may be proved analogically. >
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Lemma6.3.3.VP, P’ e PartQ: Lp f < Up: f.
<1 Take apartition P” of Q suchthat P” = P and P” = P’. Then

L

T .
6.3.2. 6.3.1. 6.3.2.

Lpf (‘ UF”f Lpf < Lprf < Uprf < Up f.>

Lo f Ug.f
Criterion of integrability. A bounded function f : R" — R isintegrable over a cube Q
inR" if and only if

Ve > 03P ePatQ:(0<)Up f —Lpf <e. 1)
L U —Ab f
C

< 1°Let f elntg, thatissupL = inf U = c, where
L:={Lp f|P € PartQ}, U :={Up f|P e Part Q}.

Let ¢ > 0 be given. By the definitions of supremum and infimum

<e/2 =l IP ePatQ:c—Lp f < % @)
Lo f ) c( Upf .
L ult P ePatQ: Upr f—c< . ®)
Let P be arefinement both of P’ and P”. Then
6.3.2. 631,632 ¢ ¢
Upf—-Lpf < Uprf—=Lpf < §+§=8. O.K.
2° Viceverse, let (1) betrue. Then
infU—supL <Upf—Lpf<e.
L U <Up f >Lp f
LP/f« Te Upf Since ¢ was arbitrary we concludethat inf U —supL < O, that is,
infU < suplL.
But by Lemma6.3.3,,
infU > suplL.
Hence,
infU=suplL,

which meansthat f € Intq. >
Remark that the differenceUp f —Lp f which appearsin Criterium, may be written
in the form
Apf=Upf—-Lpf= (sup f —inf f)vol S.

Segk;eP S
Thisjustifiesthe following
Definition. Let f € Bdgn, M c R". We define the oscillation of the function f on the
set M so:

Qm f = (sup f) — (inf f).
M M

If M = R" we omit M in the notation.
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Example. Qsin = 2.
Thus
Apf= > (@Qsf)vals
SeCubeP

Lemma 6.3.4. (on monotony). If P’ = P then Ap f < Apf.
< It follows at once from Lemma6.3.2. >

Exercises.
1

A L fogexa = 3 (not depending on taking A WITH the boundary or
WITHOUT).

0ol 121

=32
3.0f f,geIntgthen f +gelintg,and [o(f +9) = [ + [5 0
[Hint:infs f +infsg < infs(f + @), sups f + supsg > sups(f + 9).]

2. fiapid (= J2 xdx) = (6% — a?) (do not use Newton-Leibniz formuial)

Below we omit for short “if...then..."”.
4. [gcf =c o f.
5f<g=Jof =< /o0
6.’fo‘ng|f|.[Hint:QS|f|§st.]

7. f = gon Q\F,#F < oo (F iSFINITE) = fQ f = ng (changing a function on a
finite set does not change the integral).

8.VP e PartQ fQ f= ZSeCubeF’ fS f.

6.4 Null sets

We say that aset N c R" isaset of Lebesgue measure zero or anull set if forany ¢ > 0
there exists (AT MOST) COUNTABLE family {Q;} of cubesin R", which covers N and is
such that the sum of the volumes of the cubesislessthan ¢:

N e Null ;< Ve > 03{Qjliey : Qi € CubeR", U Qi O N, Zvol Qi <e.
ieN ieN

(We can, without loss of generality, assume that the family isjust countable, since adding
to our family any countable number of one-point set does not change the sum of volumes.)
In the integration theory null sets are “negligible” in a sense, as we shall see.

Remarks.

1. Emphasizethat Q; may have zero volume.
2. A cube Q has PosITIVE volumeiff it has the non-empty interior:

volQ > 0 Q £ 4.

3. We obtain an EQUIVALENT definition if we replace the condition UQ; © N by

UéiDN‘

ieN
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(Proveasan EXERCISE. [Hint: for fixedl, . .., I (thelengths of the edges of acube)
thefunctiont —» (I1 +1t)...(n+1t), R —> Riscontinuousand strictly increasing
at0.)

Examples.

1. Any point (that is, aset {x}) isnull. <1 {x} € CubeR", vol{x} = 0. >

2. Any finite set is null.

3. Any countable set is null. <« Numerate the points of our set into a sequence {x;} and
take Q; = {Xi}. >

4. Any straight linein R? isnull. <« EXERCISE. >

5. A setin R" which hasan INTERIOR pointisNOT null: M # 0 = M ¢& Null. Inparticular

no cube with positive volumeisnull; infact, vol Q > 0 < Q ¢ Null (prove!). (But there
exist NOT-NULL sets (even in R) with the EMPTY INTERIOR, cf. Exam. 6.7 2.)

Lemma 6.4.1. Any subset of a null set isnull.
<1 Obvioudly. >

Lemma 6.4.2. The union of a countable family of null setsisa null set.
< Let N; € Null foreachi € N, andlete > Obegiven. Let uswritee = ¢1 +¢e2+ ...,
whereeach ¢j > 0. For eachi there exists acountablefamily { Qjj }j < of cubes, such that

UQioN, > voQj<a
j i
Thenthefamily {Qjj }i jen (Whichiscountable!) covers( J; N; and satisfiestheinequality

ZVO| Qij = Z(Zvd Qij) < ZE:i =& D>
] T i

—_—
<&

Lemma 6.4.3. If anull set N in R" is comPacT then for any ¢ > 0 there exists a FINITE
family Q1, ..., Qg of cubes such that U!‘lei O N, Z:‘Zlvol Qi <e.
<1 By Remark 3, there exists a countable family {Q;} of cubes such that

UQoN, D vlQ <

ieN ieN
By compactness of N we can choose a finite subcovering, and this finite family is what
we need. >

Remark 4. ThecompactnessconditioninLemma6.4.3. isessential (see Exercise2 below).
Exercises

1. The Cantor set, the intersection of the sequence

0 1
n=2 A
0 13 2/3 1
=3 — 1
0 1/9 2/9 2/37/9819 1

isa(compact) null set.

2. Let M be the set of rational numbersbetweenOand 1, M := Q N[0, 1]. Then M
iS NULL as a countable set. Prove that there exists no FINITE family 11, ..., Ik of
intervals, such that Ul; D M and > length I; < 1. [Hint: useinductionin k.]
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6.5 Oscillation

Let X be anormed space, let M ¢ X, and let f : X — R be a bounded function. The
oscillation of f on M at a point x € X (usually x € M) is defined by
the formula

f(x):=1limQ f
om T(X) M Qs;00nm T,

Bs(X) where Q isthe“global” oscillation, defined in Section 6.3:

Quf =sup f —inf f.
M M

This limit exists since SUPg,; (x)NM f | andinfg;xynm f T asd | 0. 1f M = X we omit
theindex M.

Examples.

Lf=_"T2 ;0f(0)=1 voof0) =0 o igqf@) =3

—]

1.
sn = if x#0
f(x) = [X] T wf(0)=2.
¢ [O if x=0; ©

INEAY | 1 WA,
N VTmNY

Remark. Thevalueww f (x) doesnot changeif wereplacethenormin X by any equivalent
norm.

Lemma 6.5.1. Let X be a normed space, M c X,x € M, andlet f : X - R bea
bounded function. Then f iscontinuousat x if and only if the oscillation of f at x isequal
to zero:

flm € Cont(X) & wm f(X) =0.

<1"=": Let | iscontinuous at x. Consider arbitrary ¢ > 0. By supposed continuity
there exists 6 > 0 such that

vy e Bs)NM: [f(y) = f(X)] < 5.

Then
sup f < f(X)+ &, inf f>f(Xx)—25%,
B,;(X)EWM s Bs()NM )2
whence it follows that
Qp;nm f < e.
Hence
oM f(X) <e.
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Since ¢ was arbitrary we conclude that wy f (x) = 0.
"<": Letwy f(X) =0,and let ¢ > 0begiven. Thenthere exists 6 > 0 such that

? Qv f < e. (1)
f(x) Hence for each y € Bs(x) N M it holds
f(y) obv _ o
10— f(yl < B(;(S;;EWM f— Ba(lx% f<e
B4 which meansthat f |y iscontinuousat x. >

Lemma 6.5.2. Let X be a normed space, M c X, and let f : X — R be a bounded
function. Then for any ¢ > 0 the set

A; = {Xx e Mlom f(X) < ¢} (strict inequality!)

iISOPEN IN M.
< Let x € A;. We need to show that there exist 6 > 0 such that

Bs(X) M C A,. @)

But indeed (since wm f (X) < ¢) thereexist > 0and (0 <)’ < ¢
B, (Y) such that

Qp;onm f <€’ 3

B() Lety e IO35(x) N M. Obvioudly thereexistsy, 0 < y < g, such
that B, (y) C Bs(x). ThenB, (y) "M c Bs(x) N M, and hence

®
Qg (ym f < Qg;e0nm f < &',

which impliesthat
ov fy) <& <e.

Thismeansthat y € A;, and (2) istrue. >
Let usreturnin R", equipped, say, by the Euclidean norm (|- ||»).

Lemma 6.5.3. Let Q beacubeinR", and let f : R" — R be a bounded function such
that

Je>0¥xe Q: wof(x) <& (drictinequality!). 4
Then there exists a partition P of Q such that
> (@sf)volS <evol Q.
SeCube P

<1 1° Consider arbitrary point x € Q. By (4),
doy > 0 QB,;X(X)ﬂQf <eé&. (5)

Let Qx be a cube with the center at x such that (OQX # @ and Qx C By, (x). (Such acube

exists, since||-lloo ~ lI-ll2.) Thecubes{(ogx} form an open covering
of Q. By compactness of Q, we can choose a finite subcovering,
say

Q (e} (o}
B, (%) (Qus s Q) OXas .o xk € Q).

Q
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Thus, (ngl U...uU (ngk D Q. Thereforeif we put Q; := Qx N Q, it holds

QiU...UQk=Q.

2° Obviously each set Q; isacube, and thereexistsapartition P of Q such that each cube
Sof P iscointainedin some Qj, that is,

ScQxNQCBs (x)NQ.

Then
Q, Q;
(5
Qgf < QBeri (Xi)ﬂQf < e.
Hence,
@ < > (QsfjvaS<z > voS=evolQ. 1>
SeCubeP — SeCubeP

6.6 Lebesguetheorem

The following result is fundamental.

Theorem 6.6.1. (Lebesgue). Let Q beacubeinR", andlet f : R" — R be a bounded
function. Denote by discontq f the set of all pointswhere f|qg isnot continuous:

discontg f := {x € Q| f|g ¢ Cont(x)}.
Then f isintegrableover Q if and only if discontg f isanull set:
f e Intg < discontg f e Null.
< For short put A := discontg f, and put for eache > 0
A, = {xe Qlwgf(x)> e}

(Thisset is COMPLEMENTARY in Q tothe set A, from Lemma6.5.2. (with M = Q).) We
have

ALmE52 (X € Qlwo f(x) > 0} obv U{x € Qlwg f(x) > %},
k=1
that is,
A= U Ak @)

keN

"=" 1° Let f e Intg. We need verify that A € Nul. In view of (1) it is sufficient (by
Lemma6.4.2.) to show that for each o > 0

As € Nul . )

Let ¢ bean arbitrary positivenumber. By (Corollary of) Criterium of integrability (Section
6.3) there exists a partition P of Q such that

> (@Qsf)vols<e. (3)

SeCube P
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2° Denote by N the union of the boundaries of al cubes of P:

N = U frS.

SeCubeP

Obvioudly, N € Null; hence there exists a countable (end even finite, since N is compact;
see Lemma 6.4.3.) family {Q;} of cubesin R" such that

JQioN, > volQi <e. (%)

3° Now denote by S the set of all cubes Sof P such that at least one INTERIOR point of S
belongsto As:

S:={Se CubeP|SN A; # ). (5)
It isclear that
VSe S:Qsf >4 (6)

(sincefor somex e Sitholds f (X) > 9). Further,

6
> sesvol'S 2 > sesd HQsfvol S=6"13 ¢ s(Qsf)val S
trick (7)
@3
obv
4° The cubesfrom {Q; } and from S altogether cover Ay, since each point of A; either lies
in N or isinterior for some cube S, and

@.(7
> vol Qi+ > vol'S . )g(1+5—1).
SeS

But here ¢ isfixed, and ¢ is arbitrary. We conclude that (2) istrue.

"&" 5° Let A e Null. We provethat f € Intg, using the same Criterion. Let ¢ be
an arbitrary positive number. Theset A, = {x € Q| wq f (X) < ¢} isnull (since A, C A)
and is compact (A, isbounded since A, C Q, and A; isclosed since (A;))°NQ = {x e
Ql wg f(x) < e} isopenin Q by Lemma6.5.2., hence A, is closed in Q and therefore
is closed (since Q is closed!)). By Lemma 6.4.3., there exists a finite number of cubes
Q1, ..., Qk such that
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It isclear that

Vx € White : wof(X) <e¢

(since White c (A;)°).

White

Black

2 Q3 As
e/t

(shadowed on the second picture), and

93
k é DA ©
i=l | \E o
k 9
Zvol Qi <e. ®)
i=1

Black := (UK, Q) N Q

White:= Q\(U*_,Q;) (= cl(Q\ Black)).
(10)

7° Obvioudly there exists a partition P’ of Q such
that each cube S of P’ lies either in White or in
Black.

Put

W = {S e CubeP’| S c White},
B :={S € CubeP’| S c Black}.

It isclear from (9) that

> valS <e. (11)
SeB
8° For each S' € W there exists by Lemma 6.5.3.
(inview of 10)) apartition Pg such that
Apy f <evolS. (12)
9° Finally, there exists a partition P of Q such that
P~ P
and
vS e W: Plg = Pg.

(Here P|g denotes, naturally, the “restriction” of
the partition P to S'.) Let us show that P iswhat we
need.
10° For thisend put

O <)M :=Qqf

(M isfinite, since f € Bd). Itisclear that

VS e CubeP: Qsf < M. (13)
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11° Now,

Apf= > @sHvas= D > (@sHvas+ > > (@sfvals

SeCube P S'eW SeCubeP SeBB SeCubeP
Scs Scs

We have
6.3.4. (12)
[1]=Ap f < Apyf < evol S, (14)

(153)2 Z MvoIS:MZ z voIScﬁVMZvoIS(lgl)Me (15)

S'eB SeCube P S'eB SeCubeP SeB
Scs Scs
Thus
(14),(15) obv
Apf= > [1H2] 7<T D evaS+Me e D vol S +Me < e(vol Q+M).
Sew Sew Sew
[ —
obv
<volQ

But & was arbitrary small. So by Criterium, f € Intg. >

Exer cises.
1 Let
% ifxa(@andx:ap,p,qbeing
f(x)= mutually prime integers,
0 ifxgQ.

Provethat discont f = Q (denseinR!). So f isintegrable over any (bounded) interval.

3. Let f : R" - RM f = (fq,..., fm), Q € Cube(®R™), and let each component
function f; is integrable over Q. Let further g : R™ — R be a CONTINUOUS function.
Prove that the compositiong o f

R" L RS R
is integrable over Q. (In particular the product f; f> of two integrable functionsis inte-
grable.) [Hint: discont(g o f) c U, Discont f; ]
6.7 Jordan measurable sets
Now we define the integral over ARBITRARY (bounded) set. Let f be a bounded function
on R", and let M be a bounded set in R". We say that f isintegrable over M and we

write f € Inty, if the product ym f (recall that v denotes the indicator function of M)
isintegrable over some cube Q o M, and in such a case we put

/fZ:/)(Mf.
M Q
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(The result does not depend on the choice of Q, and sometimeswe shall drop Q.)
Further we say, that M is Jordan measurable if the constant function 1 isintegrable
over M, and we define the volume of M as the corresponding integral:

M eJMeas:c)EI/ 1=/XM =:vol M.
M

This definition evidently agrees with our origina definition of volume for cubes.

Theorem 6.7.1. A bounded set M in R" is Jordan measurable iff its boundary is a null
Set:
M € Meas < frM e Null.

<1 Thisfollows at once from L ebesgue Theorem, since Discont yy = fr M. >

Remark. A null set (and even countable!) may be non-Jordan-measurable (Example 1
below); an open set may be non-Jordan-measurable (Example 2). [All the null setsand all
the open ones are L EBESGUE MEASURABLE.]

Example 1. Theset Q N[0, 1] isnot Jordan measurable. (Cf. Example 1.2 3.)

Example 2. We construct a bounded open set in R by the following procedure. Write

%zel—l—ez—}—... (i > 0)

(eg.e =271,
Sep 1. Take the interval of the length &1 with the center common with the center of
theinterval [0, 1]:

&
\ ‘ |
| |

0 1

Sep 2. Take 2 openintervals, each of the length %32 with the centers common, resp.,
with the centers of 2 intervals complementary in [0, 1] to the open interval constructed in
Step 1:

1 1
| 2& & 2& |
| 1 ‘ 1 |
0 1

Sep 3. Take 4 open intervals, each of length %83, with the centers common, resp.,
with the centers of 4 intervals complementary in [0, 1] to the open intervals constructed
in Steps 1 and 2:

Theunion M of all constructed by this procedure open intervalsis a (bounded) open
set, which is not Jordan measurable (but is LEBESGUE MEASURABLE, with LEBESGUE
MEASURE 1/2).

Exercises
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1. Provethe assertion of Example 2. [Hint: prove at first that fr M = [0, 1]\ M; then
proveby inductionin k, that there exists no finite covering of fr M by intervalswith
the sum of the lengths < 1/2 (cf. Lemma6.4.3.).]

2. Any coMPACT null set is Jordan measurable (and its volumeis equal to 0.)

3. Provethat

volM =0= M e Null

and that if M € JMeas then

volM =0« M e Null

4. f eBd,voM=0= [, f=0.
3
VoM =0 Ve > 03k e N3Qy, ..., Qx e Cube: UK, Qi o M,
Z!‘zlvol Qi <e¢
& Ve>03keNIQy,..., Qe Cube: JQ oM,
Z:(:1V0| Qi<e

6. volM = 0= vol M = 0. (Remark that M € Null 54 M € Null!)

6.8 Fubini Theorem

This theorem says about possibility to reduce calculation of the integral over a product to
calculation of integrals over the factors.

Theorem 6.8.1. (Fubini). Let A be a cubein R", let B be a cubein R™, and let f :
A x B — R bea (bounded) integrable function. Put for eachx € A

[(X) := L/B f(x,-), ux) := U/B f(x,-).

Then both the functions| and u areintegrable over A, and

Jua ==

(Recall that the “x-section” f (x, -) of f isthefunction A — R,y — f(X,Yy).)
<1 1° Obvioudly, any partition P of A x B may bewritten asapair P = (Pa, Pg), where
Pa € Part A, Pg € Part B. We have

SeCubeP & S=S5p x Sg, SaeCubePp, Sg e CubePg.

2° For any P = (Pa, Pg) € Part(A x B)

Lpf= > (igff)volS: > (SiQfSBf)voI(SAxSB)

SeCube P SaeCube Pp —
SheCubePh =vol Spvol Sg
= E E inf  f )vol Sg | vol Sa.
SaxSg
SaeCube Pa \ SgeCube Pg
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30 <infg,l. <k Vx e Sa: infsyxsg T <infixxsg f =infsg (X, ). Hence

wxeSai[ls > (iggf(x,-))VOISB:LpBf(x,-)gL/Bf(x,-):I(x).

SgeCube Pg

We concludethat <infg,l. >
LLpf<Lp,l.

2° 3 .
«Lpf= Z [1]vol s < z (|Qfl)voIsA:LpAl.>{>
SacCube Pa SaeCubePpy

5°Up f > Up, u.<xi Analogously. >t>

I<u
6°Lp,l <Upyu. < Lpyl < Lpyu<Up,u. D>

7° By 3°-5°,
Lp f <Lp,l <Upy,u<UpHf.
It follows that
sup Lpf < sup Lpl< inf  Up,I < inf Up f.
PePart(Ax B) PacPart(A) PacPart(A) PePart(Ax B)
=[axg f =L [l =U [, =U Jaxe f
Therefore

Lfi=ufi=] .
A A AxB

which meansthat [, | = [,,g f.
8° The other equation may be proved analogously. >

Example. Let

| 1 ifx=1%y¢Q
| i 2° )
0:0 f(x,y)_[o otherwise.

Thenl =0,u = X{1/2} and

Dirichlet | — 0
function / f = [{[Ql} _ {[0,1] ] _

[0.1]2 0, Y= Jo,g Xi1/2}
(Remark that f isintegrable, though it has a NON-integrable section f (1/2, -).)
Notations. It is convenient to use the following “ classic” notations:

/fz/f(x,wdxdy, [ o= [ty /f(-,y)z/f(x,wdx

(and analogously for L [, U [). E.g. we use these notationsin the corollaries below.

Corollary 6.8.2. (change of the order of integrations).

(/AxB PO y) dxdy :) /A(L/B f(x’y)dy)dh/B(L/A f(x, y) dx) dy

(and any fromtwo “ L” or both of them may be replaced by “ U”).
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Corollary 6.8.3. (reduction of adoubleintegral to arepeated one). Let, in the conditions
of Fubini Theorem, for each x € A thefunction f (X, -) isintegrable. Then

/AXB f(x,y)dxdy:/A(/B f(x,y)dy) dx.

The condition of Corollary 6.8.3. isfulfilled, e.g., for continuousfunctions (since any
section of a continuous function is also continuous).
In particular, for f € Cont we have (by induction)

by bn
/ fz/ / f(X1,...,Xp)dXg...dXp
[az,b1] x... x[an,bn] ag an

:/: (...(/:f(xl,...,xn)dxl)...)dxn.



Chapter 7

Partition of unity. Change of
variables

7.1 Smooth indicators

For afunction f : R" — R itssupport supp f is defined as the closure of the set, where

f f isnot equal to O:
_A_

supp f supp f :=cl{x e R"| f(x) # 0}.
We say that a C>-function f isasmooth indicator of aset A c R"if f|a = 1.

G Theorem 7.1.1. For any open set G in R" and any compact set K ¢ G
there exists a smooth indicator f of K with the supportin G:

supp f flk =1, supp f c G.

. R B
<11° Theoremistrueforn =1, K =[a, b], g = (c, d). ca bd
<k Step 1.

f
— X if —m/2<X<m/2 L
f — 1€ ’ }
1(X) [0 it not. w2 0 T2
Itiseasy to verify that f;1 € C*® andsupp f1 =[x /2,7 /2]. ;
2
Sep2.Va <bdf, e C®: fp > 0, supp f2 =[a, b]. a b
w2+ —
<k Put fp ;= f1ol, wherel = b >
-T2

A fa,b
Sq) 3 Ya < b Hfa,b € COO : fa,b > 0, fa,bl(_oo’a] - O,
fa,blib,+00) = 1.

2 b <)<)<fa,b(x):z(/:fg)/(/:fz).w

99
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Step 4. Choose€andd suchthatc <€ < a,b <d <dandput f = fgg — fy 5.
A

/AR

<< ¢ € a b dd DD Db

2° Theoremistruefor K = Q1, G :(032, where Q1, Q2 € Cube(R").
<k Let Q1 =[ag, b1] x ... x [an, bn], Q2 = [c1,d1] x ... x [Cn, dn]. By 1°, for each
/ i =1,..., nthereexistsasmoothindicator f;
Pl 4’\\\ of [a, bj] with supp fi ¢ (g, di). Put
\

f=1®...Q fn,

that is,
f(X1,...,X%n) = fa(Xq) ... fan(Xn).

Itisclear that f iswhat we need. D>
3° General case. For any x € K there exist cubes Q}, QY
such that

(o] (o]
x €Q, Q) cQy%, v C G.

/

(0]
The cubes Q, cover K. By compactness of K, we can

o o
Q choose a fi_nite subcovering, say Q 4, ..., Q, with the
corresponding “outer” cubes Q7, ..., Q. By 2°, for each
i =1,..., kthereexistsasmooth indicator fi of Q] with

1 fi= f(),]_o F,

where fo1 =70 1~ (seeStep 3of 1°). Itisobviousthat f iswhat we need. >

7.2 Partition of unity

Let A c R", and let O be an open covering of A (the notation: O € OC(A)). A family @
of C®-functionsR" — R iscalled apartition of unity for A submitted to O (the notation:
® e PU(A, 0)), if

HVped:0<gp<l;
2) vx € A JU e Nby such that only FINITE number of functions from @ are not
identically zero on U (the condition of local finiteness);

3) Vxe A: Y, 50 (X) = 1(thissumisFINITE, by 2));
4) Vo € ®3U € O : suppgp C U (® issubmitted to O).

Remark. For any cOMPACT set K c Athereexistsonly FINITE number of functionsg € @
such that |k # O.
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<1 Thisfollowsfrom 2) and from compactnessof K. >

Theorem 7.2.1. For any A c R" and any open covering O of A there exists a partition
of unity for A submitted to O.
<1 Case 1. Aiscompact. Without loss of generality we can assumethat O is FINITE.

1°¥x € AJUyx € O 3Q4, Q” € Cube(R™M) : x eQX, Qx cQ
A 1 QY C Uy. The cubes Q | cover A. By compactness of A
0

! 0
Q we can choose a finite subcovering, say Q1, ..., Qy, with the
QY corresponding outer cubes Qf,... Q.
U, By Theorem on smooth indicators applied to Q; and Q” for
eachi = 1,..., k there exists asmooth indicator fj for Q; with
[0}
supp fi ch”.

o o
2°Puton Qi U...UQy =

fi

Y= ————
TR+ fy

(i=1,...,K. (1)

(Obvioudly, f1 + ...+ fx > 1on G, hencethis definitionis correct.)
3° Once again by Theorem on smooth indicators, applied thistimeto A and G, there exists
asmooth indicator fp of A with supp fop c G. Put

.| fowi onG,
i'=10 onGC.

Itisclear that ¢4, ..., gk arejust what we need. Indeed,

o 1°
suppgi C supp fi cQ{ c U forsomeU € O,

() e (5)

1
Case2. A =UX, A, Al € Comp, Aj C AI+1

A= UA) each set Kj = A.\A _, is compact (verify!), each set G := A
open, and
Ki c G;j (seethe picture). Put

1),
ACG

A

Note that in this case A is open (since

|+1/Ai—2 is

={UNGj|U e O}.

Then O; is an open covering of K;, and by Case 1,
thereexistsarINITE partition of unity @; for K; submitted
to O;. Now put

=3 S0

i=1 ped;

This definition is correct since each point of A liesin some G;, and for eachi all the
functionsfrom @ with j > i + 3 have the supports oUTSIDE Gj, so on each G; our v is
the sum of a FINITE number of functions¢.
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At last put for each ¢ € U2, @;

o = 2.

4

The family of all such ¢’ is what we need.
Case 3. Aisopen. Putfori =1,2, ...

Ui = {x e R"| dist(x, frA) < 3},

%%{,'{{,’{{,Ig{,' A= ANUSNB
i = i I

Here B; denotesthe ball of radiusi with the center
a 0, and dist(x, Y) denotes the distance from a point
x toaset Y, that is defined by the formula

dist(x, Y) ;= inf |x = V] .
yeY

For any fixed set Y the function

oy = dist(-, Y)

is continuous (verify!).
We claim that

(o]
Vi1 A € Comp, Ai C ’?'\i+1’ and A = UAi'
i—1

<1 We use the following simple fact from topology: The difference of s set and an OPEN
neighbourhood of its frontier is closed. (Verify!)

By thisfact AN US e Cl. Further, Bj is bounded and closed. Hence A; is bounded
and closed, that is, Aj € Comp. (Note that U; is open since U = o;;a((—%, +3)) and
ofra IS continuousfunction.) Other relations are obvious. >t

Hence we can apply Case 2.

General case. Put G := UycoU. By Case 3, there exists a partition of unity for G
submitted to O. Itisof course also a partition of unity for A. >

7.3 Partition of integral

Now we show that having a partition of unity @ for A we can represent theintegral |, f
asasum of integrals [, ¢ f overp € ®.

Lemma 7.3.1. If A, B are Jordan measurable then
AUB, ANB, A\B, B\A Q)

are also Jordan measurable.

<1 Recall that a set is Jordan measurable iff its frontier isanull set. ThusfrA and frB are
null sets and hence their union also isanull set. But the frontier of each from 4 setsin (1)
liesinfrA U frB (verify!) and henceis null.
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Lemma 7.3.2. If Aisa (bounded) Jordan measurable set then for any ¢ > 0O there exists
a COMPACT Jordan measurable subset K of A such that

vol(A\K) < &.

(Notethat A\K isJordan measurable by Lemma7.3.1.)
< frAisacompact null set, hence by Lemma 1.4.3 there exists a finite number of cubes
Q1, ..., Qk such that

Put

K:=AJQ.
i=1
This set is bounded (obviously) and closed (as the difference of a set and an OPEN
neigbourhood of its frontier, see the end of the previous section). Hence K is compact.

By Lemma (7.3.1.), K is Jordan measurable (each (Ogi is obviously Jordan measurable).
At last, A\A c UQ;, hence

Vol(A\K) < > vol Qi < e. >

Theorem 7.3.3. Let A be a (bounded) Jordan measurable set, and let f be a (bounded)
function integrable over A. Let O be an open covering of A by Jordan measurable sets,
and let @ be a partition of unity for A submitted to O. Then

/Af:Z/Agof, @)

ped

where the series converges ABSOLUTELY.

(Recall that a series Zq,e@ a, (a, € R) converges absolutely to s if for any ¢ > 0
there exists aFINITE set ®g C @ such that for each FINITE set @', satisfying the condition
®y C @' C @, it holds

s— > &

Pped’

<e.

In such a case the series Z¢e¢ |ay| also (absolutely) converges.)
<1 Consider anarbitrary ¢ > 0. By Lemma7.3.2., thereexistsacompact Jordan measurable
set K ¢ A such that

vol(A\K) < e. (©))

By Remark to the definition of a partition of unity, the set ®q of all functions ¢ from ®
such that |k # 0, iSFINITE. For any finite @ such that ®9 c ® c @ it holds

(2l B ) (-2

ped’ ped’

sumis
finite
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Z¢e¢/§¢IA 1sup|f|/ (Zq)—Zq))—M/ z ,

ped ped’ ped\ O’

(3
/ Z ¢<M/ 1= Mvol(A\K) 2 Me.
gyet'D\CD/ A\K

/
=0lk=0 g\

Since ¢ was arbitrary we concl ude that (2) istrue. >
Remark. 1. Since 3° . ¢1a = 1, we can rewrite (2) so:

[Er-E

ped ped

that is, we can change [ and > with places.

Remark. One can use (2) to EXTEND the definition of | A f to non-Jordan-measurable
or/and non-bounded sets A and non-bounded functions f. But we shall not need such an
extension below.

7.4 Change of variables

The following result is a generalization of the known rule of classic analysis concerning
achange of avariablein anintegral.

By a change of variables in R" we mean a (C-)diffeomorphism g of an open set
G c R" onto an open set H ¢ R", that is, a C1-bijection G — H such that the inverse
mappingg~!: H — Gisalsoof classCL.

Since any C1-mapping is continuous, both g and g~ are continuous, thus g is a
homeomorphism.

Remember: any (C1-)diffeomorphismisahomeomorphism.

Sinceglog =idandgog~! = id, it follows by Chain Rulethat for any x € G and
fory :=g(x)

@HYWodx=id, g @™ (y) =id
Hence (remember!)

Vx € G: g'(X) € Iso(R™) (& detg’'(x) # 0).

Theorem 7.4.1. Letg : G — H (G, H c R") be a (C1-)diffeomorphism. Then for any
integrablefunction f : H — R it holds (below we prefer write g(G) instead of H)

f
CRSTIS / f:/|fog|detg’|. 1
) G

<1 |. PRELIMINARIES. 1° Thistheoremistruefor integralsin the extended sense mentioned
in last Remark. But we shall prove this theorem only for our "old” notion of the integral,
and by this reason we shall suppose that our sets G and H are bounded and G is Jordan
measurable. (It followsfrom (1) with f = 1 that H must then also be Jordan measurable.



7.4. CHANGE OF VARIABLES 105

2° We say that a Jordan measurable set A c G is nice for a diffeomorphism g and we
write

A € Nice(g),
if for any (bounded) integrable function f (on H)

/g(A) =/A<f > g)l detg]. @

It follows from (2) with f = 1 that g(A) isthen also to be Jordan measurable. Thus our
aimisto provethat G isnicefor g.

I1. CONDITIONAL PART.
@ h k _f, R 1° A e Nice(h),h(A) e Nicek) = A e
Nice(koh). <1 Forany f integrableonk(h(A))
it holds

/ f:/ (f ok)|detk’|=/(((f o k)| detk'|) o h)| deth’|
k(h(A)) h(A) A

(py)oy=
((ﬂOV)(WOV)/(f k o h)| det(k’ o h)|| deth’|

det(BoC)=
<detB><detC>/(fokoh)met((k’oh) )l oo
N

Ch. rule(k hy

2° 1f an open Jordan measurable set A admits an open covering O by sets each of which
isa subset of A andis nice for a diffeomorphism g then A itself is nicefor g.
<k Forany set S c G put for short

S:=g(S).

Since g is a homeomorphism, the sets U with U e O form an open covering of A; note
that each U is Jordan measurable, for U is nice (see I, 2°). Denote this covering by O.
By Theorem 2.2 there exists apartltlon of unity @ for A submittedto O. Forany ¢ € @
put g ;= ¢ o g~ (sothat ¢ = § o g). It isclear that the functions ¢ with ¢ € @, form
a partition of unity for A submitted to O. Denote this partition by ®. We have for any
integrable function f

A 306

/ f7.i3.Z:/~ ~Supp¢CU / i
g(A) Ged

ed

“EN'*‘Q’E/ (f7)og) |dety]

=

Pe® " _(fog) (0 Q)
—_——

=9

MEYS [t ogndeghe " [ (fogideglon

ped

SUpp d=supp ¢’
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3° Let Q beacubeing(G). If for any cube Sc Q

/ 1= / | detg’| 3
S g-X(S)

(thatis, (2) istruefor g=1(S) and f = 1), then both pre-images g—1(Q) and g—(Q) are
nicefor g.
<k1 @) The pre-image for any cube S ¢ Q with vol S = 0 aso has zero volume.

<K
0= / ‘3’/ |detg|>m/ 1”‘50/ 1=0.
9O —— (S (S

>m>0

(x): | det ¢'| is a continuous function on the compact g~1(S) which is nowhere 0. >
b) For any cube S ¢ Q and any bounded function f on G

/ f=0.
frg=(s

«x frg (9 g~L(fr S). Since fr Sisafinite union of cubes with zero volume

it follows by &) that fr g~1(S) is a finite union of zero volume sets and hence has itself

zero volume. But the integral of bounded function over avolume O setisequal to 0. >
¢) For any integrable function f on Q it holds

geHomeo

VP ePat(Q:iLpf= > (inf f)vol S
SeCubeP =Js1

b
) / (inf f) |detg| s)/ (f og)ldetg’].
g_l(S) S _1(Q)

<(fo)lyg-15

SeCube P

It follows that fQ f < fg_l(Q)(f o g)| det g’|. Analogously we conclude that the inverse
inequality istrue(consider Up f). HencefQ f = fg_l(Q)(fog)|detg’|.Byb)weconcIude
thatalsofé f _f S (f og)|detg’|.

1. ABSOLUTE PART. 1° For any permutation o € Gy, each Jordan measurable set
A c R"isnicefor s;, where

SO'(X17 et Xn) = (XO'(l)7 R} Xo‘(n))

(It isclear that s, isalinear bijection R" — R"
and henceis a diffeomorphism.)
i <1 The matrix of s, has evidently the determi-

% nant equal 1, so

/(fos,,)|dets(’,|=/ fong/ f(Xe)s -+ > Xo@m)) OX1 ... X
A —— A A

=1
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change the order of integrations
by Fubi ni_Theorem

f(yl,.-.,yn)dyl...,dynz/ f. o>

s (A) Se (A)

2° Theoremistruefor n = 1.
<k For any [a, f] € 9(G)(c R) it holds

Newton— -1(p) consider two possible
9 Cases: g/_> 0,9'<0

/ 1ogvlb, —a Lagniz / g, / |g,|.
[a,5] g7 (W)}

Hence by 1, 3° the pre-image of any open interval in g(G) is nice for g. Since these
pre-images (which are open intervals) cover G we concludeby 11, 2° that G isnicefor g.
3° Now argue by induction. Let Theorem istrueforn — 1.

4° For any point X € G there exists an open neigbourhood Uy such that

g|U)2:kohOSO'7 (4)

where o € &y, and k and h are diffeomorphism, each of which DOES NOT CHANGE AT
LEAST ONE COORDINATE.
<1 5° We have, putting g =: (g1, ..., On),

% %
Xl t Xn
%) [0 0
detg'(X) = @ (a—?(nMnl-l‘...-l-a—inMnn)
agn agn 1 n X

(*): decomposition of the determinant corresponding to the last row.
Since det g'(X) # 0, we have

o0

0 Mnilg # 0 for somei.
ox #0, nilg #

X

Take as o the TRANSPOSITION of i and n. Theng o s, =: § satisfies the conditions

g
OXn

e #£0, Mpn| iz 7 O

If we decompose § into the composition of diffeomorphismsh and k as above, we obtain
the diserable decomposition (4), sincegos;, = go S, oS, = Q.
id
=i
Thus without loss of generality we can assume that

Xa
ﬁi i = n, sothat
99n ©)

# 0, Mnnlx # O.
(% X1.) ik 6° Put

O0%n |3
N

h(X) := (91(X), .. ., gn—1(X), Xn), (6)

so that h DOESNOT CHANGE THE LAST COORDINATE.
We have

NN

WA
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elei o I
5X1 e aXn_l aXn
deth’ ' P Manls 2 0
* 00n—1 00n—1 0On-—1 ml # 0.
6X1 e aXn_l aXn
o ... O 1

By Inverse Function Theorem, there exists an open neighbourhood Uy, of X such that

h|u, € Diffeo.
7° Now put
k:=goh™?® 7)
(k is a diffeomorphism as a composition of two diffeomorphisms). This k DOES NOT
CHANGE THE FIRST h — 1 COORDINATES. Indeed, if X = (X1,...,Xpn) and h(x) =

(Y1, - -, Yn), then, by (6), y1 = 91(X), ..., ¥n—1 = On-1(X), Yn = Xn, SO

K(YL 2 ) 2 9(%) = (91X, - -2 Gn(X¥)) = (V1. - - Yn1, Gn(X)). B>
8° Uy € Nice(h).

, <k Forshort put X = (X1, ..., Xn—1, Xn ) = (Y, 2),
Z —— ——
Q =y =z
Q, h h(y, z) =: (a(y, 2), ). For any cube Q = Q1 x Qzin
/ 7 h(Uy) it holds
y Q Y
I;ubini .
/ 1 Thearem dz/ dy3=/ dz/ | det (a(-, 2))’ |
Q Q2 Q1 Q2 (at-,2=H(Qu) —
=oh/oy
deth'= mé ay ahi %% | _detoh/ay Fubini

= / dz/ | det hy| Therem | deth|.
@ JacoHQ h-1(Q)

By |1, 3° we concludethat for any cube Q c h(Uy) wehaveh—l(é) € Nice(h). But such
the pre-images cover Uy, so, by 11, 2°, Ug isnicefor h. o>

9° h(Ug) Nice(k). <1 Quite analogously. >

10° Ug e Nice(g). <« Thisfollowsfrom (4), 1°,5°,6° and 11, 1°. o>

11° G € Nice(g) <« Thisfollows|l, 2°, since the neighbourhoods Uy, X € G, cover G
and arenicefor g, by 7°. D> >

Corollary 7.4.2. Let g be a diffeomorphism of an open set G ¢ R" onto an open set
H c R",andlet A c G.Ifvol A= 0thenvol g(A) =0.

<1 Exercise. >

NB If gismerely ahomeomorphismthenvol A = 0 4 vol g(A) = 0. (A counter-example
can be congtructed using two Cantor type sets, the usual one, with zero volume, and a
modification, with a positive L ebesgue measure)
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Differential forms

8.1 Tensors

By tensor of rank k (or k-tensor), k = 1, 2, .. ., on avector space X we mean ak-LINEAR
functional
u: Xx...x X-> R
N — e

k—times

The set of all k-tensorson X we denote by LX(X):

LK(X) :=L(X x ... x X; R).
k

It is convenient to put
LO(X) = R.

Notations. Our main special caseis X = R", with points x = (X1, ..., Xn). We denote
by e, ..., & thecanonical basisin R":

g = (0,...,0,[1],0,...,0),
|

and by z; the canonical projectionsin R":

TiX = Xj.
Itisclear that
1 ifi=j,
78 = dij = [0 if not.J &)
Examples.

1. LY(X) = L(X, R) =: X’ (the dual vector space); 1-tensors are oft called covectors.
2. For asmooth function f : R" — R

F®O(x) e LR c LY®RM,
where Lskym(X) denotes the set of all sSYMMETRIC k-linear functionals.

109
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3. Forany A € L(R", R") we can define a 2-tensor ua by the formula
ua(h, k) := (Ah, k),

where (-, -) denotesthe scalar product in R". (The correspondence A — ua isabijection
L(R", R") — L2(RM)).
4. (Elasticity theory.) Let f (x) denotesthe position of apoint x of a(3-dimensional) body
after a deformation. The 2-tensor generated (in the sense of previous Example) by the
operator

(/00 + f/(x)T) —id

(here f/(x) € L(R3, R3); the symbol T denotes the transposed matrix; we identify linear
operatorsin R" with their matrices) is called deformation tensor.

The 2-tensor generated by the operator v > F, where isthe unit normal vector to some
flat section of the body, and F is the force that acts “on 1 cm?” of
the surphace of that graf of our persected body for which v isOUTER
normal vector, is called the stress tensor. The known Hook law says
that the stress tensor at a point linearly depend on the deformation
tensor at this point. The corresponding matrix describesthe elasticity
properties of our body at the point in question.

5. The determinat can be considered as a tensor:

det(h]_, ey hn) =

(whereh; = (hi1, ..., hin) e R").
Themain Opaations over tensors are TENSOR PRODUCT and PULL-BACK.

Tensor product
Letu € LP(X),» € LY9(X), p, g > 1. Thetensor product u ® v is defined by the formula

u ®l)(h]_, ey hp+q) = U(h]_, ey hp) 'l)(hp+1, ey hp+q).
eR eR

Itisclear that u ® v € LPTI(X).
Fort e L9%(X) = R itis convenient to put

t®u:=tu.

NB Ingenera u® v # v ® U.

Example. INR", zj ® = corresponds (in the sense of Example 3) above) to the operator
A with the matrix with just one non-zero element which is equal to 1:

< (mi @ wj)(h,K) = (zih) - (7jKk) = hikj = (Ah, k). >
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Theorem 8.1.1. The operation ® is distributive and associative:
U+w)Rrv=u®v+uU2®0, U® (v1+0v2) =URv1+ U2,

tU®o)=(tu)®v = U (tv), URRw=UR (v ® w).
<1 Easy exercise. >

Theorem 8.1.2. (on basis of LX(R™)) For any k = 1,2, ... the products zj, ® ... ® j,
(ij € {1,...,n}) forma basis of the vector space LK(R™M). Hence,

dimLK@®R") = nk.

<1° letu e L*@R"). Then

n n
uths, ....h) =u [ D he,..... > hie,

i1=1 ik=1
uelk .
= > hai; .. hi, — u(e, ..., &)
11, lke=1 =(7i; ®...8mi, ) (h1,....hk) =iy iy
n
= Z ail...tkni1®...®77:ik (h]_,...,hk).
i1,...,ik=1

Hence,
n

u= z T, ® ... Q T,

that is, our products span LX(R™).
2° They arelinearly independent. Indeed, let

n
u= Z . i T, ®...07, =0
i1,...,ik=1
Applying thisto (&, ....87), we obtain, by (1),

a1i/ =0.>

i

Pull-back

Let X, Y be a vector spaces, and let | € L(X,Y). For any v € LX(Y) we define the
pull-back|*» of v, putting

X -
* [*0)(hy, ..., hg) :=o(hq,...,Thy).
k) ! LECY) ("v)(hy k) :=v(hy k)
It isclear that

I*v e LX(X).

So we “pull” the tensor v “back” to X.
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Example. For k = 1 we obtain the operator I* : Y/ — X’

R which act so:
I*y" 2 Y Iy = y/ ol
= Ool.
X s oy
* kv, — / — /
N [ v a(*y)h=y'(h)y=(yoDh. >

This operator between the DUAL spacesis called the dual operator to |. Note that | *
act in the oPPOSITE direction.

Theorem 8.1.3. Pull-back RESPECTS tensor product:
f*U®ov) = (f'u) ® (f*v).

< Easy exercise. >

8.2 Asymmetrictensors

A tensor u € LK(X) (k > 2) is called antisymmetric if it has value O at any point
(hy, ..., hx) which has two equal components. The set of all antisymmetric tensors we
denote by AK(X). Thus,

ue AXX):u(...,h,...,h,...)=0.

It is convenient to put
ANX) == LX) (= X)),
A%(X) :=LO(X)(= R).
Remark. An equivalent description is such: atensor is antisymmetric iff it changes the
sign by any transposition of its arguments:
ue AKXy s ut..,h ...,k ..)=—-uC..,k....,h,..)

(al others arguments remain unchanged).
<“="u..,h+k ...,h+k,..)=uC..,h,...,h .. )4+u...,h, ...,k ..)+

=0 =0
uG...,k....,h, .. ) +uC.. .k, ..., Kk, ...),

=0
henceu(...,h,...,k,..)4+u(...,k,...,h,..)=0
h

“<”:u...,h,...,h,..)y=—=u(..,h,....h,..), ceu(...,h,...,h,..)=0. >

Examples.
1. det.
2. Let A e L(R",R"), and let up be the corresponding 2-tensor. Then

ua e A°R" o AT = —A.

(Weidentify A with the corresponding matrix.) <1 Exercise. > Operators A satisfying the
condition AT = — A, arealso called antisymmetric. A typical exampleisrotationby 90° in

R?, e.g. counter-clock-wise, with the matrix ( 1 0

) . The corresponding antisymmetric
tensor isjust det.
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0-1 h
< ua(h, k) = (Ah, k) = (kg, k2) (1 O) (h;) = hikz — hok; = det(h, k). >

Thus,
0-1
(1 O) <« det.

Operator at
From any tensor we can make an antisymmetric one. Viz., put for u € LX(X)

1
@tuy(hy,... ) = o5 > (Sno)uheq, - o).

" oeBy

(In the sum the signs alternate (4, —, +, —, . . .), whence the notation.)
Recall that sgno denotesthe sign of a permutation. It is clear that alt u is ak-tensor.

Examples.

1.at(-,-) = 0.(Recall that (-, -) denotesthe scalar product, which isasymmetric 2-tensor.)
More generaly, alt sends ANY symmetric tensor to O:

ue Sym= dtu=0.

NB Theinverseimplicationis not true! See Exercise 8.2.2. 3) below.
2.1fu <> A(thatisu = up), thenatu < 3(A — AT). (Verify!)

Theorem 8.2.1. The operator alt has the following properties:

a) at e L(LK(X), AX(X)), that is, altu is an antisymmetric tensor, and the mapping
Ut dtuislinear;

b) ue AK = atu =u, thatis, A isINVARIANT under alt;

c) at? =dlt, thatis, alt isan IDEMPOTENT operator; (alt?u := at(atu));

d) dtu=0= Vo: at(u® v) = 0 (“bad sheep principle’ : one bad sheep spoilsall
the crew).

<@ Thesumdefining (altu)(..., h, ..., h...) can be splitted onto pairs of the form
4+u(...,h,...,h..)—=u(..,h,....,h..),

where our two h appear on one and the same pair of places (different for different
pairs). Hence the sumis equal to O.
b) Yu e AX:
1
dtu(hy, ... 00 == > (gno) sy, -, ho o)

oSy

=(sgno)u(hy,...,.hy)
1
= g Kuhe, ... h) = u(hy, ... h).

c) By a), dtu e AKX, hence
dt(@tu) 2 dtu.
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1

=~ hral > (o) (uhsq). ... ho(p) @hs(pr)s - - Do (pray)-

O’EGp+q

If, for afixed oo we consider all the ¢ such that
{cD),...,a(p)} ={o0(2),...,00(p)} (as NON-ORDED set!),

o(p+1) =oo(p+1),....0(p+0) =0c0(p+0),

then the sum over all such such ¢ isequal to O, sinceatu = 0. But the whole sum
splits onto such subsums. >

Exercise8.2.2. 1) dtosym = 0.

2) symoat=0.

3) Give an example of u € L3(R3) suchthat u # 0, symu = atu = 0.

NB Such an u is not the sum of its symmetric part symu and antisymmetric part at u.
Only 2-tensors have this property.

Answer:
£ G, j.0=(123),
ugejec =1 -1 if (i, k) =(3,21),
0 otherwise.

Using the operation alt, we can make from tensor product an operation over antisy-
mmetric tensors.

Exterior product
Foru e AP(X) (p > 1),v € AY(X) (g > 1), the exerior product u A v is defined by the

formula
_ (p+ !
T oplg!

UADD

at(u ® v).

Remarks. 1) u ® v itself isnot in general antisymmetric (give an examplel).
2) The coefficient in this formulais chosen to obtain the coefficient 1 in the formula (1)
below.

Example. In RZ, w1 Ay = det. < (1 ® m2)(h, k) = m1h - 7ok = hiks; hence (71 A
72)(h, k) = (14+D)!/ (U 1) dt(r1®72)(h, k) = 253 (11®72)(h, K)—3 (T1®72) (K, h)) =
hiko — kiho = det(h, k). >

Exercise 8.2.3. Provethat foru € AP,u e AY

(UAD)hl...hp+q = Z (sgna)(uhg(l)...hg(p))(vhg(pﬂ)...hg(p+q)) (l)
0€6piq
o(1)<o(2)<...<o(p)
o (p+1)<..<o(p+q)

Theorem 8.2.4. The operation A has the following properties:
a U+v)Av=ULAD+U2AD, UA (1+4+02) =UADLI+UAD2,

tuUAD)=(u)Av=UA (o)t eR (distributivity);
b) uro =(—DP9 Au(ue AP,v € AY) (“ semi-commutativity” );
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) UA)Aw=UA@AW)=(P+g+N)/(plgirdtURv R w) =UAD AW
(ue AP b e A9 we A") (associativity);

d f*(Av)=(f*u) A(f*v) (pull-back RESPECTS exterior product).
<1 @) Obvious.
b) Consider the permutation
00 = 1 ... p p+1...p+q
149...p+q9g 1 ... q

It is clear that sgnop = (—1)P9 (1 is transposed q times, then 2 is transposed g
times, ... p istransposed g times).
Each permutation o € &g can bewritten antheformo = ¢’ o 6o. Then

a(p+1) = o' (0o(p+1) = o' (), ..., o (1) = ¢'(60(A+1)) = o' (A+1), ... (2)
and
sgno = (sgne’)(sgnoo) = (—1)P sgno’. (3)

Hence

UAD)L,..., Npiq) = (pp%q) atu ® v)(hy, ... hpiq)
—_———

=.c

> (sgw)u(ha(l) ..... o ()0 (N (p41)s - - - N (p))

<p+q>' =l

o=0'00g

@.3) c ,
= m Z (=1)Psgna”) (hor(g+1), - - - Noriqp))0 (o' (1), - - -5 Nor(q))
' O'/EGp+q

= (—l) pqcalt(l) ® U)(h]_, ey hp+q) = (—l) pq(u A D)(hl, ey hp+q)
¢) To verify that
(p+q+n)!
p'qlr!
we need (after canceling constant factor) to verify that

UAD) AW = atlu®v ® w)

at(@tu®v)) ®v) =dtu® o ® w).
(1 (2

But[1] —[2] *E-alt((@tu®n) @ w—uew®w) " at(@tu ® v) — u ® v) )

(3l

bad Shee_pPricipIe aIteL

0, sinceat[3] *E" d2(u ® v) — dtu® v) *'=

d) Easy exercise. >

Corollary 8.2.5. For any antisymmetric tensor of obD rank its exterior product by itself
isequal to 0.

Jlfue AK k e Odd, thenu A u 2 (- 1) , whence2(u A u) = 0. >
—a
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Basis of AK(RM)
Theorem 8.2.6. For any 1 < k < ntheset {zj, A ... Amj|i1 < ... <ik}isabassof
the vector space AX(R"). hence

. ko _ (MY . n!
dimA*(R") = (k) = 7k!(n—k)!'

<1 By Theorem on basis of LK(R™), we can writeany u € AK(R") asalinear combination
of 7j, ® ... Q mj:

n

u:= Z e Ty Q... ® Ty, 4)

i1,...,ik=1

(thefirst dots mean a number coefficient). It follows that

uThiz'l'altu(é)altz...ml@...@mkalt:ELz...alt(nil®...®7tik)
h8.2.4.,b),cor.
Ths:“Z...ml/\.../\...kaEgzib)cor Z c L Tig A T
i1<...<ik

Thus, our set spans AK(R™). The linear independence can be proved just asin the case
of LK®RM). >

Corollary 8.2.7. The space A"(R") is 1-dimensional. Hence (since det € A"(R")) any
element of A"(R"™) hasthe form

cdet (ceR).

Corollary 8.2.8. InR",

7r1/\.../\7rn:det.|

<1 By Corollary 8.2.7., 71 A ... A Ty = cdet. Applying both sidesto (ey, ..., e) and
taking into account thet zjej = djj, we concludethat c = 1. >

Corollary 8.2.9. Fork > n
AK@®R" = {0}.

< Thisfollows from the PROOF of Theorem 8.2.6. >

Theorem on deter minat
Theorem 8.2.10. Let A € L(R", R™). Then

| A* det = (det A) det |

Here det A denotes the determinant of the matrix of A in the canonical basisin R".

NB Let X be an arbitrary n-dimensional vector space, and let A be a linear operator in
X, A € L(X, X). Then the determinant of the matrix of this operator in basisin X does
not depend on the choice of the basis. <t The matrix in a “new” basis has the form
BMB™1, where M is the matrix in the “old” basis, and B is the “transition matrix”. But
det(BMB~1) = det B det M (det B)~1 = det M. > So we can say about the determinant
of an operator (in afinite-dimensional vector spaces).

<1 By Corollary 8.2.7., A* det = cdet. Hence
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(A*det)er...en =cdete;...en=cC
[ =1

def. of the matrix
of an operator

(0ot A Jet(Aer) ... (Aen) © = det A

We concludethat c = det A. >
Theorem 8.2.10. meansthat alinear operator A changesthe volumeby det A times. (It
follows aso from Theorem on Change!)

Corollary 8.2.11. If det A = 1, then A* det = det.
In other words, an operator with the unit determinant does not change the volume.

Examples.
1. Forany uy, ..., un € AYR") (= L(R"))

where ujj are the coefficients of thelinear functionu; : R" — R,

Ui X = Ui]_X1+ +uian.

2.Foranyug,...,ux € AYR"), k<n
U]_h]_ Ulhk
(ULA...AuUhy...hg =
In particular

iy Ao ATIhy . hg =

hii; ... hlik‘

(Note that the determinant of the transposed matrix is the same.)

8.3 Differential forms

Let X beanormed space, and let U bean open setin X. A differential form w of degreek
(k=0,1,2,...) (or k-form) on U isasmooth (that is, of class CP for some p) mapping

w:U > AKX),

that is, a“tensor field” on U, all the tensor being antisymmetric. As to smoothness, we
consider » asamapping into NORMED SPacE AK(X) (avector subspacein LX(X) equipped
with the induced norm). We denote the set of al k-formson U by

k).

Examples.
1. Any smooth function f : U — R isaO0-form.
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2. For any smooth function f : U — Ritsderivative f’/ isa1-form.

3. Asaspecial case of the previousexample, z; € AL(R"); for any point x € R" we have
m{(X) = mi. Thus z{ isa CONSTANT 1-formon R". It is denoted traditionally by

dx;.
Soforany x e R"andany h = (hy,...,hy) e R"

(dx)(x) - h = h;.

4. On R", a CONSTANT mapping w(X) = dety is k-form. We denote it also by dety, or
simply det.
The operations A and * for forms are “point-wise”.

Exterior product
Let w; € QPL(U), wp € QP2(U). Theexterior product w1 A wy is defined by therule
VX € U (w1 A @2)(X) i= (@1(X)) A (02(X)).
It is easy to verify that w1 A w2 isaSMOOTH mapping U — APLTP2(X), so
w1 A w1 € QPITP2(U).
Moreover we put for f € QO(U)
frw=fo,

where
vx € U(fw)(X) := (f (X)) (w(X)).
N —’
eR

Example. OnR",
dx1 A ... Adxp = det.

Am A... AT =det. >
Theorem 8.3.1. Any k-formw on R" can be written in the form
0= Z fig i OXig A ..o A dX,,
i1<...<ik

where fj, _j, are smooth (real-valued) functions.
< It follows at once from Theorem on basis on AK(R™). >

Example. For f € Q°
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Pull-back
Let X, Y be normed spaces, let f beasmooth mapping from X intoY, andlet w € QX(Y).

‘ We define the pull-back f*w of w by therule

X — Y

‘ B vx e X: (o) (x) = (f'(x) o (f (X)),
QX (X) «——— QYY)
where the star in the right-hand side means pull-back for tensors.
Thus, the value of the pull-back of @ by f at x is the tensor pull-back by the
DERIVATIVE f’(x) of thevaueof w at f (x).
More explicitly,

(Fro)(x)h1. .. he = o(f () (F'()h1) ... (f'(x)hn).
Moreover we put for g € QO(Y)
f*g =go f.

Example. For asmooth mapping f : R" — R™, f = (fq,..., fm), it holds

n
f*(dy;) = ZTde,- i=1...,m

j=1

(x=X1,...,%) € R", y = (y1,..., ym) € R™).

< F*(dy) (%) - h = (dy) - (f'(x)h)

6f1/6X1 afl/axn hy
=dy :

ofi 1 of;
= | —Ldx; | h.
Zaxl \,_/ <JZ_16XJ X] >
=(dxj)h

Theorem 8.3.2. The pull-back operation over forms has the following properties

a) f*(w1+w2) = f*w1+ f*wp (linearity);
b) f*(w1 Aw1) = (f*w1) A (f*w)) (* respects A); in particular, for g € Q°

f*(gw) = (go )(f w).

<1 Thisfollows at once from the definitions and the corresponding results for tensors. >

Pull-back of deter minant

Theorem 8.3.3.Let f : R" — R" (thatis f : R" — R") besmooth, and let g € QO(R").
f Then
R" = R" = R [ £ (gdet) = (go f)(det 1) cet
< 1° f*(det) = (det ') det.
<K Vx € RN (f*det)(x) = (f/(x))* det( f (x))
e e’
=det
2° f*(gdet) (go f)f*(det) = (go f)(det ') det. >
NB In the specia case where f is a diffeomorphism, this Theorem describes the change

of a“weighted” volume by a change of variables—compare with Theorem on change of
variables (where we write f instead of g and v.v.).

Th. on det for tensors

(det f'(x)) det >

Th832.,b)
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8.4 Exterion differentiation (operator d)

If we differentiate aform w e QK(X) (as amapping X — AK(X) between two normed
spaces) then we obtain o’ (x) € L(X, AK(X)) c L(X, LX(X)) ~ L¥1(X). In general
o' (X) considered as an element of LX*1(X) is not antisymmetric, that is, does not belong
to AKT1(X). So we appeal the operator alt.

Operator d
Let X beanormed space, and let € QX(X) we definethe exterior derivative (or exterior
differential) dw by the rule

vx e X (do)(x) = (k+ Data'(x) (e AFL(X)), 1)

where o' (x) denotes the element of L*+1(X) generated by o' (x):

@' (X) - hoh1 ... hy := (&' (X)hg) -h1 . . . hi. @)
—_——
eAk(X)

Isis easy to verify that if @ € CP then dw € CP~1, so is sufficiently smooth if o is.
Thus
do € Q1 (X).

Remark. Thefactor k 4 1 is chosen to obtain the coefficient 1 in some formulas bel ow.

Examples.
1. For f € Q°wehavedf = f'.
2.Forany f € Q°

d’f =0,
where
d?f = ddf).
A (@@ F)(x) = @d@df)x) 2 @d(F)e0 L @+ Dat(F)(x) =24t f/(x) =0, >
—— f”(x)eSym

=7(%)
3. InR?, d(xdy) = det. < We have w : (X,y) — X2, 0 that @ € L(RZ, L(RZ, R)),
~—~—

hencew’ = w. S0

(dw)((x, y)) = (1+ Dt/ ((x, y)) hk = 21 (@hk — akh)
—_———

) =

2 (wh) k — (k) h = hyk, — khy = det(h, k). >
—_ ==

h k
—~— ——
=:(h1,h2) =:(ky,kz

2)

hi7o kiz2

Exercise8.4.1. Let A € L(R",R™) and w(x) = (An,-) (¢ L(R", R) = AL(R")). Prove
that
dCO = UA_AT.

Remark. It can be shown that

k
do(x)-ho...hk = > (=D (@ (0hi) - ho...hi ... hg,
i=0
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where h; meansthat thisterm isto be canceled.

Theorem 8.4.2. The operator d has the following properties

a) d(w1 + w2) = dw1 + dw? (linearity);

b) d(w1 A @p) = (do1) A wp + (—1)%901 Adewp  (“semi-leibniz rule);
) =0 (dPw=d)dw) (“sef-annihilation”);

d) f*(dw) =d(f*w) (pull-back respects d).

Here deg w denotes the degree of w.

<1 @) Obvious.
b) Let w1 € Q" wp € Q2. We have (for short we drop the argument x)
(@1® w2)'ho. .. hryr, " (@1ho) ® w2 + w1 ® (@sho)hy ... hyyar,

= ((wél_hO)hl s hfl)(wzhrl-i-l ce- hr1+r2)
+ (w1h1 ... hrl)((a)/zho)hr1+l~ .- hr1+r2)

= (@}ho. .. hr)(@2hes11 - . Ny —rp) + (@1ha ... hey) (@5hohey 1 - . ey gr,)

= (CU;L ® wz)ho e hr1+r2 + (602 ® C()él_)hl e hrlhohr1+1 e hr1+r2.

To replace hg to the first place we have to make r transpositions, which yields
the factor (—1)". After aternating (applying of alt) we obtain what we need. We

omitting the details.
c) Theideaisthe same asin Example 2) above. Let v € Q". We have (omitting the

details)

—_~—

(dPw)ho . .. hy1 = const(at (ate’))hg. .. hr41

= n i R ! e

const > S (@'hk) ... —(@"kh)...)
{h,k}c{ho...hr 41} - M *"

« — other r arguments in one and the same order

= const E ((@"hk —w”kh)..) =0
| —
w//ezsymo

d) We consider the simplest case where w € QU, that is, w isafunction g:
f g
X— Y —R.

We have

((@(f*g)x)h = (F*90h = (go £)()h =" (g (F())) - (f'(x)h)
i
= ((f*(dg))(x))h,
whenced(f*g) = f*(dg). In more general casetheideaisthe same. >

Remark. The semi-Leibnitzruleis NON—symmetrE:\vl.r. to w1 and wy. Only deg w; enters
the rule. The matter is that in our definition of «’(x) we put the derivative to act onto
the FIRST argument. But we could choose anyone. So in essence dw is defined just uP TO
THE SIGN! “Physically”, w and —w are same, that is why when integrating over manifolds
(Chapter 6) we need to choose one of two possible ORIENTATIONS of the manifold in
question.

Remark. Itisinstructiveto see how semi-L eibnitz ruleinteractswith semi-commutativity:
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d(w2 A w1) = d((=)™"2w1 A wp) = (=12 (dw1w2 + (—1)  w1dw))
— (_1)f1f2((_1)(f1+1)f2w2 A dwq + (_1)f1(_1)f1(l'2+1)dw2 A 1)
= dwy A w1 + (—1)rza)2da)1,

ri “transforms’ intoro, asit need to be!
Exercise 8.4.3. Give the proof of d) with all details for the case w € Q1.

dinR"
Theorem 8.4.4. Let w € Q' (R™). If the canonical representation of w is

o= Z fi i dXig Ao AdX;,

i1<..<ir

then dw is given by the formula

do= > dfi_i, Adx; A...AdK;

i1<..<ir

< This follows at once from semi-Leibnitz rule for forms and from the self-annihilation
property (d?); recall that fdxi, A... Adx, = f Adx, A...AdX,. >

Example. INR2,  d(xdy) = dx A dy = det.

Closed and exact forms
If dew = 0 (in an open set U) one can saysthat w isclosed (inU). If o = dy (inU) for
some form y then one can saysthat w isexact (inU).
Each exact formisclosed. < w = dy = do = d?y = 0. >
Theinverse assertion isnot in general true.

Example. Theform
-y
©= 17 y2dx + N y2dy
onR?\ {0} isclosed (verify!), but is not exact. (This form arises naturally if one consider
polar coordinatesr, # (x = r cosf, y = r sinf), and by this

y h=(dx,dy) reason is usually denoted by d¢, and though w is not exact!
(But w 1S exact on somewhat less sets,as it follows, e.g., from
dé Poicaré lemma))
\\ © . Poincarélemma

Theorem 8.4.5. Let U be an open ball in Banach space. If a fomr w is closed in U, then
itisexactinU.
We omit the proof.
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Stokes Formula for Chains

9.1 Chains
By [0, 1] we denote the unit cube [0, 1] x ... x [0, 1] (k-times) in RK. For k = 0 we put
1 [0,1°:=(0), R%:={0).
[0,1]2 By acurved k-cube ¢ in R" we mean a continuous mapping
c:[0,1]% > R".
1

For short we omit the word “curved” below. If imc ¢ A ¢ R" we say that cisa
cubein A.

Examples. /_c\
1. A O-cubeisjust apoint: ™
2. A 1-cubeisacurve: 0 1 /

3. The embedingid : [0, 1]¥ — RX iscalled the standard k-cube and is denoted by 1 X:

|k = ide |[O,l]k'

Chains
A k-chain (in A) isaforma (finite) sum of k-cubes (in A) with integer coefficients, that
is, an expression of the form

2¢1 + 3¢z — 5¢3 + 100c4,

where ¢; are k-cubes. We identify a k-cube ¢ with multiplication with the chain 1 - c.
In natural way we define for k-chains multiplication by an integer number and
addition.

Faces

For a standard cube | " we define its faces 1 X

(i,0) i=1...,k, a=0,1, bytheru|e

|(i?,a) 10,5 = RY (Xa, o Xim1, @ Xy e Xke).

123



124 CHAPTER9. STOKESFORMULA FOR CHAINS

Thus, weinsert « into i place and move all the “tail” to the right by one position.
For any k-cube c we defineits face ¢ ) by therule

R UL T I O Cla) 1= Co I o-

Operator 0
We define the boundary dc of ak-cube c as the following chain:

K
oc:= D" > (=D)'*ciq

i=1a=0,1

(an aternating sum of the faces). For chains we define the boundary “by linearity”:

0> aic ==Y aog (& € 7).

Examples.
1_ 1 1 1 ~—
Lol-=1 11 0 2
L1 ~ (10 10 Idy ) |2 ,
2_2 i2 2 2 _T a0 D ' T+
26' = |(2’0)+|(151) - |(2,1)+ | (19 0)1 |(220)

—
¥

T 3. 813 three “visible” faces are positive (enter into sum with “+")
ke three “non-visible” faces are negative.

3 @ Theorem 9.1.1. 82 = 0 (that is, &(oc) = O for any chain c).
l20) We do not need this result, so we omit the proof.

Exercise 9.1.2. Verify Theorem for 3.

Closed and exact chains
A chain ciscaled closed if oc = 0, that is, if its boundary is the null chain; c is called
exact (in A) if ¢ = oc’ for some chain (in A), that is, if c is the boundary of some chain
(in A).
By the Theorem above, each exact chain is closed. But not each closed is exact:
Example.
Consider the 1-cubec : [0,1] — R? t — (cos2zt,sin2zt)
= ¢(0)=c(1) (the unit circlein R? \ {0}. We have oc = 0 (verify), so that ¢
isclosed, but ¢ is not exact in R? \ {0}, since ¢ is the boundary
of nochaininR?\ {0}.

9.2 Integral over achain

For any k-formw in an openset U in R¥, suchthat U 5 [0, 1]%, k = 1,2, ..., weput

/Ika) = /[0,1]k f 1)
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where f isthefunctionU — R, uniquely defined by therelation v = f det. (Recall that
any k-formin RK can be written (uniquelly) in such form; see Chapter 8.)
In more detailed record,

/ fdxi A... AdXy ::/ fdxq...dx. 2
1k [0,1]%

NB Thisdefinition DOES DEPEND on the ORDER of the basis vectors, since det does depend!
For k = O we put

/ o = w(0), (herew € Q0 isaFUNCTION).
0

Now, let G bean open setin R", let w beak-formin G, and let c be ak-cubein G. Then

we put
c 3
[0,1]"—>@3R” [o=[ o ©

C*'w | l o
AKRK) AKRM)

In particular, for a 0-cube ¢ and a O0-form o we have

/a) =w(c(0))  (sincec*w = w o c,if w € Q9).
Cc

Atlast forachainc = > ac weput

/zaqwizzai/qw (4)

It is clear that so defined integral is LINEAR:

/Cawza/cw, /C(w1+w2)=/cw1+/cw2 (@ € R).

Lemma 9.2.1. (on integral over the boundary). Let ¢ be a k-cube, and let w be a k-form

(bothin G). Then
/ a):/ c*w.
ac 8[0,1]%

< Exercise. >

9.3 Stokesformula

Similarly of properties of the operators d and & (d* = 0, 6% = 0), and of the notions
concerning them (closeness, exactness) isnot an accident. Thereisadeep relation between
dand &, which is expressed by the following

Theorem 9.3.1. Let w beak — 1-formin G(e Op(R™)), and let c bea k-chainin G. Then

/c dow = /a Ca) (Stokes formula) D
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<11° Atfirst let us provethe folloving fact about pull-back by the standard faces:

dx; if j <i,

(1) o =l 0 ifj =i, @

dxj_y if j >1i.

<« ( b a)) 0)_h_ "= (ha, ..., hi—1,0,hi, .., 1) whence
—(h1 hk-1)

(1 g dx)) = dxj (1 ) 0Oh = dx; - (h1, ..., hi—1,0,hi, ..., hk-1)
hy ifj <i,
= 0 ifj=i, oo
hj_1 ifj >i.
2° Casec = |k, w € QK" 1(R¥). Calculate the left-hand side in (1):

k
Th8.3.1.
/kda) = /lkZdﬁXm.../\aX_./\.../\ka

Th844/ z dfi AdXy... ATX A ... A dxg
|k

——
—le dxi+...+D fi dxi

k
Th8.2.4.i|d its Cor. z(_l)i_l/ Di fi dxg A ... A dxg (é) Z(_l)i—l/ D fi
Kk [ ——— 4 [0’1]k

i=1 =det

Fubini Th z( 1)| 1/ / (/ Di fi (X1, ..., Xk)dX; )dx1 CoaOx L dxg

T T L0 0= 1

Fubini+trick! i—1 1 !
s Z(—l) o [2dxg ... dx
0 0
k

i=1

Calculate the right-hand side:

k
def of 0
/ o 200/k . ijdxl/\.../\an/\...ka
alk PRHED IRSTCbias P j=1

2 z > (- 1)'+"‘/k fjoxi AL ATX] A ... dXk

i,j=1a=0,1 (i,0)

(3)2( 1)I+a/,k1<l('“)) (fdxl/\ CAOX AL dxk)

i,j,a
+respects A \ita k * e
= S [ () 0)
v :fjol(lf’a)
ACAE 7dx) A A )X 1) A (I ) X 2) A A (L)) dX)

@ 0 ifi #j
Tldxe AL AdXk—r ifi =
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— 2 i+a . k

= (-1 /|k—1 <f| o I(i,a)) dx1 A ... A dXk—1
=det

1 o

()Z( 1+ / s fiolf,

o IE“)HHCK > (-1t (/ / fi(X1, ..., 0 ..,xk_l)) (/01 ka)
i,a _—
-1

Fubini Th Z(—l)””"/ / f(xl,...,. oo Xke1)dXe . . dXi
i,a

[Vii=X1, ..., ¥ —X. L Yii= Xk Vil = Xis o Y= Xkl

=Z(—1)‘+“/ / (YL, o YD)y Oy
i o 0 0
obvl, i ! !
S e [ s L e
i 0 0

— fi(yr,...,0,..., yk—1))dy1 ... dyk.

Theresult isthe same.
3° Casec € k-Cube(G), o € QX(G).

/dwd:ef/ c*(do )*“@“‘Sd/ d(c*w)ﬁ/ C'o Lmi“/ w. OK.
c Ik Ik alk ac

4° General casec = > aic, G € k-Cube(G), o e QX(G).

/dw@zaj/dwEZai/ w@/ 602/60~ OK.>
c G oG > a8 oG ac

e —’
def ofo—=ac







Chapter 10

Stokes Theorem for Manifolds

10.1 Manifoldsin R"

In this chapter by smooth mappings we mean C*°-mappings.
We say that asubset M of R" is ak-dimensional manifold (or simply k-manifold), and
we write
M e MFK@®RM),

if for each point x € M the following condition is fulfilled:

JU e OpNby(R") 30 € Op(R") Id e Diffeo(U, U) :
UNM=0oUNR"x 0). (1)
eRn—k
(In other words, M is locally, up to a dif-
feomorphism, a k-dimensional vector sub-

space in R".) We call such a mapping ® a
full chart for M at x.

Examples.
1. Each single point set {x} is a O-
dimensional manifold.

2. Each open set in R" is an n-dimensional manifold.

3. The unit circle in R2 with the center at 0
isa 1-dimensiona manifold. E.g. for the point

/ (1, 0) afull chart is shown on the picture. (Give
N an analytic expression for ®!)
\ Exercise 10.1.1. Let G € Op(R"), and let g :

G — RP (p < n) be asmooth mapping. Put

M := g~1(0).

vx e M: rankg'(x) = p

then
M e Mf"P(RM).

129



130 CHAPTER 10. STOKESTHEOREM FOR MANIFOLDS

Here rank denotes the rank of the corresponding matrix. Note that p is the maximal
possible value for therank of n x p-matrix. [Hint: Let

001/0X1 ... 001/0Xn
gx) =
WIlog we can assume that it is the FIRST mirror that is not O:

001/0X1 ... 001/0Xp
#0
Put

¥ = (id,g):R" - R"P x RP =R",

that is,

W(X1, ..., Xn) i= (X1, ..., Xn—p, 01(X), ..., Gp(X)).

Verify that ¥’ (x) e 1so, and apply Inverse Function Theorem. The inverse mapping
® := ¥~ lisafull chart for M ]

Charts

Lemma 10.1.2. Let M e Mf¥[RM), and let @ :
U — U beafull chart for M at x. Put

Vi=UnM, V:i=zUnEx0), (2

p:=0oi, yi=mod® 3

where z andi are the canonical projection and
inclusion, resp. (w (X1, ..., %n) = (X1, ..., Xk), 1 (X1, .., Xk) = (X1, ..., %, 0,...,0)).
Theng : V — R" isa smooth map and is a bijection of V onto V. Moreover

VX eV: /(%) e INfLERY, R") (< rankg’(X) = k). (4)

Wecall ¢ achart for M at x (generated by the full chart @), or a coordinate system on
M at x. The element ¢ ~1(x) (for any x e V) is called the representative of x in the chart
@, and will be usually denoted by X.
<1 All but the assertion on the rank is obvious. As to this assertion, we have

V/o¢@ﬂod)_1oq)oi:noi:ide,

hence, by Chain Rule,

w/'(X) 0 ¢/ (%) = idg .
This meansthat ¢’(X) isinjective, that is, has the maximal possible rank, k.
Example. If M = R", then idgn isachart at all points at once.

Transition functions
Let we have two chartsfor M at x, ¢1 and g2 (see the diagram):
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(01:\71—) V1, g022\72—> V2.
PutV :=ViNV,and

P12 =05 001 97 H(V) = 95 1(V), (5)

p21 =91 002107 (V) = 9 (V). (6)
So defined ¢12 and ¢ 21 are called the transition functions for these charts.

In other words, a transition function sends the representative of x € M in one chart
into the representative of x in the other one.

Lemma 10.1.3. The transition function @12 and ¢21 (see (5), (6)) are mutually inverse
diffeomor phism.

< Itisclear from the diagram, that p12 = 72 o CD2_1 o®joi1, g1 =710 CDl_l o®yoip.
Hence both 12 and @21 are smooth as compositions of smooth mappings. Now, it is clear
from (5), (6), that @12 and ¢21 are mutually inverse. Hence they are mutually inverse
diffeomorphism. >

10.2 Tangent space

Now we consider tangent vectorsto a manifold in R".
Theorem 10.2.1. Let M e MfK(RM).

R™ _ T.m | Then for each point x € M the tan-
U * TxM to M at x is a k-
- m ® gent cone Ty

T, — dimensional vector subspace in R";

&/ ‘7‘3.1 viz,, for any char ¢ for M at x

u

TxM =imy'(X),

iﬂl _ /¢Y where X is the representative of x in
X

the chart ¢ (X = ¢~ 1(x)).

< Put g := 72 o ®1. Then obviously
MNU =g (0).
By theorem on tangent coneto g~1(0),
Ty M = Tx(M NU) = kerg'(x).

Thus we need to verify that
kerg'(x) = img/(X). 1)
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But, indeed, we have (since ®~1(U U M) c R¥ x 0)

gop=m0® lop=0 Chain Rule gd(X) oo’ (X) =0= ime’'(X) C kerg'(x).
It remainsto notethat bothim ¢’ (X) and ker g’(x) havethe samedimensionk (sinceker z»
has dimension k, and since both ¢’(X) and (®~1)(x) areinjective). >
Remark. It is convenient to imagine a tangent vector h from Tx M as an arrow with the
beginning at x and end at x + h (X_—* X+ h). Formally, starting from this point, we
mean by atangent vector to M at x aPaIR (X, h), where h € Ty M, and we consider the
set Ty M and Ty M asDISIOINT (and if they may coincide as vector subspacesin R".

Representatives of a tangent vectors
Let ¢ beachart for M at x, and let X be the representative of x in ¢. The pre-image by
¢’ (x) of atangent vector h € Ty M (this pre-image is UNIQUE: by
Lemmaon charts, ¢'(X) e Inj) be called the representative of h in ¢

=N !
W and will be denoted by h).
A\WQ
o \h Example. For R" asamanifold in R" we have

T o’ (X) VX' TyR"=R",

and in the chart id
*._~F

0 h . o~
vhih=h.

Lemma 10.2.2. Let h € Tx M, let 102
be two chats for M at x let X1, X be the
h representatives of x in g1, g2, resp.; and
let hy, ho betherepresentativesof h. Then

M 0o (®)hy = hy )

b 1/4 \q;z In other words, the derivative of tran-
_ by, %, sition function sendsthe representative of
-~ > ————  atangent vector in one chart into the re-

hy d,y h, presentative in the other one.

Lp1= 920912 = 91(X1) = 95(%2) 0 912(X1)
= p1(X)h1 = 93(X2) - p1,(X)h1 = (2). >
—_——
—h

10.3 Mappingbetween manifolds. Vector fieldsand forms

A vector field o on amanifold M is a mapping from M into Jycp Tx M (@l Tx M are
mutually digoint!), that sendsapoint x € M into atangent vector to M at x:

v X (X)) e Ty M.
A k-form w on M is a mapping that sends x € M into an antisymmetric tensor on

Tx M:
x> oX) e ATy M).
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SMOOTHNESS of mappings between manifoldsand of vector fields and forms on mani-
fold we define as smoothness of their REPRESENTATIVES.
The representative f oF A MaPPING f : M — N (M e Mf¥@®R"), N e Mf (R™))
R" R™ in charts ¢ for M at x and y for

N a y := f(x) is defined by the
y/ f \.} formula

y f@) =@,
or, equivalently,
¢T _ f UJT - F::y/_lofo¢:Rk—>Rl
Rk X y R

(for continuous f this last map-
ping is defined in an appropriate
neighbourhood of x).

In particular, the representative of a mapping

f:M—-R™
inachart ¢ for M and the identity chart for R™ is
f=fop=0"t.

The representative o of a vector fieldv on M inachart g : U — U wedefineasthe
mapping _ .
7:0 = RK, X 0(x);

in other words,
9’ (X)D(X) = v(x).

Therepresentative @ of ak-formw on M inachart g : U — U isdefined by therule

&()h1...he = o(X)hy...h,

or, equivaently,
a()h1...h = (@) (e’ (X)) ... ('),
that is,
o =¢*o.
Smoothness

We say that amapping f : M — N (M, N e Mf) is differentiable at a point x € M
(resp., is smooth), if for any charts¢ at x and w at y := f (X) the representative fof f
in these chartsis differentiable at X (resp., is smooth). We define the derivative f, (x) of
f at x asthelinear mapping from Tx M into Ty N:

f.(X) e L(Tx M, Ty N),

that acts by therule

f.00h := f'(%)h.

In other words, f. (x) isthelinear mapping, represented by the derivative of the represen-
tative of f at the representative of x.
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(It is easy to verify (using Lemma 10.2.2., p.134), that if f has a differentiable
representation in some two charts at x and vy, then its representative in any other two
chartsat x and y will be also differentiable, and that our definition of the derivative does
not depend on the choice of charts.)

Example. For any smooth mapping R" — R™ itsrestriction to any manifold M in R" is
a smooth mapping M — R™M. (Verify!)

A vector field v on M is called smooth if the representative v of v in each chart for
M is smooth. (It is easy to verify, that if v has smooth representativesin each chart from
afamily {pq}), o : Uy = U, suchthat | U, = M , then the representative of v in any
chart for M will be smooth, that is, » will be smooth.)

A p-formw on M is smooth (the record: w € QP(M)), if the representative @ of
w in each chart for M is smooth. (Once again, it is easy to verify, that if w has smooth
representatives for some family of chart “covering” M, then w is smooth.)

Example. For any smooth form on R" its restrictionto M
olm(X) 1= o(X)|IT,Mx..xTx M

isasmooth formon M.

Exterior derivative
We define the exterior derivative dw of aform w on M as the form, the representative of
which in any chart for M is the exterior derivative of the representative of w:

do = do.

(it can be verified that this ” chart-wise" definition is correct, that is, there exists just one
smooth form on M with this property.)

Exterior product
Let w1, w2 betwo forms on M. We define their exterior product point-wise:

VX € M1 (w1 A 02)(X) := w1(X) A w2(X).

It is easy to verify that w1 A wp isalso smooth, and in any chart for M

wlszzc’f)lAa')z.

Pull-back
Let M, N be manifolds, let f : M — N be a smooth mapping, and let w be ak-form on
N. We define the pull-back f*w point-wise:
VX e M: (f*0)(X) := (f.(x)*(@(f (X))
(compare with the definition for forms on vector spaces), that is,

Vha,...,hk e Tx M1 (f*0)(X)hy, ..., hx = o(F () (f.0)h1) ... (f.(X)hg).
Again, it can be verified that f *w is smooth, and that in any chartsfor M and N
fro = (f)a.
Remarks. 1. The representative @ of aform w on M in achart ¢ for M isthe pull-back:
o =¢p*w.
2. Just asin the case of vector spaces, for manifoldsal so the operations x, d and A RESPECT
each other.
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10.4 Manifoldswith aboundary

A subset M of R" is a k-dimensional manifold with a boundary, or simply a k-manifold
with aboundary (the notation: M € MfS(R”)) if for each x € M one of two condition (1)
and (2), is fulfilled, where (1) is the condition from 10.1, p.131, and (2) is the following
condition:

JU € OpNby(R™ 3U € Op(R™) 3 e Diffeo(U, U) :

g m-1 k—1
X=0""X)eR" " "x 0 , (@0}
cRn—(k=1)
and
UnM=aoUN®IxR, x 0)). 2
eRn-k

(Here R4 := [0, 4+00).) In other words, M is up to a diffeomorphism, a k-dimensional
half-spacein R", the point in ques-
tion lying on the boundary of this
half-space.

Note that (1) and (2) cannot be
fulfilled simultaneoudly, since @ is
homeomorphism, and a half-space
(closed!) and the whole space are
not homeomorphic.

The set of al pointsx € M, for
which (2) is fulfilled, is called the
Kier1yeeesX, boundary of M and is denoted by

oM.

A X,

<
<

Example. If M e MfK(R") then 8M = @ (though fr M # @ in general, e.g. for an open
ball).

Exercise 10.4.1. Show that if M € MfX(R"), then oM € Mf*"1([R") and M \ oM €
MFK(RM).

All the notionsintroduced for manifold “without boundary” (full charts, charts, forms
vector fields, representatives etc.) can be naturally extended to the case of manifoldswith
aboundary. Little complicationsarises with differentiation (" usual“ and exterior) at points
of the boundary M, but 6M has zero volume (by Corollary from Theorem Change
Variables), so when dealing with INTEGRALS over manifolds (to be defined below), the
values at boundary points are not essential, and we can just ignore these points. [More
accurately: we define a smooth form on a manifold with boundary as a form with smooth
representatives, and we DEFINE a smooth (representing) form on a closed half-space as
a RESTRICTION to this half space of a smooth form on an OPEN set that contains the
half-space. This solves al mentioned problems.]

10.5 Orientation

Let X be an n-dimensional vector space, and let

A:={ay,...,an} and B:={by,...,bn}
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be two basesfor X. We define the sign of A with respect to B by the formula
sgng A :=sgndetg a; . . . an,

where detg denotes the determinant with respect to basis B:

n ail ... adin
aj:Za”-bi = detgay...an = .
i=1 anl ... anmn
(Notethat thelast determinant cannot be equal to 0, sinceay, . . ., an arelinearly indepen-
dent.)
Therelation

A~B:iesgng A=+1

isan equivalencerelation (Verify!) An orientation of X isan equivalent classwith respect
to ~. Obviously on X there are just 2 orientations. For a given basis, the orientation,
containing B, we denote by

[B]
the other one by
—[B].

We say that X isorientedif thereischosen one of 2 possible orientation on X. We denoted
this chosen class

or X
For oriented X we say that a basis A is positive if [A] = or X, and is negative
[A] = —orX.
For R", the canonical orientationis[ey, ..., €n].
Examples.

1.Vo € Gn: [€1),---» 8 m] = (SINo)[er, ..., en] (Prove!)
2.[-ee,...,en] = —[e1,...,en]. (Prove!)

Positivelinear bijections
Let X and Y betwo n-dimensional ORIENTED vector spaces, or X = [A], orY = [B], and
let] € L(X,Y) beabijection. We put

sgnl := sgndetl
where det| denotes the determinant of the matrix of | with respect to the bases A and B:
detl :=detg(lay) ... (ap) ({ag,...,an} = A).

(It is easy to verify, that this definition of sgnl does not depend on the choice of positive
bases A and B.) We say that | is positiveif sgnl = 41 (resp., negative, if not).

Lemma 10.5.1. A positive linear bijection | between oriented finite-dimensional vector
spaces RESPECTS orientations, that is, sends each positive basisinto a positive one.
<Letor X =[A],orY.Let{cy,...,cy} beapositivebasisin X, that is,

detpcy...ch > 0. D
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Then
* Thon det
detg(lcy)...(cy) = (t* detg)cy...cn = (detl) detaci...ch >0,
N—— N
which meansthat thebasis {Icy, ..., lcn} ispositive. >

Oriented manifolds
We say that ak-manifold M is oriented, and we write

M e Or MfK,

if for each x € M the tangent space Tx M is oriented and if these orientations are
compatible in the sense that for any chart ¢ : V — V for M all all the mappings ¢’(x),
X € V (which are linear bijections of R¥ onto Ty M) have one and the same sign (all
are positive or all are negative), with respect to the canonical orientation of RK.

It isobviousthat if M is orientable (can be oriented), there are just 2 orientation on
M. To fix an orientation on an orientable M, it is sufficient to claim any one chart ¢ as
positive, in the sense that for each point X from the domain of this chart ¢’ (X) is positive.

Examples.
1. For n > 2 all the (n — 1) dimensional spheresin R" are orientable.

2. The famous M dbius band is not oriented. (Exercise: define the M 6bius band using Two
full charts.)

Positiveinjections
Let N, M e OrMfK, and let f be a (smooth) injection of M into N. We say that f is
positive (resp., negative), if for any x € M the derivative f.(x) : TxM — T¢xy N is
positive (resp., negative). Thus, a positive mapping RESPECTS orientations.

Example. The mapping f : Sk — sk, X — —x, where Sk denotes
x theunit spherein RKt1, ispositiveif k isodd, and is negativeif k is even.

Induced orientation
Let M bean oriented k-manifoldwith aboundary. Theinduced orientation
on oM isgiven by therule: for eachx € oM
[h1,...,hk—1] € or Tx(6M) = [v, hy, ..., hk—1] = orTx M,

where v isthe (uniquely defined) unit normal vector to M at X, such that —v is atangent
vector to M at x (note that TxM is here a (k-dimensional) HALF-space).

-X

Examples.

@ & O

[v,1] =orM [1] = oroM [v,1,2l=0orM [1,2] =0roM

Lemma 10.5.2. Let in the cube [0, 1]¥ its faces im I(‘} 0 are equipped with with the
orientation induced by the canonical orientationin [0, 1]%. Then '5,@ ispositiveiffi + a
is even:

sgn '5,(1) = (—1tte,
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<1 EXERCISE. [Hint: see Example 2 (p. 138).] >

Corollary 10.5.3. Let ¢ be ak-cubein R", and let imc be oriented by the condition that
c ispoditive. Let the facesimc ) be equipped by the induced orientation. Then ¢ 4 is
positiveiffi 4+ a iseven:

SN C(i.q) = (=)'

10.6 Integral of aform on an oriented manifold

Throughout this section M denotes an ORIENTED k-manifold with a boundary.

Integral over a chain on a manifold
Let c beak-cubein M (that is, ak-cubein R", such thatimc c M), and let w € QX(M).
We put just asfor cubesin R"
/a) :=/ C'w.
c 1k

Integrals over chainson M are defined once again " by linearity”:

/ wi=)a / o  (thesumsare FINITE).
>ac Gi

Chart cubes

We say that ak-cubec in M isachart cubeif there existsachart ¢ : V — V for M such
that

Volo1* and  c=olg (1)

Thuseach chart cubeisaninjection, so itsSIGN isdetermined (with respect to the canonical
orientation on [0, 1]¥).
Let w beak-form on M. If there exists a chart k-cube c in M such that

suppw C imc 2

/Mw:zsgnc/cw ©)

:zimcm imc, M
_‘_—’/ Theorem 10.6.1. This definition is correct,

that is, does not depend on the choice of c: if
/Cl c1, Cp aretwo chart k-cubesin M such that

then we put

suppw C imcp Nimcy,

Supp Ciw then

y { \ {—sgne w:sgncz/ .
GO [01* O R /cl ¢
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<sgncl/ w:sgncl/ ciw:sgncl/ (c20 (o)) w
C1 1k |k —_——

defined only on ¢’ 1(C),

but suppw c C
-1
= sgncy / (3 oc)Go
1k ~——
asak-form
on Rk
= gdet

Thond

on oet sgn Cl/ (go cz_lcl) det(cz_l oc1) det
1k N

-1 _
=sgn(c; ™~ o €1)’ | det(c; tocy))|

————
Chain Rule and
def. of sgn
= (sgncp)(sgncy)
—sncz | (@o (Gt oenldees o = snes [ g
[0, 1]k Thon change [0, 1]k
of var's

Cyw=g det N
= sgncy Co = Sgneca w. >
1k C

2

Partitions of manifolds

Lemma 10.6.2. Let M be compact. There exists a
finite covering O of M by RELATIVELY open (that
is, openin M equipped with the topology induced
fromR") sets U, each of which is contained in the
image of some chart cube.

< It follows obviously from the fact that for each
point of M it is fulfilled either (1) or (2) (see the
picture). >

Lemma 10.6.3. For any compact M there exists a finite partition of unity ¥ on M,
submitted to the covering O from Lemma 10.6.2.

(The definition of a partition of unity for manifolds is the same as early, merely
now functions¢ € @ are functions on M; but we know what is a smooth function on a
manifold.)
<1 Thisfollows from the following lemma >

Lemma 10.6.4. For any M and any covering O of M by relatively open sets there exists
a partition of unity on M, submitted to O.

< BachU e O can berepresented asU’ N M, where U’ isan open set in R". The family
O’ of al such U’ is an open covering of M in R". Let @’ be a partition of unity for M
submitted to O’ Then @ := {p|m : ¢ € @’} iswhat we need. (Note that ¢|y isasmooth
functionon M (see 10.3).) >

Integral over a manifold
For acompact M and ak-form w on M we put

RS

ped
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where ¢ isaFINITE partition of unity for M submitted to acovering O of M by RELATIVELY
OPEN sets, each of which is contained in the image of some CHART cube, and the integrals
in the sum are defined by the formula (3) on p. 140.

Such a covering O and such a partition ® do exists by Lemmas 10.6.2. and 10.6.3.,
and it can be shown that the so defined integral [,  does not depend on the choice of O
and ®.

10.7 Stokes Theorem

Theorem 10.7.1. (Stokes) Let M be a compact oriented k-manifold with a boundary in
R", and let € QK~1(M). Then

/dw:/ w
M oM

where 6M is equipped by the induced orientation.

<1 Case 1: Thereexists achart k-cube c in M such that suppw C int(imc).
(Of course suppw := cl {x € M : w(x) # 0}, the closure IN M, but since M is compact,
it isthe same as the closurein R".)

Wlog we can assume that ¢ is positive (if there exists a negative chart cube with the
mentioned property, then obviously there exists also a positive

chart cube with the same property). We have

/dez/cdwz/lkc*dwz/lkd(c*w)

Stokes Th

for chains
= / C'w = / w=0,
olk oc

sincew = 0on

im(ac) ;= U iMCi.q)-

i,a

(Note that Stokes Theorem for chainsis applicable here, since c*w is, by the definition of
asmooth form on manifold, smooth in some open neighbourhood of [0, 1]K.)

Butaso [, w =0,sincew =00onoM OK.
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Case 2: There exists achart k-cube c in M, such that

q oM Nim(éc) = imc o), (1)
supp suppw C relint(imc). 2
Againwlog c is positive, so that
= 0onal the

f but
/d asmCasel/ Z( l)l+a/ ® aces but ¢ o) (—l)k/ o
C(i,a) C(k,O)

3
(=)( 1k sgnc(ok) / w—/ .

Lm 1205 2. (—1)k

General case: We have
finite!

/dw Z/ do " Z/(dwwwdw)c‘m“zf po

ped > dp=0, ped ped

since > p=1
def/
= . >
oM

10.8 Classical special cases

In this section we discuss classical notions of divergence and rotor. For this end we need
some special 1- and 2-forms, named length element and area element, resp.

Length element
Let M be an oriented 1-manifold (maybe with a boundary) in R3, let z denote the unit
M positive (that is, respecting the orientation) tangent vector to M.
i T The length element ds on M is the 1-form oN M, defined by the
rule

‘ds(x)h = (z,h) \ (h e Ty M) (@)

Theorem 10.8.1. Let M e Or Mf1(R3), let ¢ = (r1, 72, 73) be the unit positive positive
vector field on M, and let ds be the length element on M. Then

a) ds = r1dx + ‘L'2dy + 13dz,
b) r1ds = dx, rods = dy, r3ds = dz.
Of course, here dx, dy, dz denote the RESTRICTIONS on M of the 1-forms dx, dy, dz on
RS.
ga) ds-h 2 (r,h) = t1hy + whp + 13hs = mdx - h + wpdy - h + 3dz - h =
(710X + 72dy + 73d2)h.
b) Leth € Ty M. Thenh = at for somea € R. Hence

_ m L —dx - —dx -
(r11ds)h = 71(ds - h) = iL(r, at) = dx ﬁ% =dx-h,
dx-r =« =

and analogously for dy, dz. >
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Definition. The length of a 1-dimensional compact oriented manifold M inR3 is |}, ds.

Area element
Let M be an oriented 2-manifold in R3 (maybe with a boundary), and let v be the unit
normal vector to M, positive in the sense that

[h1, ho] € or M = [v, hy, ho] = or RS,

The area element dA on M isthe 2-form on M, defined by
therule

|dAGONK := det(h. k,v) | (h,k e Tx M).

\Y

Theorem 10.8.2. Let M € Oerg(IR@), let v = (v1, v2, v3) be the positive unit normal
vector field on M, and let dA be the areal element on M. Then

a) dA =v1dy A dz+ v2dz A dXx 4 vadx A dy;
b) vidA=dy Adz, vodA=dzAdx, v3zdA=dx Ady.

<11° For h, k e R3 define the vector product h x k by the rule

vt e R3: (h x k, t) := det(h, k, t). 2)

Applying (2) tot = g, we conclude that

h2 h3 hz hp hy hz
hxk= , , . 3
x (bm ks ke mm) 3
It follows at once from (2) that
h x kZlin{h, k}. 4)

(Indeedif t isalinear combination of h and k, then det(h, k, t) = 0.) Hence

vh,ke TxyM: hx k=av for somea € R. (5)
. h, h3
2° Proof of @). < Vh.k € Ty M: dA(X)hk = det(h,k,v) = v1 ko ko .=
N e’
=(dyAdz)hk

(v1dy A dz+ .. )hk. o>

3° Proof of b). << (vidA)hk = v1(dAhk) = vy det(h, k, v) 2 vith x k,v) & avy =

@ | hz2 hs

alel, v) = (e, av) © (e, h x k) = ’ ko ks = (dy A dz)hk. D> >

Definition. The area of 2-dimenstional compact oriented manifold M inR3is |}, dA.

Theorem on rotor
Let M e OrMf3(R3), and let F = (F1, F2, F3) beavector field in R3. Put

w := F1dx + Fady + Fzdz.
Then

dw = (D2F3 — D3F2)dy A dz+ (D3F1 — D1F3)dz A dx + (D1F2 — D2F1)dx A dy.
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Wedefinetherotor rot F of thevector field F asthevector vector formed by the coefficients

of thisform:
rotF ;= (‘ D2 Ds )

F F3
/((D2F3—D3F2)dy/\dz+...)=/ (Fp dx +..)),
M — — — oM ~—

D3 D
TR R

D1 D2
LT )

Stokes theorem yields

(rotF), v1dA =11ds
whence it follows that
rotF (6)
/ (rot F,v)dA:/ (F, 7)ds.
' M oM

Physical meaning of (6) is: the FLow of the rotor of a
oM yector field through a surface is equal to the CIRCULATION of
T this vector field over the contour.

Remark. 1. Physicaly, rot F isnot avector, sincethedirection of so definedrot F depends
on definition of d.

2. InEnglishlanguageliterature one use moreoft thetermini “curl” instead of “rotor”.

3. The so-called Green formula [, adx + gdy = [,,(6f/0x — da/0y)dxdy isa

specia case of (6), correspondingto F3 = 0 and to aFLAT surface, parallel to x, y plane.

Theorem on diver gence
Let now M e OrMf3(R3) (equipped with the orientation of R®), and let again F be a
vector field in R3. Put

w = F1dy A dz+ Fodz A dx + Fzdx A dy.

Then
dw = (D1F1 + D2Fo + D3F3) det.

Thequantity inthe bracketsis called the divergence of thefield F and isdenoted by div F:
divF := D1F1 + D2F2 + D3Fs.
Stokes formulayields
/ (D1F1+...)det:/(Fldy/\dz+...),
g S
=Vq

whence it follows that

/divF:/ (F, v)dA. @
M oM

The physical sense of (7) is: the flow of the vector

y field through a closed surface OUTSIDE is equal to the
A = integral of the divergence of the field over the region
inside this surface.







Chapter 11

Functions of complex variable

11.1  Analytic functions

We can identify the set C of complex numbers with the real plain R2. More precisely, if
we put

a:C—>R?% z> (Rez,Zmz) =:Z (we call Z the representative of z),

BiR? > C, (X,y) > X+1iy,

then
aof =id, Poa=id.

By thisidentification, the normin C, defined by the formula
Izl == Iz,

coincides with Euclidean norm in R2. So we can identify C and R? also as topological
spaces.
If
X = p C0s0, y =pSnéo,

we say that p, 6 are polar coordinates of (x, y) and of z = x + iy and we write

y X, y) ~{o,0}, and z~ {p,0}.
p - (xy) _ _
/ Eg, 0~ (0,0, O~ (0,22z), i~ {Lz/2), i~
N0 - (-3

Lemmall.l.l.Ifzy ~ {01,061}, 22 ~ {02, 62}, then z1z; ~ {0102, 61 + 02}
<1 (p1c0SH1 + ip1SiN0O1)(p2COSH2 + ip2SiN02) = p1p2(C0SH1 COSH2 — Sinfy Sinb) +

=C0S(01+62)

ip102(Sin61 cosfr — cosf1 sinby). >

=sin(01+62)

Lemmall.l.2.Letc=a+ip ~ {o,0}. Consider the operator of multiplication by ¢

A:C—- C, Z— CzZ,

145
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and denote by A the corresponding operator in R2:
Ai=0a0Ao b

Then A e L(RZ, R?), and the matrix of A is equal to

C A C (a —b)_Q(cose —sjne)
b a) snf cosf )
gr e
R2 2, R2
In other words, A isthe composition of the TURN by the angle# and blowing up with
the coefficient o (> 0).

< (@a+ib)(x+iy) = (ax—by)+i(ay+bX),:':\ﬂd(E1 _2) (;) - (:;;g){)' >

C-differentiability
We say that afunction f : C — C isC-differentiableat apoint z € C, and we write

f e Difc(2),
if there exists the limit (in the norm)
F(2)— £(3
jim f@ =@
A

-2 Z
(z£2)

=: f'(2) e C,

called the (C-) derivative of f at 2. If G isan open subset of C, and f isdifferentiable at
each point of G, then we say that f is C-differentiablein G, and we write

f € Difc(G).

Examples.

1.z — 2" isC-differentiableeverywhereif n =0, 1, 2. . ., andis C-differentiablein C\ 0
ifn=-1,-2,...;(2"Y =nz" 1.

2.z — zisnowhere C-differentiable. (Verify!)

C _f, C Notation: Forany f : C —» C wedenoteby f the corresponding
B 1 Lo  “red” mapping:

R2 f R2 fv::aofoﬂ,

thatis
f(x, y) 1= (Re(f (x +1iy)), Im(f (X + iy)))
=u(x,y) = (X,)
For short wewrite f = u + iv. Thus

f=u+iv:s f=(uo).

Theorem 11.1.3. Let f = u + i». The following conditions are equivalent:

a) f e Difc(2), f'(z9 =a+ib~ {p,6};
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_(a-b) _ (cosf —sind
“\b a) 7%\ sno coso )
In other words, C-differentiability is a SPECIAL case of differentiability where the

derivativeisthe composition of turn an ablowing up with non-negative coefficient. <t Just
asintheclassic real case, f is C-differentiableat z iff it holds the decomposition

o
Ic] 1z1->0

b) feDif@, @ = (Zﬁfgi ZL‘?SJ)

z

fz+0)=1@+ t'@c+r©),

In “R2-language’ this means that

- - _ e~ (&

fe+D=f@+ @i +70, &

ICI 1c1—0

here f/’\(;) denotes the linear operator R2 — R2, corresponding to the operator of mul-
tiplication by f’(z) (Lemma11.1.2.). So our assertion followsfrom Lemma11.1.2. >

Cauchy-Riemann conditions
LetG € Op(C). Wesay that afunction f : G — C, f = u+iv, satisfiesCauchy-Riemann
(or d’ Alambert-Euler) conditions, and we write

f € CR(G),
if u,0 e C{(G) and
ou _ ov ou _ ov
ox oy’ oy  ox’

Analytic functions
Let G € Op(C). We say that afunction f : G — C, isanalytic, and we write

f € An(G),

if f € Difc(G)and f': G — Ciscontinuous.
NB It is possible to show that if f is C-differentiablein G then f’ IS AUTOMATICALLY
continuous. But it is a hard theorem.

Example. z — z" isanalyticinthewholeC if n € N, andisanalyticinC\ 0if n € Z\N.

Theorem 11.1.4. A function f : G — C is analytic iff it satisfies Cauchy-Riemann
conditions:
An(G) = CR(G).

< Thisfollows at once from Theorem 11.1.3. >

11.2 Complex forms
Forany M e MfK(R") andany p € (0,1, ..., k} we define
Qg.(M)
asthe set of pairs (w1, w2) € QP(M) x QP(M) written as w; + iw2; for short we put

w+i0 = w.
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We equipe this set by the following structure of vector space over C (below a + ib € C):

(@+ib) (w1 + iw2) := (aw1 + bwp) + i(bw1 + awy), )
(01 +1w2) + (w3 + iwa) 1= (w1 + iw3) + (w2 + iwa). 2

Define the conjugate form by the rule
w1+ 1w == w1 — lwy, (3)

and define the operations A, d, *, |, v Component-wise:

(w1 + iw2) A (w3 + iwyg) := (w1 A w3 — @2 A wg) + 1(w2 A w3 + w104), 4%
d(w1 + ia)z) = dw1 + idwy, (5)
g* (w1 +iw2) := g*w1 +ig* w2 (g: M —> N), (6)

/M(w1+iw2) IZ/Mw1+i/Mw2- (7)

1. Let x and y denote, in accord with aclassical tradition, the projections (x, y) — x and
(X,y) = yinR2 Then

Examples.

z:=x+iy e QL(R?), Z=x—iy € QL(R?),
dz = dx +idy € QL(R?), dz=0Z=dx —idy € QL(R?).

2. Eachfunction f : G —» C, f : u+iv, G € Op(C), with sufficiently smooth u, v may
be considered as a complex O-form:

f e Q%(G).

(In the last relation we consider G as an open set in R2.) What means “sufficiently”,
depends on the context. Sometimes just continuity is sufficient.

NB All theresult for “real” formsretain (asit is easy to verify) for complex ones, e.g. for
C-formsasfor real ones, it holds

d(wr A w2) = dw1 A w2 + (_1)dega)1wl A Ao, (8)
=0 ©)
/ do = / w (for compact oriented M). (10)

M oM

Theorem 11.2.1. Let G € Op(R?), and let f, g € Q%(G) (thatis, f and g are functions
G — Q). Then the following assertions are true:

a) f e An(G) & d(fdz) =0;

b) f € An(G) = df = f'dz

c) df =gdz= f € An(G),g= f".
This can be summarized so:

d(fdz) =0 f e Ane df =gdz= g = f. (11)
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NB Theequationd( f dz) = Oisequivalenttodf Adz = 0 (sinced? = 0), and the equation
df = gdz may be formally written as

df
4z g
Both equations say that d f and dz are proportional (“parallel”).
<lLet f =u+iv,g=p+iq.
a) d(fdz) "= df A dz = (du + ido) A (dx — idy)
9 (duAdx —do Ady) +i(do A dx + du A dy)
‘du = (6u/ox)dx + (ou/oy)dy, do = (6v/ox)dx + (6v/ay)dy‘

={- a_u+6_v +i wu_ dx Ad
- oy = X oxX oy y:

Hence

ou  Ov ou  oOv
dfdy =0 (&2 + 2 =0, &4+ &2
(faz) @(aerax ’6x+ay

- o) &t e CRG) & f e AnG).

b) f e An(G) "EM f € CR(G) =

ou ou ov ov
df =d ido = | —d —d i|{—d —d
u+ido (ax X+ay y)+|(ax X+ay y)

‘au/ax =0v/0y =:a, O0v/0X= —0u/oy =: b‘
= (adx — bdy) + i(bdx + ady)
D @+ ib)(dx +idy) "2 §/(2)dz.
cdf =gdz=

((Bu/ax)dx + (v /ay)dy) + i ((6v/ox)dX + (ov/ay)dy) = (p +iq)(dx + idy)
Compare Reand Zm

I (Au/ox)dx + (6u/oy)dy = pdx — qdy
(6v/0x)dx + (dv/0y)dy = qdy + pdy
Compare coeficients by dx and dy

OU/dX = dv/0Y = P Thi113. f € CR(G)
—0u/dy = dv/oX = f’=p+ig=g.

11.3 Integralsof complex 1-forms
Theorem 11.3.1. Let G € Op(C), letc : [0,1] — G be a closed

(0= curve (that is, a 1-cubewith ¢(0) = c¢(1)), and let f € Q%(G) (that
=c(1) is, f : G — C). Then
NS
/ df =0.
C

<fcdf = ﬁlC*df = f|1d (cf) = f|19/ = f[o,l] g = folg/(t)dt =91 —-9(0) =
=foc=:g

f(c(1)) — f(c(0) =0. >
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Example. For any n € Z \ {—1}, and for any closed curvein C \ {0}

/z”dz =0.
C

1
< Forn# —1wehavez'dz=d (—z”“) L >
n+1

[
€An(C\0)

Theorem 11.3.2. Let C € CompOr Mf1(R?), and let f € Q2(C). Then

g [ df & f Mo
c oC

Let M beacompact 2-manifoldin R2. Then M isorientable (verify!), and we always
suppose that M is equipped with the orientation from R2. Further

M =intzz M = M \ oM
(verify!). We say that afunction f : M — C isanalyticon M, and we write

f € An(M),
if itisanayticin M (weidentify R? and C!) and is continuous on M. Thus,
An(M) := An(M) N C(M).

Theorem 11.3.3. (Cauchy) Let M € CompMf2(R?), and let f e

An(M). Then
fdz=0
m N
</ fdzs“’kET“'/ d(fdz) =0.1
oM M

If f ¢ An(M), theintegral can be non-zero, as the following example shows.

Example. Let M = B, (0) (the disc of radius ¢ with the center at
0). Then

/ dz .
— = 2ri.
9B,(0) 2B, (0) £

(Notethat (z— 1/z) € An(C \ 0).)

/ dz . dz
8B,(0) Z ¢z’

wherec: [0,1] —» R?,t — (pcos2xt, psin2zt). But
—_— —— —

< Itisclear that

= =
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/dz /dx+|dy (X —iy)(dx + idy) / ((x—ly)(dx+|dy))
x+iy Jo x2+y2 c X2 +y?
/1 (ca(t) —ica(t))(Ch(t)dt + ich(t)dt
0 c2(t) + c3(t))

1
= 27ri/ (cos2zt —isin2zxt)(cos2zt +isin2zxt) = 2zi. >
0
=1

Lemmal1l.34.Let B :=B,(a), f € C(6B). Then

/ fdz
oB

< lLeta=:a +iap. Putc(t) := (a1 + o cos2zt,a + g sinzt). Then

< 2mpmax|f].
_waBII

= =C

1
fdz| = fdz| = /(f oC) c*dz = ‘/ f (c(t))(c; +ico)dt
/aB c 11 — 0 NE 2
=(c}+ic))at
Exam. 11.3.5.

< f(c(t))(c, +ic 2 fl.
< &Eﬁ' (c®)(cy +icyl < ng@gllD

= |f(ct)l|c] +ic)|
——
=2rp

Exercise 11.3.5. Prove, using Mean Value Theorem, that for any continuous function

f:[0,1] - C
1
/fmm

Exercise 11.3.6. More general, provethat if C € CompOr Mf1(R?), f e Q0 ¢(C), then

§/|f|ds.
C

< max | f(t)].
_0<t<1| I

fdz
c

11.4 Cauchy formula

Example 11.3.6. is a specia typical case of the following
Theorem 114.1. Let M € Comprg(IR{Z), and let f € An(M). Then for each point
M(= M\ oM)

f
/ (2)dz =2rif(a) (Cauchy Formula).
oM Z—a

In other words, the values of an analytic function inside a region are uniquely defined
by the values on the boundary.

< Let ¢ > 0 be such that the disc B := B.(a) liesin M. Obvioudly f(2)/(z—a) €
An(M \ l\(}l). Hence by Cauchy Theorem
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f(z)dz f(2)dz f(2)dz
M\B 0= s 5= S -
a(M\B) Z— @& oM Z—a oB Z—4a

J So it suffices to show that

f(2)dz .
/[}B Z_ag—w)anf(a). (l)
Since f € Difc(a), we have
f@)=f@+ f@z—a+rz—a, ©__, ®
IZ] lcl=0
Therefore,
f(2)dz _ dz . r(z— a)
/aB Z_a_f(a)/aBz_aJr/aB(f(a)Jr —— )dz. ©)
~———
(4 =9(2)

[2

Just asin Example 11.3.6., [1] = 2xi. Asto[2], the function g is by (2) bounded (in the
norm) in some neighbourhood of a, hence, by Theorem11.3.1.,[2] — Oase | 0,and (1)
isproved. >

Theorem 11.4.2. Let M € Comprg(]Rz), f e An(M). Then f € C(%O(I\(}I), and

. n! f(2)dz
vneNvaeM: f® :—/ —_— 4
neivae @ =20 Ly amar @)
Thusif f isjust onetime continuously C-differentiable, it is infinitely C-differen-
tiable! < For n = 1thisthisisTheorem 11.4.1.. Let it betruefor n — 1, that is,

e -1 f(2)dz
vaeM:f0-D(g) =" / ) 5
ae @ =2 |, Z=ar ©
Differentiation of (5) in a (which is possible asit can be shown) yields (4). >
NB For ANY continuousfunction ¢ : 0M — C, Cauchy formula

1 pd;
@)= 2zi Jom {—z

(6)

defines an analytic function f : M — C, but in general this f, extended to 6M as ¢, is
NOT continuous! IFg = f|sm forsome f € An(M), then Cauchy formuladoesreproduce
the original function f.

11.5 Representation by series

We say that aseries > ; ¢, € € C, converges, and we write

o0
Z Ch ~,
n=0
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if the sequence of partial sumssy = Z#:O ¢n converges (in the norm ||z|| = z) to some
ce C,thatis, if |sy — | N—» 0, and in such case we write Z‘;"ZO Ch =C.
—>00

Uniform conver gence
Consider a FUNCTION SERIES > o2 fn, fn 1 C — C.If D202 fy ~ uniformlyinz e A

we write

> f2A.
We say that a function series is majorized on A c C by areal series > tp, th > O, if
vz e AVn e N:|fn(2)] < th.

Lemma 115.1. Let >"° 4 tn, be a CONVERGING real sequence, and let function series
>oio fn, fn i C— C,ismajorizedon A c C by > ty. Then X" fi3A.

avze A:

N M N N N
if eg.N>M
E f(Z)_E = E f(2)| < E [f(2)] < E tnmo-D
n=0 n=0 n=M+1 n=M+1 n=M+1

Member-wise integration and differentiation

Theorem 11.5.2. Let C € CompOr Mf}(R?), and let f, € Q2(C) (thatis, fn = un+ivn,
where up, v,y are (at least) continuous functions C — R). If fj —= f UNIFORMLY oOn
o0

C then
/fndz—>/ fdz.
c c

< Taking into account thedefinition of [, o, thisfollowsfrom the corresponding theorem
for real-valued functionson [0, 1]. >

Corollary 11.5.3. Let C € CompOr Mf1(R?), f € Q%(C) and > 1%, f_3C. Then

/ (i fn)dz _ i [ e

Theorem 11.5.4. Let M € Comp Mf{%(Rz), and let f, € An(M). If f, —= f UNIFOR-
MLY on M, then also f, € An(M), and

Vae MVkeN: 0@ — f®).
n—oo

<11° f € C(M) asan uniform limit of continuous function.

2° Foreacha € M we have obvioudy f,(2)/(z— @) — f(z)/(z — @) UNIFORMLY ON
oo

dM, hence

1 fn(2)d 1 f (z)d
f(a) = lim fq(a) SELO™I2 iy 2 / n(@dz us2 1 (2)dz
2ri Jom z—a 27i Jom z—a

Soby NB from 11.4, f € An(M). Thus, inview of 1°, f € An(M).3°Va e M vk e N’

Th. 11.4.2. k! / fn(2dz Th 1152 i/ f(zdz 1142
0 0

il A f® ). >
271 Jam (z- a)k+l 2ri M (Z_a)k+l ( )

G
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Corollary 11.55. Let M e CompMf2(R?), f, € An(M), 322 fn XM f. Then also
f € An(M), and

vk e Nif® = ka inM.

Convergencedisc
By(a) Theorem 11.5.6. (Abel) Leta, z € C, 4 # z. Ifaseries 32 o cn(z—a)"
convergesfor z = zthenfor eachp > Osuchthat p < |2—a| thisseries
converges UNIFORMLY on B, (a).
< 1° Since >’ cy(z2 — a)" ~~, the sequence |cn(Z2 — @)"| converges to
zero and henceit is bounded, e.g. by a > 0.
2° Now, letz € B,(a). Then|z—al|/|z—a| < p/|2— a] =: k < 1, hence

NS

lcnz—a)"| < |en2 —a)"|(Jz - al/|2—a])" < ak™.

1° <k
<a
Thus, our series is majorized on B, (r) by the converging rea series > ak", and our
assertion followsfrom Lemma11.5.1. >
It followsfrom thistheoremthat the set of all pointsz, whereapower series > cn(z—

a)" converges, is either merely {a}, or it the whole C, or lies between IOBQ (a) and B, (a)
for some g > 0. In other words, the CONVERGENCE REGION is, up to the boundary, a DISC
with the center at a. We call it the convergence disc.

Taylor formula
Lemmall5.7.LetM € Comprg(Rz), letz,a e I\C?I(: M\ oM),

h:=z—a,andlet f € An(M). Thenfor eachn e N
4 hn+1 f()d
f(z) = f 0 @hk + / .
oM “ Z@< Ot 2t JwC—pc—ar+1
=rn(h)
f( )Cauchyformula 1 f(C)dC trick i f(C)dC _
2ti Jom ¢—2  2xiJom . _z-a)
c-a(1-22%)

—(z-a)/¢C-a=h¢-a, 1-g"H/A-q=1+q+...+0"|

1 () ”( h )“ 1 ( h )”+1
=_— + d
2 aMg—a(g c—a 1 h \¢r-a ¢

—a

/‘ FOd W“/‘ fod
2 o G2 2 o o2 -

[hite2 =f©G@/n
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Definition. Let G € Op(R?), f € An(G),a € G. Theseries> 2, 1/n!- f M (a)(z—a)"
iscalled Taylor seriesfor f at a and isdenoted by ts, f:

(e¢]

1
tsg f 1= ZH f™(@)y(z—a)".
n=0 "

Theorem 11.5.8. Let B be a disc in R? of a positive radius with center at a.

a) Let f € An(B). Thents, f ~ f in B.
b) Let > 2 gcn(z—a)"~ fin B.Then f e An(l%), andtsa f =Y o2 gca(z— )"

Thus an analytic function can be uniquely represented in each “disc of analyticity”
by a power seriesw.r. to the centéar of the disc. X i
<@ Letze B,h =z—a. Choosep > Osuchthat z € B,(a) C B.
Then f € An(B,(a)) andk := h/g < 1. Hence we have for the rest
termry in Taylor formula

h" + l/ f(o)de
]

Irn(Ml = 2ri Jop,a) (C—D(C — )"

f©)
¢—Zfe

tm1134. _  |h|™1
< 2rmip

1
= const k"t —— 0,
2r  ;e0B, n+1 n— oo

thatis, tsg f ~ f at z.
b)If > cn(z—a)" ~in I% then, by Abel Theorem, this series converges uniformly
on each closed disc which is contained in I03; hence, by Corollary 11.5.5,, itssum f is

analyticin B, and v e N: f®(@) = 3% d—gg (cn(z — )" = nlcn. It follows

Z=a

thatts, f => ch(z—a)". 1>

NB This theorem allows to EXTEND anaytic functions, if the convergence disc of the
Taylor seriesis greater than the original disc of analyticity. These extensions can lead to
DIFFERENT values at one and the same “outer” point!

11.6 Elementary functions

We DEFINE exp, Sin, etc by the SAME series representation asin real analysis:

2 3 4 5

é::l+z+%+%+%+%+..., 1)
snz:= z— Z—?+ ;—T—..., (2
cosz:=1-— Z_T+ Z—T— 3
shz:= z+ Z—? +;—T+..., 4
chz:=1+ Z—2+ Z—4+ 5)
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Sinceall these seriesare majorized in each disc B, by thereal series> 7 5 o"/n! all they
converge in the whole C uniformly on each closed disc. So by Corollary 11.5.5., their
sums are analytic functionsin the whole C.

It followsfrom (1)—(5) that

eiz _ amiz Az
shz= T:—ish(iz), shz= > = —isin(iz), (6)
elZ —IZ eZ —Z
coSz = % =ch(iz), chz= € _ cosiz, 7
and
€ =chz+shz = cos(iz) —isin(iz). (8
Puttingz := 16, 6 € R, weobtain
é? = cosf +ising ‘ (Euler formula). (9)
In particular
e7 = —1. (10)

Thisformulaconnect three the most fundamental numbersin mathematics, e, = andi, and
is one of most beautiful mathematical formulas.
Relation (9) impliesthat p€? = p cos@ + ip sind, which means that

0’ ~{0,0} (220,60 €eR). (11)
Further the following basic property of the exponent function remains true:
eAt2 = gle?2, (12)

<1 Multiplying the absol utely converging series for € and €%, we obtain

ehe? = Z Zfzzﬂ—zzk'(n_k)' opAN

k= 0 ! 1=0 n=0 k=0
1 n
n! \k

0O n
=y @2l g

n!
n=0

Logarithm
At last we define In z as a complex number ¢ such that €€ = z. Such a number is defined
non-uniquely. Indeed,

vn e 7,- gft2rin a2 £t et — 7 (13)
\,-* ’
=1
Since
gne+io 12 dnegt
weseethatif z ~ {p, 8} then oneof thevaluesof Inzislng +i6. By (13),Ing +i6+2xin,
n € Z ,are dso vaues of Inz. It can be verified that there is no other ones. Thus
z~{p,0}=>Inz=1Ing +i(2zn+6). (14

The fact that In is a MULTI-VALUED function is just another form of the fact that the
representation z ~ {p, 8} isnon-unique.
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11.7 Residues

Letae C,U € OpNby(C),and f € An(U \ {a}). Theresidue of f at aisdefined by the
formula

v ress f = i/ f(2)dz, @
271 Jsm
where B is any disc with the center at a such that B ¢ U and
aeB.
This definition does not depend in the choice of B. Indeed if B; and B; are two different
such discs, e.g. B1 C l%z, then

o ey / f(2)dz = / f(2)dz — / f (2)dz.
B\B, 0(B2\By) B2 0By

Examples.
1. If f isanalyticin aneighbourbood of a, then

f(2)
e —— = f(a). 2
z—a '@ )
<1 Thisfollows at once from Cauchy formula. >
2. Asaspecial case of previousexample (f = 1) we obtain

1
r =1 3
S (©)

3. Fork=23,...
1

Zoax 2

res; 4)

(See Example on page 152.)
Theorem 11.7.1. (on residues) Let M e CompMf2(R?), let

0 ?_ﬁeh-wan‘E'\(}'(:M\aM),andletfeAn(M\{al,...,an})_

n

—
oM/~ / fdz= "> res f.
oM

k=1
<1 Let Bk be mutually digoint discs with the centers at ax such that By C l\(}l . Then

oca“i”“/ ) fdz:/ fdz—Z/ fdz
a(M\U By oM 0By
—_——

2ri-resq f
(notethat 6By asapartof 6(M \ | I%k) has the orientation opposite to orientation of o By
itself). >
This theorem reduces calculation of integralsto calculation of residues.
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Calculation of residues
A point a € C isapole of degree n (or n-pole), n € N, of afunction f : U \a — C,
(U € OpNby(©)) if the function (z — a)" f admits an analytic extension to U, but the
function (z — a)"~1 f does not.

Examples.
1. Oisal-polefor 1/z, isa2-polefor 1/72, etc.
2.1/snzhasl-polesatz =0, £z, +2x, .. ..

Theorem 11.7.2.
a) Let a bean n-polefor f. Thethere exist a closed disc B with the center at a such
that B # ¢ and f can be (uniquely) represented in I%\ a by some series

o0

> «z-a)f  (xeO),

k=—n
called the Laurent seriesfor f at a; thatis,

o

f=> a@z-af in B\ a.

k=-—n

b) Theresidueof f at aisequal to the coefficient by (z — a)~L:

¢) Thisresidue can be calculated by differentiation:

1 dn—l N
resg f=—— ——| (z—a)"f)
(n—1! dz"-1|,
1 dn-1

(z—a)"f(2).

T (-1 1M g1

<1 EXERcISE for you. [Hint: Apply Theorem 11.5.8. on Taylor seriesto (z—a)" f and then
use Examples 2 and 3 on page 159.] >



Chapter 12

Ordinary differential equations

12.1 Analytic setting

A differential equation is an equation of the form

F (%000, 000, 0700, ..., uP () = 0, @)
where
u: X-Y,
u:X— ZMXY)
uP X > 22X, ..., X Y),
———
p
and

F:XxYxZX,Y)x...x L(X,...,XY)> Z.

Here X, Y, Z are(say) normed spaces, U isthe unknown function, and (1) isto befulfilled
at each point x of someopenset U c X.
The order p of the highest derivativein (1) is called order of the equation.

Classification
If X=R wehavean ordinary differential equation (ODE);
If X = R" we have apartial differential equation (PDE);
IfY =R wehaveascalar differential equation;
If Y =R" wehave avector differential equation;
If Z=R wehaveoNE differential equation;
If Z =R" wehaveasystem of differential equations.

ODE’s
In ODE's the unknown function is a function of ONE independent variable, which physi-
cally can be interpreted as TIME (and is denoted usually by t), and (1) can be interpreted
asaLAw of some process, of some evolution.

159
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The derivativesint are often denoted (after Newton) by dots above, e.g.,

dx . d?x
dt’ Ttz

Examples.

1. Inertial motion equation: ¥ = 0, x : R — R3; this eqaution describes a free motion of
apoint in the space (no external forces).
2. Pendulum equation: X + x = 0, x : R — R; this equation
describes the motion of a point, on which the force act, that is
proportional to the displacement of the point, from an equilibrium
position and tends to return the point back.

3. Exponent equation: X = kx, X : R — R; it describes a process where the speed of
grown of something is proportional to the present quantity of this something; e.g., for
k > Oit may beachainreaction, for k < 0 it may be anuclear decay.

Thus, ageneral ODE looks as follows (now we writet instead of x, and x instead of
u, respectively X instead of Y):

F (txxx . ..,x(”>) —o. @
Sinceall the derivativesof x : R — X areagain functionsR — X, now we have
F:Rx X" 5 7z,

A solution of (2) isan n times differentiable function ¢ : (a, b) —» X (where (a, b) isan
non-empty interval in R, such that

Vte@b): F (t,¢(t),¢(t), N .,¢<”>(t)) —0.

NB Not every equation, containig derivativesin t, isan ODE. E.g., the equation X(x = 0)
iSNOT.

Reduction to afirst order equation
We shall consider oNLY ODE’s sOLVED w.r. to the highest derivative:
d"x

=F (txxx . .,x<”—1>) —0. ®3)

Theorem 12.1.1. Equation (3) is equivalent to the following system of n ODE's of thefirst
order:

X1 = X2
X2 = X3
: (4)
Xn—1 = Xn
Xn = F(taxla XZ,"'axn)

<If g : (a,b) > Xisasolution of (3), then

(¢7 ¢77 (b.’ ceo ¢(n—1))



12.2. GEOMETRIC SETTING 161
isasolution of (4); v.v., if

(wl» ¢27 "'7(0”) : (a9 b) 4 Xn

isasolution of (4), then ¢4 isasolution of (3). >
By this theorem we can restrict ourselves by ODE's of the first order

, X R = X, f:XxR— X

12.2 Geometric setting

Geometrically, the unknown function x : R — X inan ODE x = f(x,t) isaCURVE

X in X. The space X is called the phase space of the equation. The
X graph of a solution ¢ is called an integral curve of the equation.
Thespace X x R, wherethisgraph lies, is called the extend phase
space.

| t

Examples.

1. Inertial motion equation X = 0 (x : R — R3) is equivalent to the system

X1 = X2

X1, X2 | R = R3),
).(2:0] (X1, X2 )

which can bewritten asx = Ax, wherex : R — R®, and A € .2 (R, R®), viz.

000000
000000
000000
100000
010000
001000

Here the phase space is R® (position-velocity).

2. Pendulum equation X + x = 0 is equivalent to the system

X1= X2
X2 = —X1

which can bewritten as x = Ax, wherex : R — R?,

_ O—I—l 2 2
A_(_l o) e Z(R2,R?)

(the operator of rotation by 90° ) The phase spaceisR2.

3. For the exponent equation X = kx the phase spaceisR.
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Fields corresponding to ODE's

A geometric interpretation of the equation x = f(x,t) is such. At each point of the
extended phase space a DIRECTION is given (the derivative of a
curve at a point “is’ the tangent line to the graph). To find a
solution of the equation means to find an integral curve of this
field of directions, that is, to find a curve, such that at each point
the tangent line coincides with the directions of the field at this
point.
In the specia case where f does NOT depend on the t (autonomic ODE’s) another inter-
X pretation is possible, in the phase space itself. Viz., at each point

— x of the phase space aV VECTOR f (X) is given (the derivative can
S s — be considered as a vector in X (the velocity)). That is, we have a
e VECTOR FIELD. To find asolution of the equation x = f (x) means
/ v to find amotion of a point in the phase space such that the vel ocity
S at each moment of time coincideswith the value of the vector field
at the point where we come at this moment.

Examples.

1. Thesimplest equationx = f(x),x : R — R, f : R — R; thefield of directions does
not depend on x. The solution is unique up to vertical translation

Xt 7z )
= ==~/ of the graph. We know this already, of course:
=7 t
NEEHEEY ¥ x(t):/ f (r)dr 4 const (forany tg € I).
NSO A X0
N % 7 (we supposethat f issufficiently “nice”.)
2. % 4+ X = 0; (X1, X2) = (X2, —x1). The velocity field is drown 7, E N
on the picture. Obviously the solutions are motionsalong circles P e
with center at 0, e.g., (cost, — sint). Hence, the corresponding o v/’ H
solutions of the original equation X + x = 0 are cost and sint. Nood oy,

3. X = kx. Thefield of directions for k > 0 looks as on the picture. Up to a horizontal

> A trangdlation of the graph there are just 3 solutions. Of course, we
//W know them:
o oA =
= = L X = xoe .
NN >
\T\\ For xo > 0, = 0 or < 0 we obtain the 3 types of solutions.
NSRS

Initial conditions
In general the function f in the right-hand side of our equation

x = f(x,1) D

is defined only on an open subset ¥ of X x R. Wesay that ¢ : R — X isasolution of (1)
inaninterval (a, b) (—oo < a < b < +00), and wewrite

¢ € SOl(a,n) (1),

if 9 € Dif((a, b)), {(p(1), D)|tt € (a,b)} c ¥ and vt € (a,b): ¢(t) = f(p,1).
We say that ¢ isasolution of (1), and we write

9 € Sol(D),
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if p € Sol(a,n)(1) for somea, b.
Let (Xo, to) € ¥. Wesay that ¢ isasolution of (1) (in (a, b)) with theinitial condition
(Xo, to), and we write

¢ € Sol(D)tg,xo (resp., ¢ € SO0l (a,b)(Dtg,x0)

if p € Sol(1) (resp., ¢ € S0l (a.)(1)) and

¢ (to) = Xo.

This condition means physically that at given initial moment tg our process has value xo,
and means geometrically that the graph of ¢, the integral curve, passes through the point

(Xo, to).

12.3 Basic Theorem
Here we discuss the questions of existence and uniqueness of a solution of an equation
x = f(x,1), X:R—-> X, D

with agiveninitial condition, and dependence of the solution on theinitial condition.

Theorem 12.3.1. (Peano) Let X = R", ¥ € Op(R" x R). If f € C(¥, X), then
V(Xo, to) € ¥ Jp € Sol (Dtg,x,-

In other words, if f is continuous then a solution of (1) always exists. (We omit
the proof of this theorem). But in general a solution with a given initial condition is NOT
unique, as the following example shows.

Example. The equation x = 3x%/3, x : R — R, has 2 solution
/777477077 1/17  with theinitial condition (0, 0): p1(t) = 0 and 2(t) = t3. The
reason is that the right-hand side x%/2 decrease too quickly as
X— 0

17770777077
oo S X

j/// s 3X2/3
17714777777

X

!
If f isof cLAssClin x, such apatology cannot occur, as we shall see.

Picard method
Consider theequation (1) for X = R, f € C(R x R, R). The main idea of the method is:
to find a solution of (1) meansjust to find afixed point of some operator. More precisely:

¢ € S0l(L)ty,x & ¢ € FiX A,

where A is defined by the formula

t
(Ap) = X0 + /t (p(c), )dr. @
0
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2 (A ®) 2 £(p),1); if ¢ € Sol Dy, that is, if ¢ = f(p(t), 1) and p(to) = Xo,

then (Agp) = ¢ and (Agp)(to) @ Xo = ¢(tg); hence Ap = ¢, that is, ¢ € FiX A. V.v,, if
p € Fix A thatis, Ap = g, then¢ = (Ap)' 2 f(p(t),t) andp(to) = (Ap)(to) 2 xo. >
Picard method isto construct a solution of (1) asafixed point of A, that is, asalimit

of sequence ¢o, p1 := Ao, p2 := Ap1, ..., where gpg is an initial approximation to the
solution.

t
p1(t) = (Ap)(t) = X0+ /t F(0)de
0

Examples.
1. x = f(t), x(tp) = Xo. Field of directions does not depend on x. Put
e
x 272 —

e ) vo - =%

- = ,‘:// . .
A B A Then already the FIRST approximation
C S -2 "
2z Z|=2272q
S Y
- ::/

yieldsthe solution ¢ = f, p1(tg) = Xo.

. X = X, X(0) = Xo. Again put pg : =Xo. Then p1(t) = Xo + ftg Xodz = Xo(1 4 1),
X xoe‘¢2¢ p2(t) = Xo+ [ Xo(1+1)dr = X0+ (L+t+12/2), ..., pn(t) =

! Xo(L+t+t2/2+ ... +t"/nl), so that pn(t) — xoe'. And xg€'
%o ) isindeed the solution.
. To justify Picard method we shall show that in an appropriate
space the Picard operator A is a contraction. We need for thisend
/ U to defineintegral of avECTOR function of real variable.

N

Integralsof vector functions
Let X beaBanach space (e.g., R"), and let f e C(R, X). Theintegral

b
/ fHdt (e X)

isdefined just as usualy (by means of partial sums).

Lemma 12.3.2. b b
/ f(t)dt / I f(t)||dt‘.
a a
(Hereit may bea > b!)

< It follows from the corresponding inequality for partial sums:

> fwai] < S iteain= > nfwnai.

Lemma 12.3.3.

<

\Y

d—dtLZbe f(z)de = ().

<1 Just asusudly. >
Lemma 12.3.4. (Newton-Leibniz Theorem). Let ¢ € CY(R, X). Then

b
/ (Ot = o(b) — p(@).
a
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< Asusudly. >

Basic Theorem

Theorem 12.3.5. (on existence, uniqueness and continuous dependence on initial condi-
tion). Let X € BS, W € Op(x x R), f € CL(W, X), (X0, to) € W, and we consider the
eguation

x = f(x,t). (3)

Then there exist an openinterval | with the center at to and an open ball B in X with the
center at Xp, such that

vx € B gy € Soli (3)ty.x

and for any CLOSED interval J c | the mapping

X = ¢X|J5 B— C(‘]’ X)

IS continuous.

<11° At first we construct a subspace M of of a Banach
space, where a modification of Picard operator is a con-
traction Takea > 0, b > 0 such that the cylinder

I := Bp(Xo) x la(to)

liesin W. (We denote by 15(t) the closed ball B5(t) inR.)
Put

S:= sup [f(x D), 4
(x,t)ell

L:= sup [D1f(x, )l ©)
(x,t)ell

(whereD1f = of /ox : ¥ — Z (X, X)). These supremums are finite and attained since
IT is compact.
Now choosea’ > Oand b’ > O sothat thecone K’ := {(x,t) : [t —tg| < &, ||[X — Xo| <
S|t — to|} and all its trandations by the vectors
(b, 0), b € By (Xp), liesin the cylinder 11:
K =K + (By(xo) x {0}) c 1. (6)
Consider the“small” cylinder

I = By (X0) x la(to) C L.

M := {v € C(IL, X)|V(x,t) € II: [jo(x, )| < S|t — tol}.

In particular

Yo € M: o(-, to) = 0. (7

An element of M is shown on the following two pictures (note that on the left picture the
phase space X is represented by aLINE, and on the right one by aPLAIN):
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The graph of ». The graph of »(x, -) for fixed x.
Emphasize that M dependsona’, b’, S.
2° Now define a modified Picard operator A on M by the formula

t
(Av)(x,1) ::/ f(X+o(x,7),7)dr ((x,t) e IT). (8

to
This definition is correct since, by (6), the argument of f liesin V.

3° Amaps M intoitself. < V(x,t) e IT:

t
Ao (x, )] = / F(x 4 0(x, 1), 1)
to
Lmi2.3.2. t
2 1+ o0, 7). )l de || < Sit = tol. >

to
<S

4° Aisa contraction for sufficiently small &'. Indeed A € Lip, 5, where L is from (5).

«Vvl,vzel\/{f

[Avs — Avzll = sup [l (Ao — Avz)(X, 1) || < sup
(x,Hyell’ (x,t)ell’

(8) st
= [ (f (X+v1(X,7),7)—f (X+02(X,7)))dr MVT
fig (T 0ctos L loa(x, ) = va(x, D]
obv.
< llog—v2ll
Lm12.3.2.

< sup Lt —to| lor —v2ll < La'[lor — v2]|. D>
(x,Helll ~—™—

/ttdr

0

<a
5° By Fixed point Theorem (= Contraction Lemma) thereexistso € M suchthat Av = v.

Put
ulx,t) :=x+o(x,t) ((x,t) e IT).

For any given X € By (Xp) (aninitial value) we have

u(x, -) € Sol(3)ty,xo-

d
<K gfu(x,t) = a(x + v(x,1))
=A(X,1)

d t
® " (x+ f(x—|—v(x,r),r)dr) FMES3 f (x4 o(x, 1), 7)
to

= f(u(x, 7), 7),
and u(x, tg) = X +o(X, tp) = X. D>
——
(=0
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6° Our solution depends continuously on the initial value x since v is a continuous
mapping.

7° Uniqueness: Takeb' := 0, and consider the corresponding set M and operator A. (Now
M consists from functions defined just on | (tp).) Obvioudly,

@ € S0l(3)ty,xg & ¢ — Xo € FiX A,

but the fixed point of A isunique (by Contraction Lemma). Hence (on theinterval fa/ (to))
the solution is unique. >

12.4 Methods of solutions

AsLiouvilleshowed, in general it isimpossibleto solveagiven ODE in expliciteform (in
“quadratures’), that is, in form of finite combination of elementary and algebraic functions
and of integralsof them. E.g., suchasimpleequationsasdy/dx = y2— x cannot be solved
in quadratures.

Thereare general methods of APPROXIMATIVE solution of ODE'’s, in particular methods
based on Picard approximations.

Rather full theory of explicite solution is only for LINEAR ODE'’s, which we consider
in the next two sections.

Here we discuss specia but important case where solutions can be calculated rather
explicitly.

No dependence on x
x = f(t).

This equation describes a process, the speed of which does not depend on its state, but is
fully determined “from outside” . The solution satisfying an initial condition X (tp) = Xo is
given by the “classic” formulaof analysis

t
X(t) = xo + f(r)dr.

to

No dependenceon t
x=f(x) (X=R). @)

This equation describes an “automatic” process where the behavior of the process is
defined entirely by its present state.

Theorem 12.4.1. Let f € CY((a, b)), xo € (a,b), f(X0) # 0 (—00 < a < b < +00).
Then for any tg € R the solution ¢ of equation (1) with initial condition (X, to) (which
does exist by Basic Theorem) satisfies the relation

M) d¢
. & 2
t-t / f© @)
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In other words, our solution X = ¢ (t) can be found by solving of the equation
X

X t—to= fd—i

Xo (5)
w.r. to .
< Let 9 € Sol(L)yy,x,- Then ¢(to) = f(xg) # 0. By inverse
~ Function Theorem, the inverse function ¢! =: y is defined
locally (in a neighbourhoodof Xo).

o X T
\NANRNERN
A\ N N\
AN
ST OAIN N
[IANRNANN
NN N
[ANRNERN

We have y(xp) = tp, and
1

BG)
5
Since f (xp) # 0, thefunction1/f (¢) iscontinuousin aneighbourhood of xg. By Newton-
Leibniz Theorem,
X (dS)

Xo f(i)

dy
dx

y(X) — w(Xo) =
Putting here x = ¢ (t), we obtain (2). >

Separablevariables
. 9()
=—— X =R).
X ) ( )
Here x and t enter “separately”. For better symmetry let us write y instead of x and x

instead of t:

dy g(y)
ax TX) ©)

Theorem 12.4.2. Let f and g are of class C! in some neighbourhoods of points xo and
Yo, resp.; let f(xo) # 0, g(yo) # O, and let y = F(x) be a solution of (3) with the
initial condition F (xg) = Yo (such solution does exist by Basic Theorem). Then F isgiven

implicitly by the equation
& / g
Xo f(é:) Yo g(”)

Thus the solution method is: to rewrite (3) formally as dx/ f (x) = dy/g(y) and to
integrate in the corresponding limits.
<1 Consider two new ODE'’s
x=f(x), 4
y=9(y). ®)

By Basic Theorem, there exist ¢ € Sol(4)0,x,, ¥ € S0I(5)0,y,, defined on a (w.l.0.g9.)
COMMON open interval |:

o) = fle®),  ¢(0) =xo, (6)

p(t) = f(y@)), w(0) = Xo. @)

We have ¢(0) = f(xo) # 0, w(0) = g(yo) # 0. By Inverse Function Theorem, there
exist (locally) the inverse functions, ¢ ~1. We claim that

Xdi//ﬁiy U=y op~ e SolB)y.

Indeed
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(t) ©.0  9()

: _ -1
) ti=p1(x) ™) = o) y=u=y® f(X)’

u(xo) = y (e 2(x0)) 2 y(0) L

But by Theorem 12.4.1.,
o® g v® dy
Xo f (é) Yo g(”)

Putting ¢ (t) = X, w(t) = y,weseethatu = y op™1: x > y, and
X0 f(é Yo g(’])’

which iswhat we need. >

12.5 Linear equations

By alinear (homogenious) ODE we mean an equation
x=AMbx (x:1 > X, XeNS), (1)
where A(t) for eacht e | isacontinuousLINEAR operator in X, and the mapping
Al > L(X X)

is sufficiently smooth. Thus the right-hand side of (1) is linear (and continuous) in x. In
the case X = R" the equation (1) takes the form

X1 = ann()X1+ ...+ ammt)xn
: (2
Xn = an1()X1 + ... + ann(t)Xn

so usually onecalls (1) alinear ODE with variable coefficients.

Example. Pendulum of variable length: ¥ = —?2(t)x, (x : R —
R). This equation when written in the form (2) is

X1 = X2
X X2 = —2(t)X1 ] (3)

/ Intheform (1) it looks as

01

X = A(t)x, where A(t) = (—a)z(t) 0

) , X' R—> R?.
A very pleasant feature of linear equationsis that they have solutions defined in the
wholeinterval I:

Theorem 12.5.1. Any solution of (1) can be extended to | .

<1 The idea of the proof is such. Since on any coMPACT subinterval J of | the norm || A||

is bounded (as a continuous function), we have ||X|| = [|A{M)X] [IX]] < C|x]|l. on J. It
e e’

<C
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follows that any solution grows not faster than et (in the norm) on J, and hence cannot
go away to infinity on J. An accurate proof see e.g., in [9, p. 196]. >

NB For non-linear equationsit can be that a solution does not admit
an extension to whole |. E.g., for the equation X = x? one such
solution x(t) = —1/(t — 1) is shown on the picture.

I Vector space of solutions

Theorem 12.5.2. The set S of all the solutions of (1) (defined in the whole ) is a vector
space. This space is isomorphic to the phase space X.

< 21°1f g1, 92 € Sol(1) then Va1, ap € R: (0101 + a101) = 0191 + 0192 &) oa1Ap1 +
a2Ap2 = = A(a1¢1 + a202), that is, a1p1 + a202 € Sol(1). Thus, Sisa
vector space.

~~ In particular

0 € Sol(2),
bt and
¢ € S0l(1) = —¢p € Sol(1);

the picture of integral curvesis SYMMETRIC (see the picture).
2° Fix any t € | and consider the mapping

S>> X o > (),

which sends each solution ¢ into its value at the moment t. Obviously, ¢; is linear. The
image of ; isthewhole X, sinceby Basic Theoremfor any x € X thereexistsasolution ¢
with ¢ (t) = x. Thekernel of ¢; is {0}, since again by Basic Theorem, there existsjust one
solution ¢ with ¢ (t) = 0, and this solution is evidently ¢ = 0. Thus d; is both surjective
and injective. >

Fundamental system of solutions
Let X = R". Then, by Theorem 12.5.2., S ~ R". Any basis ¢1, ..., ¢n of Siscaled
afundamental system of solutionsfor (1). Thus:

a) Each Equation (1) (in R™) has afundamental system of solutions.

b) If ¢1,..., ¢n isafundamental system of solutions then any solution ¢ is alinear
combination of ¢1, . .., ¢n.

¢) Any n+ 1 solutionsare linearly depend.

d) Foranyts, to € | the mapping

X X
g2 i= 0 () H: X > X
0 (the transformation of the phase spacein thetime
1 fromty up to ty isalinear isomorphism.

t; t T
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01

Example. For the pendulum equation x = ( 10

)x (x : R - R?) thesystem

{(cost, —sint), (sint, cost)}

cost —sint

. H 1fv! int:
isafundamental system of solutions. (Verify! [Hint: snt  cost

1))

Scalar linear equation of the n-th order
Consider alinear (in x) homogeneousequation of the n-th order with variable coefficients

XMW =a;t)x™ D + . fat)x, (x:1 >R, a eC(,R)). 4
We know from Theorem 12.1.1. that (4) is equivalent to an equation
X = A(HX, X:1 > R" AeC(, Z®R",RM).

In view of this equivalence, it follows from Theorem 12.5.2. that the following result is
true:
Theorem 12.5.3. The set S of all solutions of (4) (defined on the whole 1) is a vector
space, which isisomorphic to R". Thisisomorphismis realized by the mapping

SR, g (p),6(1), ..., 0" (1),

wheret isan arbitrary fixed pointin | .
Any basisof thisn-dimensional vector spaceiscalled fundamental system of solutions
for (4).

Example. For the pendulum equation X + x = 0 the functions cost, sint form a funda-
mental system of solutions (see example on 173).

Finding solutionswith given initial conditions
Let ¢ beasolution of (4). We say that ¢ satisfies aninitial condition

(Xo,t0) € R" x |

if
(¢ (t0), ¢ (t0), - .., " D(to) = Xo,
that is,
p(to) = X1

¢ (to) = Xo2
: ®)
(ﬂ(”_l)(to) = Xon

L et we know afundamental system of solutions¢s, . . ., ¢, for (4). If we need to find
the solution with initial conditions (5), we look for the solution in the form

¢ =Cip1+ ...+ Chon (¢ € R).

Then (5) yields
c1p1(to) + ... + Cron(to) = Xo1
: (6)

(n—1)

-1 '
Cipy (to)+... +cnoh P (to) = xan
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Solving this linear algebraic system, we obtain the desired valuesc;, . . ., Cn.
Remark. The determinant of the system (6)
p1(to) ... ¢n(to)

p1(to) ... on(to)

" Vto) ... 93"V to)

is called Wronskian of the system {1, ..., ¢n}. Since the solution of (6) MmusT exist for
any Xo we conclude that Wronskian of any fundamental system of solutions of (4) is
NO-zERO foreacht € T.

Variation of constants
For solving of NON-homogenious linear equations the following METHOD OF VARIATION
OF CONSTANTS s available:
In order to solve an equation

X = AMt)x+ht), x:1—>R"AeCl,Z®R"R", heC(,R",

supposing we know a fundamental system ¢4, .. ., ¢ of solutions of the corresponding
homogeniousequation x = A(t)x, we look for the solutionsin the form

o) =c1®p1() +... +n®e®)  (p,0i 1 > R
(with VARIABLE “constants’ ¢;!). Then we obtain these unknown functions
(c1,...,¢n):=c:1 > R"
a“simplest” linear equation of the form
c=f@t) (f:1 > R",
which we know to solve.

Example. Consider the equation
X+x=ft) x:l->R,feCU,R),0el, 7
with initial condition (0, @), a = (a1, a2) € R?, that is
x(0) = a1, x(0) = ap. (8
Reduction to a 1. order system yields

X1 = X2 x1(0) = a1
X2=—X1+f]’X2(0)=az]' ©)

The corresponding homogenious system

X1 = X2
X2 = —X1

has awell known (Example on page 173) afundamental system of solutions

{(cost, —sint), (sint, cost)}.
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So look for the solution in the form
(X1, X2) = cy1(t)(cost, —sint) + c2(t)(sint, cost).
The subgtitution into (9) gives after simplifications

¢icost +Csint =0 c1(0)=a
—Cisint+¢cost =f |° c0)=ap |’

whence we obtain

Gi=—fdnt, cg(0)=a; = ¢ = al—ft f(r)sinzde,
G = fcost, c0)=ay= cp=ax+ [, f(r)cosedr.

If followsthat the answer is (x(t) = x1(t)!):

t t
X (1) @ (X(O)—/0 f(T)SianT) cost + ()'((0)—}—/0 f(T)COSrdr)Sint.

12.6 Linear equationswith constant coefficients
Here we study an equation
X = AX, X:R— X,X eNS Aec Z(X,X). (1)

We suppose that the space .Z (X, X) (with the operator norm) is COMPLETE; for example,
itisever truefor X = R".
Inthe simplest case X = R we have an equation

X = ax, X:R— R,aeR.
The solution is well-known
X = xoe™, X0 = X(0).

In the general case the result is just the same:

Theorem 12.6.1. Any solution x of (1) can be extended to the whole R and is given by the
formula
x = exo, Xo = x(0).

Here for any operator A € £ (X, X) we put

et i=id+A+ IAZ+ LAS+ . e Z2(X, X), A= Ao...0 A
' times
k_

This series convergesin £ (X, X), since it is majorized by the converging non-negative
real series 352 || A% /k! (indeed, || AX| = | Ao 0 All < [IA]%).
k-times
<1 Thetheorem can be proved essentially in the sasmeway asin classic 1-dimensional case
(using member wise differentiation of series). >
Thus principally we know the solution of (1), but the problem is how to CALCULATE
e’ for concrete A. Even for X = R it is non-trivial problem.
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Case of diagonal operators
Let X = R". We shall identify an operator A € Z(R", R") with its matrix. If A is
diagonal, that is,
Al 0

then it is easy to calculate e

2Ktk ,
Ak S 0 ettt 0
o= = . >
' Akt 0o et
0O
Hence the solution of equation
X = AX, x(0) = Xo = (Xo1, - - - » Xon)
is A A
X = eAtX() = (X01@1t, e, x0ne‘"t).

Notethat /i arejust the EIGENVALUES of our diagonal operator. Thus, each component
of the solution hasthe form
celt

where 1 isan eigenvalue of A.
NB In OTHER bases the components of the solutions will be LINEAR COMBINATIONS of the
exponents 'kt

General case
In occursthat in general case each component of the solution of an equation

X = AX, Xx:R—=>R", Ae ZR",R"), 2
is alinear combination of n members of the form
t"Ree’t o tMZmett

where / isan eigenvalue of A (1 € C) and misanatural number less than multiplicity of
A
Recall that the eigenvalues of a are roots of the characteristic equation

det(A—1E)=0 E denotes the unit matrix

and that the multiplicity of an eigenvalueis just the multiplicity of the root.
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Case of one scalar equation of n-th order
xW=ax™V 4 +ax, x:R-C, a eC. ©)

Aswe know (3) can be considered as a specia case of (2). It follows that:
Any solution of (3) hasthe form

k
x(t)y=>_e"'p, (4)
=1
where 11, . . ., Ak arethe different roots of the characteristic equation
M =a A"+ an, ©)

and p; isapolynomial of degreelessthan the multiplicity of theroot 4.
NB Thisresult remainstruefor non-homogeniousequationsx(”) =ax™ D4 4ax+
f(t), if f(t) hastheform (4).

Examples.

1. X+x = 0. Thecharacteristic equation 424 1 hastheroots +i; we have Ree*t = cost,
Imett = 4 sint. The functions cost, sint form a fundamental system solutions. The
general solutioniscy cost + co sint.

2. % — x = 0. The characteristic equation 12 — 1 has the roots 1. The corresponding
functions € and e~ form a fundamental system of solutions. The general solution is
c1€! + coet. (In particular sht and cht are solutions.)

3.% = 0. Thecharacteristic equation A2 = 0 hasone 2-multipleroot 0. The corresponding
functionsfrom (4) are 1 and t. They form afundamental system of solutions. The general
solutioniscy + cot (aswell known, of course).






PRIKLADY A CVICENI

1. Prirozenatopologie R"

P¥iklady
1. Dokae, ze étverec M = {(X, y¥) € R"; |X| + |y| < 1} je kompaktni mnoZina.

ReZeni: Stai ukazat, e mnozina M je uzaviena a ohrani¢ena. Uzavienost |ze dokazat
primo z definice uzaviené mnoZziny; miizeme ale vyuZit spojitosti zobrazeni f (x,y) =
IX] + |yl|. Plati M = f~1(M) = (—o0, 1], jedna se tedy o vzor uzaviené mnoziny pri
spojitém zobrazeni.

Jelikoz pro kazdé (x, y) € M plati v/x2 + y2 < x|+ |y| < 1, jemnozinaM ohranitena.

2. Dokate, 7e kanonicka projekce 7' : R" — R, 7' (x) = x!, je spojita.
Reseni: Necht U C R je otevienamnozina Dokazeme, 7e (z')~1(U) = V, kde

V=Rx.. xRxUxRx...xR.
—_— —_—
i — 1 &initelll n—i Ginitell

Nechtx € V. Platiz' (x) = x' € U, atedy x e (z')~1(U). Opatng, je-li x e (z')~1(V),
pak 7' (x) € U. Jdikoz 7' (x) = x', jex' e U, atedy x € V.

3. DokaZte, 7e zobrazeni f : R — R? je spojité pravé tehdy, kdyz je spojita kazda jeho
slozka.

ReZeni: ,,=“ Pro slozky f1, 2 zobrazeni f plati f! = 710 f, f2 = 220 f (z1, 72
jsou kanonické projekce). Je-li tedy spojité zobrazeni f, jsou spojitéi jeho slozky (jakozto
kompozice spojitych zobrazeni).

<" Necht 11, 12 jsou otevienéintervaly. Pro dilkaz spojitosti zobrazeni f sta&i dokazat,
zemnozina f ~1(11 x 1?) je oteviena (zdlvodnéte!). Oznatme V! = (f1)~1(11), v2 =
(f571(1%)aVv = VI V2 Jsou-li zobrazeni fa f2 spojita, jemnozinaV (jako priinik
dvou otevienych mnozin) oteviena. Je-li y € f(V), existujex € V takové, ze f(x) = y.
Tedy fl(x) e 11, f2(x) e 12a y = (f1(x), f2(x)) e I1 x 12,

4. Mafunkce f : R2\ {(0,0)} — R definovana f(x,y) = (x* — y*)/(x2 + y?) pro
(X, y) # (0, 0) limitu v bodé (0, 0)?
Regeni: Mame

Py —y?) 5, o,

f(X,y): X2+y2 =X"—Yy"
Funkce f jetedy definovéananalibovolném okoli bodu (0, 0) minustento bod. Navic
lim  f(x,y)= lim (x*-y?=0.
(x,y)—(0,0) x.y) (X,yH(O,O)( ¥9)
5. Wpoctéte
gx —y)

x.y)—=0,0 X-—Y

177
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Regeni: Necht

gx,y) =x—y

1 rot =0;
h(t) = P
tg(t)/t jinde.

Jelikoz

lim @ =1,

t—-0 t

jefunkce h spojita. Navic lime,y)— 0,0(Xx — y) = 0apro (x, y) # (0, 0) plati

t —_
ho g(x,y) = g)((xfyy)
Je tedy
gx —y) =h(0) = 1.

xy—00 X-—Yy

6. Rozhodnéte, je-li funkce f : R2 — R spojita v bodé (0, 0), jestlize

(x2 = y2)/(x2 + 2y?) pro (X, y) # (0, 0);
f(x,y) =
0 pro (X, y) = (0, 0).

ReZeni: Tato funkceje samozfejméspojitavevaech bodech (x, y) takovych, ze x2+2y?2 £
0, to jest, vdude mimo bod (0, 0). Abychom vyfeSili otazku v bodé (0, 0), odhadneme
odpovéd a poté se pokusime nas odhad ovéfit. V tomto pripadé odhadnéme, Ze se jedna
0 nespojitost. Pokusime se tedy ngjit takovou cestu, po niz, kdyz se budeme priblizovat
k (0,0, limitaz f(x, y) budertiznaod f (0, 0).

Pfedpokladeime, Ze (x,y) — (0,0) po pfimce y = x. Potom (x,y) = (t,t) ana
uvazované pfimce plati

2 2

fx,y) =

lim = (0, 0).
(x,y)—(0,0) 2+ 22 ©.0

N&S prvni odhad cesty tedy nevySel, protoze jsme se po ni priblizili k hodnoté f (0, 0).
Pokusime se priblizit k bodu (0, 0) po pfimce y = 2x, to jest, (X, y) = (t, 2t). Natéto
pfimce tedy plati

t2—4t2 —3t2 1 1
lim f ——=limM——=Ilim—==—=#0= (0, 0).
(x,y)— (0,0) (*,¥) = t2+8t2 t|—>0 ot2 t|—>0 3 3 7 ©,0)

Tedy limx,y)—(0,0) T (X, y) neexistujeafunkce f neni spojitav bode (0, 0).
7. Rozhodnéte, je-li funkce f : R? — R spojita v bodé (0, 0), jestlize

(x3y — xy3)/(x? + 2y?) pro (x, y) # (0, 0);

f =
. [ 0 pro (x, y) = (0, 0).
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ReZeni: V tomto pFipadé budeme ogekavat v bodé (0, 0) spojitost. Abychom to ovéili,
musime ukazat, ze f(x,y) — 0pro (x,y) — (0,0). Nglépe toho dosdhneme tak, ze
najdeme vyraz, jehoz absolutni hodnota je vétsi nez | f (x, y)| a ktery zigimé konverguje
k0, kdyzz = (x,y) — (0,0). V&imnémes, ze x| < ||z|| aly| < ||z||. Pak

XyO = yA)| _ IXIIVIX + Yl =yl _ XIYIOXT+ YD AX] + YD)
_ lzllizidizl + 1z izl + 11z
< 120 ”2”2) ) — 42)? = 4062 + y?).

[T, Y=

JelikoZ pro (x, y) — (0, 0) mame4(x? + y?) — 0, dostavame, ze | f (x, y)| — O.

8. Najdéte
Xty
(X,y)—(00,00) X2 + y2'

ReZeni: Prejdeme k polarnim soufadnicim. Tedy x = o Cosp,y =pShg a

X+y . 2SNng + g COSg
m —_ = | -
(Y)—(00,00) X2 + Y2 9e[0,7/2] p2SN? ¢ + 2 COS ¢
. Sing +cosg
= |lim ———— = =
pel0,7/2] 0

Cviceni

1. Nagjdéte vnitfek, vngSek, hranici a uzavér mnoziny A pokud
A={(1/n,1/m; neN}); b A={(x,y) eR% x>0,y =sn(x)}.

2. Rozhodnéte, zda mnoZina M c R? je oteviena, uzaviend, ohranicena kompaktni a
souvidé, kde

AM={(x,y) e R% xy <1,y >0,x >0}

by M ={(x,y) e R% x2 <y <x3,1<x <2}

¢) M ={((-1)°2/k? e R?% ke N}

d) M = {(1, —k/(1—k)) e R% ke N\ {1};

e M ={(k/(3k+2),(K+1)/(2-k)) e R% ke N\ {2}};

M ={(x,y) e R% 0<y<+/2x—x2,0<x < 2}.

3. Uvedte priklad mnoZin A, B c R? takovych, Ze A = clA aclB = frB. Existuje
mnoZinaC c R? takova, Ze frC = intC?

4. Uvedte priklad oteviené mnoziny A ¢ R? a spojitého zobrazeni f : R? — R?
takovych, Ze f (A) bude uzaviena

5. DokaZte, 7e pro kazdé dvé mnoziny A, B c R? plati int(A\ B) c intA\ intB, a
uvedte priklad, ve kterém neplati opatnainkluze.

6. UkaZte, zefunkce f : R2\ {(0,0)} = R, f(X,y) = (2xy)/(x2 + y?) je ohraniena
7. Dokazte, ze kazde konstantni zobrazeni f : R" — R™ je spojité.

8. Dokazte, Ze kazda konvergentni posloupnost {x; € R"}°, je ohraniena
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9. DokaZte, 7etopologie naR? generovanasystémem viech otevienych &tvercii {(x, y) €
R2; max{|x — xol, |y — Yo|} < @, Xo0,Yo € R,a € R*} je ekvivalentni s topologii
generovanou systémem {(x, y) € R%; |x — xo| + |y — Yo| < @, Xo, Yo € R, a € Rt}.

10. Budte f : R? — R spojitafunkcea A c R? takové, Zecl A = R? a f|a = 1. Ukalte,
Zepotom f = 1.

11. Rozhodnéte, zdamnozinaM = {x € R"; x! > x? > ... > x"} je otevfena

12. Necht f : R? - R je spojitafunkcea A = {(x,y) € R% f(x,y) > 0}, B =
((x,y) e R?%; f(x,y) =0}aC = {(x,y) € R% f(x,y) < 0}. Je nétera z mnozin
A, B, C otevfena? Jak tomu bude s kompaktnosti?

13. Necht f, g : R? - R jsou spojité funkce. UkaZte, Ze potom mnozina A = {(X, y) €
R?; f(x,y) =1+ g(x,y)} jeuzaviena

14. Rozhodnéte, zdaprofunkci f : RZ — R, f(x, y) = sin(x) aprolibovolnoumnoZzinu
A e R2plati f(intA) =intf(A).

15. Dokazte nebo vyvratte: Necht f : R" — R" je spojité zobrazeni. Pak pro kazdou
mnozinu A c R" plati f(clA) = cl f (A).

16. Povazujme prvky mnoZiny R® za &tvercové matice typu 3 x 3. DokaZte, Ze mnoZina
M c R® tvofenaregularnimi maticemi je oteviena

17. Najdéte obraz defini¢niho oboru a natrtnéte graf funkce f : R" — R™. Najdéte
mnoZinu vech bodltl, ve kterych je uvedena funkce spojita.

a) f :R— R? f(x)=(sinx,cosx); b)f:R— R? f(x)=(sgnx,x);
0 f:R— R?% f(x)=(y(X),sinx); d)f:R>—> R, f(x,y)=sgn(xy).

18. Rozhodnéte, které z nasledujicich posloupnosti {xk}2, konverguji a v takovéem
pripadé ngjdétejgjich limity.

1 sin2k K2

MR _ (SN2 i),

a) Xk (k , ), b) xk (1+k+k2’e ),
11 N _ (snk k

9= (I . 01¢) o= (" s

19. V pripadg, Ze nasledujici limity existuji, najdéte je. Pokud neexistuji, pokuste se
zdUvodnit prog.
Inxy

1
i - b) lim (x®+y?sin=;
)<x,y)e<2,0) x2 4+ y? )<x,y>+<0,0>( Y9 X
2 2 H
. X< — 3 SN X
9 lim =Y. d)  lim Y.
xY)—>20  X—Y xy)—02) X
o lim 1 : H o lim (14 y)x~
Y=L (X — 13+ (y = 1)%’ (%,)= (00,K) x/
-3
y "

g Ilim —; lim ;
xy)—>23) X+y—5 x.y)—0,0 X + Y
X —y® N ks

iy lim —2 li A A,
) x.y)—@22) X4 —y4 ) xy)—=0,0 (X—1y)3
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| sin(x? + y?) b lim 1 _
xy)—00 Xx24+y2 xy)->@ (x =2+ (y — D2’
2 2 2
X -z . 2X
m) %; n) lim 7)/;
(x,¥,2—(0,0,0) X* + Y-+ Z (x,¥)—=(0,0) Xy + 2X — Y
2x3 + 5x3 , x2y272
0) im ———; p) lim —_
xy)— 00 X2+ Y2 (x..2-(0,0,0) X8 + y6 4 76
2 2 2 2
. X . X
q lim ty : n o lim Y
xY)=0.0 /x2 4 y2 4 4 -2 (x,y)= (0,0 arctan(x/y)

2 —12+1-1
9 fim ¥X oD
(x,y)—(0,1) Xe+(y—-21

20. Najdéte viechny body, ve kterych jsou nasledujici funkce R" — R spojité:

xy/(x% + y?) pro (x, y) # (0, 0);
a f(x,y) =
0 pro (X, y) = (0, 0);
[ (x2y + xy?)/(x2 + y?) pro (x, y) # (0, 0);
b) f(x,y) =
0 pro (X, y) = (0, 0);
In\/x2 + y2 pro (x, y) # (0, 0);
o) fx,y) =
0 pro (X, y) = (0, 0);
(x2y + 3x2)/(x? + y?) pro (x, y) # (0, 0);
d f(x,y)=
0 pro (x, y) = (0, 0);
f [ya-x2—y?)prox®+y?#£1,
o fxy) = 0 prox? +y?=1;

X2/ (x2 +y?) pro (x, y) # (0, 0);
ffxy) = .
5 pro (X, y) = (0, 0);

xyz/(x2 + y2 4+ z2) pro (x, Yy, z) # (0, 0, 0);
g f(x,y,2) =
0 pro (x, Yy, z) = (0,0, 0);
2 4 2 0.0):
) f(x,y):[x y/(x*+ y?) pro (x, y) # (0,0);
0 pro (x, y) = (0, 0).

21. Ukazte, Zejestlize f : R2 — R je spojitav (Xo, Yo), pak fxo, definovana fy, (y) =
f (X0, Y), je spojitav bodéy = yp a fy,, definovana fy,(x) = f (X, Yo), je spojita v bodé
X = Xo.

22. Spojitost fy, vy = Yo a fy, v x = Xg (viz. pfedchozi cviceni), a e nezarucuje spojitost
f v bodé (xo, yo). Ové&fte toto tvrzeni na prvni funkci ze cviceni 20.

23. Necht pro (x, y) takova, Ze x2 + y? = 0,

sin(x2 + y?
f(x,y)= Wyz)

Jak musi byt definovano f (0, 0), aby bylafunkce f : R2 — R spojitav bodé (0, 0)?
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24. Necht f : (R\ {0}) x R - R,

f(x,y) = (x*+ y?) arctg (3) :

L ze tuto funkci rozsifit nabody (0, y), aby byla stéle spojita pro ktera y ajakou hodnotu
f (0, y) musi mit.
25. Necht f : R?\ {(x,y) € R?; x =y} - R,

o y) = e/,
L ze tuto funkci spojité rozsifit i napfimku y = x? Jak?
26. Necht f : R2 > R,

sinxy

foy) =7 X
y prox=0.

pro x # 0;

Ma tato funkce n&aké body nespojitosti?

Vysledky
15. ) Neplatipro AC R, A=Qaf(x) =0.17.a)Imf =[-1,1] x [-1,1],b) Im f =
(-1,1xR)U (0,0, ¢c)Imf =0,1x[-1,1],d) Imf = -1,0,1. 18. a) (0, 1),

b) (0, 0), ) oo, d) (0, 1). 19. @) —co, b) 0, ¢) 2, d) 2, €) neexistuje, f) €, g) neexistuje,
h) neexistuje, k) 1, I) oo, 0) 0, 20. a) Nespgjita v (0, 0), b) spojita vdude, ) nespojita
v (0, 0), d) nespajita v (0, 0), €) nespojita na kruhu x2 + y2 = 1, f) nespajita v (0, 0)
0) spojitavsude, h) nespojitav (0, 0).23.) f(0,0) = 1.24.) Ano, f (0, y) = 0. 25.) Ano,
f(x,x) = 0.26.) Nema



2. Derivace prvniho radu

Priklady

1. Rozhodnéte, je-li funkce f : R — RS3, f(x) = (cosx, sinx, x), diferencovatelna
v bodé /2.

Reeni: V&echny slozky funkce f jsou spojité a diferencovatelné v kazdem bodé x e R.
Tedy f je spojitaadiferencovatelnav /2. Mame

f/(x) = (—sinx, cosx, 1),

tedy
f'(r/2) = (-1,0,1).

2. Najdéte parcialni derivace zobrazeni f : R2 — R, f (X1, X2) = X2 + X2 COSX1 v bod
(m/2,1).

ReSeni: Plati D1 f(z/2,1) = ¢'(z/2), kde g(x1) = f(x1,1) = x§ + cosx;. Tedy
D1 f(r/2,1) = = — 1. Podobn& D, f (z /2, 1) = h'(1), kdeh(xo) = f(x/2, x2) = /2.
Tedy Dy f (z/2, 1) = 0.

3. DokaZe, ze funkce f : R" — R, f(X) = X1 + 2X2 + ... + nx, je diferencovatelna
v bodé xp = (1, 1. ..,1/n) anajdéte D f (o).
ReZeni: Prok = 1, ..., n plati D f (xg) = k. Dae, mame

f(x0+h) — f(x0) — (h + 2hp + ...+ nh"
jim L0t = TO0) =20+ 400D _ ) O
h—0 Ih| h—0 ||h]|

Funkce f jetedy diferencovatelnav bodé xg aplati D f (xg)(h) = hy + 2hy + ... + nhp.
Druhamoznost: Prokazdé x e R"ak = 1, ..., n plati Dk f (xg) = k. Funkce f tedy
ma spojité parcidni derivace. To znameng, Ze je diferencovatelnad a plati D f (xg)(h) =
hi1 4+ 2hy + ...+ nhp.
Treti moZnost: Funkce f je lineérni. Je tedy diferencovatelnav kazdém bodé a plati
Df =f.

4. Dokazte, zefunkce f : RZ — R f(x1, Xp) = xf + X2 cosx; je diferencovatelnav bodé
(r/2,1).

ReZeni: Z prikladu 2 plyne, Ze existuje-li derivace funkce f v bodg (z /2, 1), plati
hy
Df(z/2,1)(h1,hz) = (x — 1,0) h) = (r — Dhy.
2

Stali tedy provést nasledujici vypocet:
0< Iim |( /2 + h1)? + (14 hp) cos(z /2 + h1) — (z/2)? — cos(x /2) — (= — D)hy|

183
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|h% — (A +hz)sinhy + hy|

= lim
h—0 ,/h2+h2
< lim 1 |smh1+h1| |hzsmh1|
sinh h . in
< lim —+| $+I|m |h2|-I|m| Ml _91040.1=0
h1—0 [hy] h1—>0 hy h,—0 hi—0 |hy|

DruhamoZznost: JelikoZ funkce D1 f (X1, X2) = 2X1 — X2 Sinx1 aDa f (X1, X2) = cosXxy

jsou spojité, je funkce f spojité diferencovatelng, atedy i diferencovatelna.
5. Rozhodnéte, zda funkce f : R — R dana predpisem

xq jestlize [x1| < [x2l,

f(x1, x2) = N

X2 jestlize [xa| > |X2l,
je diferencovatelna v bodé (0, 0).
ReZeni: Plati f (x1,0) = f (0, x2) = 0, mame tedy D1 f (0, 0) = D, f (0, 0) = 0. V pfi-
padé, Ze je funkce f diferencovatelng, tedy musi byt D f (0, 0) = 0. Jelikoz vsak

f(x1, X2)

( I)im(OO) /
x,y)—= (0, 24 32
X{ + X5

neexistuje (staci poloZit x1 = x2), neni funkce f v bodé (0, 0) diferencovatelna

6. Najdéte parcialni derivacefunkcego f vbodé (1, 1, 1), jestlize
2X1X2X3 X1X2
f (X1, X2, X3) = X1, X2) = .
( 1, X2, 3) (X%—O—XZZ—X%), g( 1, 2) (Xl/Xz)
Regeni: Plati
2X1X2X3(X2 + X3 — X3)
(9o F)(X1, X2, X3) = G(2X1X2X3, X3 + X3 — X3) = ( )
trhe s 2X1XoX3/ (X2 4 X3 — X3)
Lze tedy postupovat pfimym vypoctem. My ale vyuZijeme vétu o derivaci slozené
funkce:
D1 fl(x1, X2, X3) = 2xoX3 D2 fL(xq, X2, X3) = 2xax3 D3 fl(x1, X2, X3) = 2X1%2

D1f2(X1, X2, X3) = 2x1 Daf?(xq, X2, X3) =2x2 D3 f2(xq, X2, X3) = —2X3
D1gt(x1, X2) = X2 D2gt(x1, X2) = X1
D1g%(x1, X2) = 1/x2 D2g%(X1, X2) = —X1/X3

mame tedy

(1,1, 1) = (; ; _g) , g2, 1) = G _g) .

Jelikoz parcialni derivace funkci f ag jsou spojité, jsou tyto funkce diferencovatelnéa

(go )(L,1,1) =g(f(1,1,1) f/(1,1,1) = (1 _;) : (g ; _g)

(6 6-2
“\-2-2 )

Je tedy
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Di(go f)1(1,1,1) =6, Dao(go f)1(1,1,1) = 6, Ds(go f)L(
Di(go )%(1,1,1) = —2, Da(go f)3(1,1,1) = -2, Ds(go f)%(

1,1,1)=-2,
1,1,1)=6.

7. \WjadFete pomoci parcialnich derivaci diferencovatelnych zobrazeni g : R — R? a
f : R? - R funkci (f o g)”. Do vysledku dosadte zobrazeni

X sinx
foa) = +3, 900 = ()

Regeni: Plati
(fog)=((fog)) =(Dif)og- (@ + D2f)og-(g?
= (Duf)og- (@Y + Dw2f)og-(@?)(@" + (D1f)og-(gh”
+((D21f)og- (@Y + (D2f)og- (g%))(g? + (D2f)og- (g?)”
=Duf)og-(gh))?+2(D12f)og- (gY@ + (Da2f)og- ((g?))?
+D1f)og- (@ + (D2f)og-(g?)".

Zkouska pro zadana zobrazeni: Plati f o g(x) = x2, tedy (f o g)” = 2. Dosazenim
vztahl:;

D1 f (x1, X2) = 2x1, (D1 f)g(x) = 2xsinx,
D2 f (X1, X2) = 2X2, (D2 f)g(Xx) = 2x COSX,
D11 f(x1,X2) = D22 f(x1,x2) =2, (D11 f)(9(x)) = (D11 F)(9(x)) = 2,
Da2f(x1,X2) = D21 f(x1,x2) =0, (D12f)(9(x)) = (D21 )(9(x)) =0,

(g1) (x) = sinx + x cosx, (gh)”(x) = 2cosx — xsinx,
(g%’ (x) = cosx — xsinx, (%" (X) = —2siNX — X COSX.
Dostavame

(D11 £)(g())) - ((§%))?(X) +2(D12F)(@(¥)) - (g4 (¥) (g% (X)
+ (D22 )(9()) - ((87))2(x) + (D1 F)(@(x)) - (gh" () + (D2 F)(g(x)) - (§7)" (%)
= 2(sinX 4 x cosx)? 4 2 - 0+ 2(cosx — sinx)? 4 2x siNx(2cosx — X SinX)
+ 2x cosX(—2s8inX — X cosX)
= 2(Sin® X 4 2X SINX COSX + X2 COS° X + COS” X — 2X SiNX COSX + X2 sin® X
+2xSiNX cosX — X?sin X — 2X SiNX COSX — X2 Cos° X) = 2.

Cviceni
1. Najdéte parcialni derivace funkce f (X1, X2) = X2 + X3 v bodé xo = (1, 2).

2. Pomoci definicederivace dokazte diferencovatel nost funkce f (x1, x2) = xf —2x1+ x%
v bodé (1, 0) aurcete D f (1, 0).

3. Uvedte priklad funkce f : R2 — R, kterd ma obé parciani derivace v bodg (0, 0)
rovny 0 a pfitom zde neni diferencovatelna.

4. Najdéte parcialni derivace funkce f, jestlize
a) f(x1,x2) = €tsnxy,  b) f(x1, X2, X3) = €2 8in(xpX3) + X3 IN(X1X2X3),

X X X
O fxLx) == +22,  d) f(xxp) = arctg=,
X2 X1 X2
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1 /
e) f(xg,x2) = ﬂ, f) f(x1,%2) = |n(X1— X%+X§) >

9) f (X1, X2, X3) = X3xi/ 2 h) f(xg, xo) = (3x2 4 x3)Patxe,
i) (X1, X2, X3) = X;2 , 1) T (X1, X2, X3) = (X1 — X2X3)™¥*2.

5. Nagjdéte D2 f (1, xo), jestlize

X2
o1

f (X1, X2) = x1 1 + (Inxq)(arctg(arctg(arctg(sin(cos(x1x2)) — In(X1x2))))).

6. Necht g: R — R je spojitafunkce. Najdéte parcidni derivace funkci
a) f(x1.x2) = [ gty . b) f(x1, %2) = 2 g(t) ct.

7. Jedanafunkce f : R — R, f(x) = x* — 2x. Vypottéte D f (2) - (x), D f (x) - (2).

8. Uvedte priklad funkci f, g : R2 — R takovych, Ze neexistuji D f (0, 0) aDg(0, 0), ae
existuje D(f + g)(0, 0).

9. Uvedte priklad fuknce f : R? — R takové, Ze
a) D f (x, y) neexistuje pro zadné (x, y) € R?;
b) D f (x, y) existuje pouze pro (x, y) € R? takové, ze x = 0.

10. Necht f : R? — R je funkce splfujici podminku 0 < f(x,y) < x? + y2. UkaZte,
ze potom existuje D (0, 0). (Navod: Odhadnéte D f (0, 0) a poté odhad ovérfte z definice
diferencidlu.)

11. Jefunkce f : R? — R, f(x,y) = |x°| spojité diferencovatelna? (Navod: UZijte
stejného postupu jako v pfedchozim cviceni)
12. Rozhodnéte, které z funkci
X1X2
——— XZ+ X5 #0,
a) f(xy, x2) =1 X1 +%X
0 Xxf+x5=0,

(x1+x2)sn X2 4+ x2 # 0,

1
b) f(x1, X2) = V¢ +%3

2142
0 X +x5=0,

©) f(x1, x2) = max®(|xal, [xal),
jsou direfencovatelnév bodé (0, 0).

13. Jedano spojité diferencovatelné zobrazeni f : R" — R". Dokazte, Ze mnozinavsech
x € R takovych, Ze D f (x) je surjektivni, je oteviena

14. Necht f : R" — R™ jelinearni zobrazeni. Dokazte, Ze D f (x) = f. Nazakladétoho
dokazte, 7e pro libovolnadiferencovatelnazobrazenig, h : R" — R™M abod x € R" plati:
a) D(g + h)(x) = Dg(x) + Dh(x),
b) D(9)(x) = (Dg*(x), ..., DgM(x)),
¢) D(g — Dg(x))(x) =0
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15. Pro diferencovatelné zobrazeni f : R — R? plati

£(0.0) = (i) £(0,0) = (1_;)

Rozhodnéte, zdaje funkce g o f, kde g(x1, o) = x? — x3, diferencovatelna V kladném
pripadé urcete D(g o )(0, 0).

16. Necht f : RS — R3,

cos’(y)
f(Xa Y, Z) = S|n(X+y) >

sin(x + 2)

ddeg:R® > R, g(x,y,2) = vx2+y2+22ah: R - R? h(x) = (fz) Vypottete
Di(hogo )10, 7/2,0).

17. Necht f : R3 — R2,

f(x,y,z):( Xyz )

X2 4y2_ 22

Bud g : R? — R? diferencovatelnaa jgji diferencidl jev (1, 1) jeDg(1, 1) = (i _i)
Spoctéte, existuje-li, D(go f)(1, 1, 1).

18. Vypottéte parcidni derivace funkce

_ f(xY,y?%,2%)
Fix.y.2) = (g((xy)z, (y2)*. (zx)y)) ’

kde f, g : R® — R jsou diferencovatelnéfunkce.

19. Najdéte parcialni derivace funkci
a) F(x1, Xx2) = f(g(xa)h(x2), g(x1) + h(x2)),
b) F(x1, x2) = (X1, g(x1), h(x1, x2)),
C) F(x1, X2) = f(g(x1, X2), g(x2, X1)),
d) F(x1, x2, X3) = f(g(x1 + X2), h(x1 + X3)),
€) F(xq, X2) = f(x1, x2, X1),
f) F(x1, X2, X3) = f(x1%, X3%, X31),
kde g, h jsou diferencovatenéfunkceR — R pfipadné R? — R pfipadnéR3 — R.

2
20. Bud f : R? - R?, f(x,y) = (_){ ) Vypocitejte D f (1, —1) - (_i)-

21. Urcete parciélni derivace prvniho Fadu loZzenéfunkce F = f o g, kde f : R? — R,
g:R?2 > R?

f(x1, X2) = X2 — X5%1

_ [Y1C0sy2
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22. Najdéte diferencidl slozenéfunkce F = f o g, kde f : R® 5 R, g: R — R3,

f (X1, X2, X3) = ele(Xz — X3),

X
g(x) = | 2sinx
COSX

23. Necht f : R? - R je diferencovatelna funkce takova, ze f(-2,1) = —2 a
Df(2, —1) = (—2,2). Ddeg: R? - R?
2
_(xy"+2
g(X, y) - (XZy _ 1) .
Najdéte tetnou rovinu ke grafu funkce f o g v bodé (0, O, f o g(0, 0)).
24. Necht f : R? — R jediferencovatelnafunkcetakova, ze f (1,2) = —2aDf(1,2) =
(—1,2). Daleg : R2 — R?,
X2 +y?24+1
g(X, y) - (X2 _ y2+ 2) .

Najdéte tetnou rovinu ke grafu funkce f o g v bodé (0, 0).
25. Ukaite, zeprofunkci f : R2\ {(x,y) € R?;, x2#ay?} - R

y

f =2
X, y) V= a2’ a>0

plati zeD1(D1 ) = a?Dy(Da f).

26. Necht f(xg,x2) = X1 — s , VypoCtéte smérovou derivaci Dy f (0, 0), Dy f (2, 1),
Dy f (1, 2), kde
Q) u=2(11),
u=(-a0 a>0,
gli=(@a—-a a>0.

27. Necht f (X1, X2, X3) = x%sin(xlxzx@, vypoctéte smérovou derivaci podle vektoru
U= (n,m,1)vbodé (1,1, ).



3. Véta o implicitni ainverzni funkci

Priklady

1. Necht

er
f(x,y) = (ex‘;-"rfz).

Dokate, 7e kazdy bod (o, yo) € R? ma okoli V takové, 7e pro kazdé (x’, y') € f(V) ma

rovnice
X/
f X, = /
o= ()

ReZeni: Mame dokazat, 7e existuje okoli V bodu (Xo, Yo), nanémz je zobrazeni f prosté.
Toto zobrazeni je spojité diferencovatelng, sta€i tedy podle véty o inverznim zobrazeni
OVEfit, ze det f'(Xg, Yo) # 0. A ono

pravé jedno feseni (x,y) € V.

€X0 cosyp — e sinyp

— &2X0
e0snyy €% cosyp =040,

det f'(xo, Yo) = ‘

2. Uvazujme rovnici
X2+ 4y?> - 32°=6
abodap = (3,0, 1).

a) Definuje implicitné tato rovnice proménnou y jako funkci x a z na ngakém okoli
bodu (xo, zo) = (3, 1)? Pokud ano, najdéte jei parcialni derivace podie x a z.

b) Definuje implicitné tato rovnice proménnou z jako funkci x a y na ngakém okoli
bodu (xo, Yo) = (3, 0)? Pokud ano, najdéte jgji parcialni derivace podlex ay.
Regeni: a) Jeikoz D2F (3,0, 1) = 0, vétao implicitni funkci nam nefika nic o tom, jestli
je y definovano jako funkce x a z. Pfesto miizeme usoudit, Ze tomu tak neni. Vimnéme
s, zejinak by takové y muselo splihovat

y(X,2) = v6+ 322 — x2.

V bodg (xo, Zo) plati 6 + 325 = x3. JestliZe se x malinko zv&t¥, vyraz pod odmocninou
bude zaporny a dana rovnice tedy nemiize definovat y na zadném okoli bodu xg, zo.

b) Jelikoz D3F (3, 0, 1) # 0, miizeme aplikovat vétu o implicitni funkci azjistime, ze
danéarovnice definuje z jako funkci x ay nangakém okoli U bodu (3, 0). Navic, natomto
okoli mame

’ D3F (X, Y, 2) -6z 37
’ D3F (X, Y, 2) -6z 3z’

kde F = x° + 4y? — 3722 — 6.
3. Rozhodnéte, zdapro F (x, y, z) = 2*¥/2+42Y/2—8nangakémokoli bodu (2, 2, 1) rovnice

F(x,y,z) = 0 implicitné definuje n&akou funkci. Pokud ano, najdéte jeji parcialni
derivacev bodé (2, 2).
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ReZeni: Funkce F je naokoli bodu (2, 2, 1) spojité diferencovatelna, pro existenci impli-
citni funkcetedy staci, aby D3F (2,2, 1) # 0.

DsF(2,2,1) = —2X/Z% In2 — 23’/22—3’2 In2,
tedy
D3F(2,2,1) = —16In2 # 0.
Ozna€meimplicitni funkci f. Plati f (2, 2) = 1 apro kazdé (x, y) z ngakého okoli bodu
*2 /1Y) 4 oy/Ty) _ g
Z téchto vztahll jiZz snadno parcialni derivace zobrazeni f v bodé (2, 2) vypotitame.
4. Necht ) , )
Focyz = (YLD,

Ukazte, Ze F(0,0,1,1) = (0,0) aze F(x, Y, z,u) = (0, 0) definuje (z, u) jako diferen-
covatelné zobrazeni (1, f2) proménnych x a y na n&akém okoli bodu (0, 0). Najdéte
jeho parcialni derivace funkce f1 podle x a y v bodé (0, 0).

ReZeni: Platnost F (0, 0, 1, 1) = (0, 0) je evidentni. Dale

DsF(x,y,z u) DaFi(x,y,z, u)) _ (2z-2u
D3F2(x, Y,z u) DsF%(x,y,z,u)) ~— \0 1

av bodé (zg, ug) = (1, 1) tedy
270 —2Ug _ 2-2
0o 1 —\0-1)"

2-2
a(372) - -2#0
uvedenarovnice definuje (z, u) jako diferencovatelné zobrazeni f proménnych x ay na

n&akém okoli bodu (0, 0). Zavedeme-li si nyni zobrazeni G : R? —» R?* G(x,y) =
(%, y, f(x,y)), vidime, ze

Jelikoz

(0, O) = F(Xa Y, f(X, y)) =Fo G(Xa y)

atedy
0=F'(x,y, f(x,¥) = F'(G(X,¥)) - G'(X, y).

Po nékolika Upravach a vyuziti toho, ze A~1 = (det A)~1adj A, kde A je invertibilni
matice, nakonec zjistime, ze

det (DlFl(O, 0,1,1) D4sF1(0,0,1, 1))
Difl— _ D1F2(0,0,1, 1) D4F2(0,0,1,1) __2_4
s det(DsFl(o,o, 1,1) D4F1(0,0,1, 1)) -
D3F2(0,0,1, 1) D4F2(0,0, 1, 1)
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det D>F1(0,0,1, 1) D4F(0,0, 1, 1)
D2F2(0,0,1, 1) D4F2(0,0, 1, 1)
Dafl=— =--2=1
det (D3F1(0, 0,1,1) D4F1(0,0, 1, 1)) -

D3F?2(0,0,1, 1) D4F2(0,0, 1, 1)

Cviteni
1. Rozhodnéte, zda existuje okoli U c R ¢isla1, nanémz je funkce f (x) = x* prosta.
2. Rozhodnéte, zda existuji oteviené mnoziny U,V c R? takové, 7e (2,7) € U a

zobrazeni F : U — V,
X COS
Focn = (Samy)

je bijekce. Pokud ano, najdéte tato okoli avypoctéte F~1:V — U.

3. Rozhodnéte, zdaexistuje okoli U ¢ R? bodu (1, €), nanémz jefunkce F : R? — RR?,
xY
F(Xa y) = (yx) 9

4. NechtU,V c R?, (0, 1) € V, jsouotevienemnoZiny a f : U — V zobrazeni takové,
Zeprokazdé (x, y) € V plati

prosté.

-1 _ Y 4+ x
f (Xay)_(exy+y)

Vypottéte Do F1(1, 2).
5. Necht funkce f : R — R je definovanapredpisem
X/2 + x?sin(x/2) prox # 0;
f(x)=
0 prox = 0.
Dokazte, ze f'(0) # 0, ale na zadném okoli bodu 0 neexistuje funkce inverzni.

6. Uvedte priklad zobrazeni f : RZ2 — R?, kterémainverzi f~1: R? — R2 takovou, Ze
Df~1(0,0) = 0.

7. Necht f : R? — R je spojité diferencovatelna funkce. DokaZte, Ze neexistuje funkce
f-L

8. Rozhodnéte, zda existuje okoli U ¢ RR? bodu (0, 0) takové, Ze pro kazdé (x, y) € U
marovnice
cos(xz) — sin(yz) = z

FeSeni.
9. Zjistéte, zdaexistuje Cislo ¢ takové, Zepro kazdé x e (1—¢, 1+ ¢) mafeSeni soustava

Xyt =1
yz* = 1.
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10. Rozhodnéte, zda existuje okoli U bodu xg = 0 takové, Ze pro kazdé x € U ma
soustava

X+y+z=¢€
X+y+z= e’

FeSeni. Poznamengime, Ze bod (X, vy, z) = (0, 1, 0) je FeSenim této soustavy.
11. Najdétetakovax,y, z, u, v, w, ke kterym existuje okoli, nanémz je moZno z rovnic

U404+ w?=1
U2 1)2 U)2 1
F‘FF‘F?:

vyjadfitu = f(X,y,z, w)av =g(X,y, Z, w)?
12. Rozhodnéte, zda existuje okoli U bodu (0O, 0) takové, Ze pro kazdé (x,y) € U ma

rovnice
cos(xz) — sin(yz) = z

FeSeni.
13. Ukazte, Zerovnice
242> +y)+1=0
ma jednoznatné feSeni z = f (X, y), pro véechna x, y € R a najdéte parcidni derivace
funkce f.

14. Rozhodnéte, zda existuje funkce f definovana na néakém okoli bodu —1, ktera na
tomto okoli splfhuje
x2 = 2xf (x) + 2(f (X))2+2x+1=0

akteramav bodé —1 lokani extrém.

15. Necht F : R? - R, F(x, y) = 8(x% — y?) + (y? + x?)2. Rozhodnéte, zda rovnice
F(x, y) = 0 naokoli bodu (1, +/3) definuje

a) x jako funkci proménnéy;

b) y jako funkci promenné x.

16. Rozhodnéte, zda existuje okoli bodu O, na kterém rovnice

tan/x2 +y2 - = =0

y

implicitné definuje x jako funkci y.

17. Necht F : R® - R, F(X,y,2) = X + Yy + z — sin(xyz). Rozhodnéte, zda rov-
nice F(x,y,z) = 0 na okoli bodu (0, 0, 0) definuje z jako diferencovatelnou funkci
proménnych X, y anajdéte jeji parcialni derivace (pokud existuji).

18. Existujeinverzni funkcek funkci f : R2 - R?,

f(x.y) = (xy cosy)

Xy sinx
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naokoli bodu (0, 7 2/4)? Pokud ano, najdéte jeji diferencial.
19. Existuje inverzni funkcek funkci f : R2 — R?,
uxw=(%$3)
naokoli bodu (1, 1)? Pokud ano, ngjdéte jeji diferenciél.
20. Napisterovnici tetny anormaly k plose
xIlny+ylnz+zinx =0
v bodé (1,1, 1).

21. Spojité diferencovatelnafunkce F : R2 — R splfiuje F(0,0) = 0, DoF(0,0) #£ 0 a
pro kazdé (x, y) € R? plati F(x, y) = F(y, x). Napi&te rovnici tetny k mnoziné

M = {(x,y) € R% F(x,y) =0}
v bodé (0, 0).

22. Necht funkce g : R? — R je diferencovatelna v bodé (0, 0) a necht g(0,0) = 0,
D19g(0, 0) = 2,D2g(0, 0) = 2. Oznatme gy (y) = g(X, y) apfedpoklademe, zepro kazdé
x existujeinverzni funkce g 1. Polozmeh(x, y) = g5 1(y). Vypottéte parcialni derivace
funkce h v bodé (0, 0).

23. Necht funkce F : R2 — R je diferencovatelna v bodé (0, 0). Oznatme fy(y) =
f (X, y) apredpokladejme, zeprokazdéx existujeinverzni funkce fx‘l. Polozmeg(x, y) =
f.1(y). Déle predpokladeime, Ze pro kazdé x existuje inverzni funkce gg* a polozme
h(x, y) = g X(y). Dokazte, ze

D1 f(0, 0)D19(0, 0)D1h(0, 0) = D2 f (0, 0)D2g(0, 0)D2h(0, 0) = —1.

24. Necht (Xo, Yo, 20, Uo) = (1, 4,4, —5) a

_f x+2y—-z+u ) _ (O
Rozhodnéte, zda na ngjakém okoli bodu (xo, Yo) = (1, 4) uvedena rovnice implicitné
definuje (z, u) jako zobrazeni (f1, f2)(x, y). Pokud ano, najdéte jeho parciani derivace.

25. Uvedte priklad spojitédiferencovatelnéfunkce F : R?2 — R takové, aby DoF (0, 0) =
OamnozinaM = {(x, y) € R%; F(x,y) = 0} bylagrafem diferencovatelné funkce.

26. Necht (xo, Yo, Zo, Uo, v0) = (1,1,-1,3,3) a

_ [(—X+2y—-5z4+3u-5) (0O
F(X,y,Z»“’”)_(x+4y+22+2u—3v)_(O)’

Rozhodnéte, zda na ngakém okoli bodu (o, Yo, z0) = (1, 1, —1) uvedenarovnice im-
plicitné definuje (u, v) jako zobrazeni (f1, 2)(x,y, z). Pokud ano, najdéte parciani
derivace f1 podlex, y az.
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27. Dokazte vétu o inverznim zobrazeni pomoci véty o implicitnim zobrazeni.

28. Dokazte vétu o implicitnim zobrazeni pomoci véty o inverznim zobrazeni.
Vysledky

15. a) ano, b) ne. 16.) ano. 17.) ano, 6f/ox(0, 0) = 6f/oy(0,0) = —1. 18.) Neexis-
tuje, protoze body (0, a), (0, b) se zobrazi na stejny bod. 19. ) Neexistuje, protoZe body
(1, ), (a, 1) sezobrazi nastejny bod.



4. Extrémy funkci vice promeénnych

Priklady
1. Najdéte viechny body, ve kterych funkce f : RZ — R,
f(x,y) =3+ 12y — x5 —y*
nabyva lokalni extrém.
ReZeni: Nejdfive ngjdeme f/(x, y). Plati
f/(x,y) = (3—3x%, 12— 3y?).
Podezielébody ziskametak, Ze f polozimerovnu 0. Redenim ziskanych rovnic dostaneme
3-3x?=0,tedy x> = 1a|x| = 1, 12— 3y? = 0, tedy y*> = 4 a|y| = 2. Dostavame
tak body (1, —2), (1, 2), (-1, 2), (—1, —2). Abychom je mohli klasifikovat, potfebujeme
znat druhé parcialni derivace:
Dll f (Xa y) = _6X5 D12 f (Xa y) = D21 f (X, y) = Oa D22 f (Xa y) = _6y

Potom

. _ —6x 0\
det f"(x,y) = det( 0 —6y) = 36Xy.

V bodé (1, 2) mame D11 f (1,2) < Oadet f”(1, 2) = 72. To znamena, Ze v bodé (1, 2)
nabyva funkce f lokaniho maxima a f(1,2) = 18. Dale dostavame det f”(1,2) =
det f7(2,1) = —72 < 0abody (1, —2) a (-1, 2) jsou tedy inflexni. V bodé (-1, —2)
mameDi; f (=1, —2) > Oadet f”(—1, —2) = 72 > 0. To znamena, zev bodé (—1, —2)
nabyvafunkce f lokalniho minimaa f (-1, —2) = —18.

2. Najdéte viechny body, ve kterych funkce
a) f(X, y) = X2_2Xy+y25 b) f(X, y) = X3_3Xy2+y25
nabyva lokalni extrém.
ReZeni: a) Zde plati
f'(x,y) = (2x = 2y, —=2x +2y) = (0,0),
jestlize x = y. Mame tedy spoustu bodt podezielych z extrému. Dale plati
Dunf(x,y) =2, Du2f(X,y)=Daf(x,y)=-2, Danf(x,y)=2
Tedy
P _ 2-2\
det f”(x, y) = det (_2 2) =0.
To znamena, Ze toto kritérium nam nedava zadnou odpoveéd. Pokud si ale uvédomime, ze
f(x,y) = (x=y)>,

Zjistime, ze v kazdem podeziel ém bodé nabyva funkce f absolutniho minima.
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b) Zde plati
f/(x, y) = (3x? — 3y%, —6xy +2y) = (0,0),

jestlize
x*—y?=(X—y)(X+y) =0,
—6xy + 2y = 2y(—3x+1) = 0.

Z prvni rovnicetedy y = £x azdruhéy = Onebo X = % Podezielymi body tedy jsou

Dif(x,y) =6x, Di2f(X,y)=D2f(x,y)=—-6y, Daf(x,y)=—-6x+2
Tedy
Dufd, H=buf@G. -H=2 Duf(0,00=0 Dn@E =-2

D12(3, -3 =—2, D12f(0,00=0, Dxnf(3 3 =Dnf -3 =0
D22 f(0,0)=0

det f"(3, ) =det (3, —3) = —4 <0, detf"(0,0=0.

To znamend, Ze body (3, 3), (3, —3) jsou inflexni a v pfipadé bodu (0, 0) nam toto

kritérium nedava zadnou odpovéd. Ovdem, na piimce y = 0, funkce fly—o(x) = x3
neméav bodé x = 0 Zadny lokani extrém abod (0O, 0) je tedy také inflexni.

3. Najdéte lokalni extrémy funkce
f(x,y) = 27x°y + 14y3 — 69y — 54x.
Regeni: Plati
D1f(x,y) =54xy — 54, Daf(x,y) = 27x% + 42y? — 69.

ReZenim soustavy rovnic

Dif(x,y)=0
D>f(x,y)=0
jsou body
(X]_, Y1) = (19 1)9 (XZ, y2) = (_19 _l),
(X3, y3) = (vV14/2,3/v/14), (x4, ys) = (—/14/2, —3//14).
Déle

D11 f(X,y) =54y, Diaf(X,y) =Daf(x,y) =54x, Daf(x,y)=84y.

Pfimym vypoctem nebo pomoci Sylvestrovakritérialze zjistit, ze matice

54y 54x
54x 84y
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je v bodé (x1, y1) pozitivné definitni, v bodé (X2, y2) negativné definitni a v bodech
(X3, Y3) a(Xa, ya) indefinitni. Funkce f matedy v bodé (x1, y1) lok&lni minimum, v bodé
(X2, y2) lokalni maximum aplati f(x1, y1) = —82a f (x2, y2) = 82.

4. Najdé&te lokalni extrémy funkce

fX,y)=x+y
na mnoziné M dané rovnosti 1 1

ReZeni: Jelikoz pro kazdy bod (x, y) € M afunkci
1 1
Q(X,Y)zﬁ‘f‘?—l

plati Dg(x, y) # O, Ize na¥eSeni Glohy pouzit metodu Lagrangeovych multiplikéatord.
Hledame tedy body (x, y) € M ac¢islo 1 takové, Ze pro Lagrangeovu funkci

1 1
L(x,y,/l)zx—}—y—i(ﬁ+F —1)
plati
1
DiL(x,y,2) =1+ 2/1F =0,
1
DoL(X,y,2) =1+ 2/1ﬁ =0.
Tato soustava méa nasedujici dve feseni:
(X1, Y1, A1) = (V2,v/2,=v2), (X2, Y2, 42) = (—V2, =2, V2).
Dée
yl

(DnL(x, y,2) DL (X, . A)) 6 O

Dal(x.y,2) DzL ¥, 2)) ~ | o _6Z,
y

Tato matice je v bodé (x1, y1, A1) pozitivné definitni a v bodé (X2, y2, 12) negativné
definitni. Funkce f matedy namnoziné M v bodé (x1, y1) lok@ni minimum a v bodé
(X2, y2) lokani maximum. Plati f(x1, y1) = 2v/2a f (x2, yo) = —2v2.

5. Najdéte ngjmensi a nejvétsi hodnotu funkce
f(X,y) =x%+y?—2x + 4y
namnozné M danérovnosti x? + y? = 25.

ReZeni: Jelikoz mnoZina M jekompaktni afunkce f spojita, existuje maximum aminimum
funkce f namnoziné M. Jelikoz pro kazdy bod (x, y) € M afunkci

g(x,y) =x2+y?—25
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plati D1g(X, ¥), D2g(Xx, y) # (0, 0), Ize nafeSeni Glohy pouZit metodu Lagrangeovych
multiplikatorll. Jestlize (xo, Yo) je bod extrému funkce f na mnozing M, existuje €iso
A € R takové, ze pro Lagrangeovu funkci

L(X,y,2) = f(X,y) — ig = x* + y* = 2X + 4y — A(x* + y* — 25)

plati
Di1L (X0, Yo, 4) =0,
D2L (%o, Yo, 4) =0,
tedy
(1—)xo= 1
1-MDyo=-2

X5 +ys= 25.

VyFeBenim této soustavy dostaneme (Xo, Yo) € {(v/5, —2v/5), (—/5, 24/5)}. Jelikoz
f(v/5, —24/5) = 25+ 65 a f (—+/5, 24/5) = 25+ 10./5, je nejmendi hodnota funkce
f namnoZing M rovna 25 + 6/5 angvétsi 25 + 104/5.

Druha moznost: Mnozinu M parametrizujeme rovnicemi x = 5cos(t) ay = 5sin(t),
kdet € [0, 2z]. Nyni zOZimefunkci f namnozinu M. Tedy

g(t) = f|m = 25c05°(t) + 25sin’(t) — 2cos(t) + 4sin(t) = 25 — 2cos(t) + 4sin(t).

Nyni hledameextrémy funkceg na[0, 2x ], to je alejednoduché, protoze sejednao funkci
jedné proménné. Proto polozme

g'(t) = 2sin(t) + 4cos(t) =0,

€0z po Uprave dava
sn(t) y_

cos(t) X

Odtud y = —2x adosazenim do rovnice pro mnozinu M mame x2+4x2 = 25. A konetné
(X1, Y1) = (v/5, =24/5) a (X2, y2) = (—+/5, 2/5). Zbytek prikladu dofesime tak, jak je
uvedeno vy3e.

6. Najdéte neimensi a nejvétsi hodnotu funkce

f(X,y) =x%+y?—2x + 4y
na mnozné M dané nerovnosti x2 + y? < 25.
ReZeni: Mnozina M je kompaktni afunkce f spojita; maximum aminimum funkce f na
mnoziné M tedy existuje. Ngjprve hledame extrém funkce f uvnitf mnoziny M. Necht
(X0, Yo) je bod, v némz funkce f nabyva na mnoziné M maxima nebo minima. Je-li

(X0, Yo) € intM, plati
D1 f(xo0, Yo) =0,

D2 f (xo0, Yo) =0,
tedy
2X0—2 =0,
2Yo+4=0
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a (Xo, Yo) = (1, —2). Je-li (xp, Yo) € frM, je bodem extrému funkce f namnozZinéfrM.
Podle predchoziho prikladu tedy (o, Yo) € {(+v/5, —2+/5), (—/5, 2+/5)}.
Celkové, je-li bod (xo, Yo) bodem extrému funkce f namnoziné M, plati

(X0, Yo) € {(1, —2), (+v/5, —2+/5), (=v/5, 2/5)}.

Jelikoz f(1, —2) = =5, f(v/5, —2v/5) = 25+ 6+/5a f(—+/5, 2/5) = 25+ 105, je
neimendi hodnotafunkce f namnozing M rovna —5 anejvétsi 25 + 10/5.

7. Najdéte negjmensi a nejvétSi hodnotu funkce
f(X,y) = x>+ y? —2x + 4y
namnoziné M dané nerovnostmi x2 + y2 < 25,y > 0.
ReZeni: Existence maxima a minima opét plyne z kompaktnosti mnoziny M a spojitosti

zobrazeni f. Oznafme (Xo, Yo) bod extrému funkce f namnoziné M. Nyni mohou nastat
tfi moznosti. Je-li (xo, Yo) € intM, plati

D1 f (xo0, Yo) =0,

D2 f (Xo, Yo) = O.

Tyto podminky ovSem Z&dny bod mnoziny M nespliiuje. Je-li (Xo, Yo) € frM, yo > 0,
je (podie feeni predchoziho prikladu) (xo, Yo) = (—+/5, 2¢/5). Je-li Xg € [=5, 5], Yo =
0, Ize bod (Xo, Yo) Opét ngjit pomoci Lagrangeovy funkce, jednodussi ovdem je ngjit
podezielé body funkce g(x) = fly—o(X, y) naintervalu [—5, 5]: Krajni body (-5, 0),
(5, 0) jsou podezieléautomaticky aprotoze g’ (x) = 2x — 2, je stacionarnim (podezielym)
bodem bod (1, 0). Tedy celkoveé:

(X0, Yo) € {(=+/5,2V/5), (=5, 0), (1,0), (5, 0)}.

Jelikoz f(—+/5,2+/5) = 25+ 104/5, f(—5,0) = 35, f(1,0) = —1, f(5,0) = 15je
nejmendi hodnotafunkce f namnoziné M rovna —1 anejvéts 25 + 10+/5.

Cviceni

1. Najdéte lokalni extrémy funkce f : R2 — R, jestlize
Q) f(x,y)=1+6y—y>—xy—x*%  b) f(x,y)=x*—2y*—3x+5y—1;

Q) f(xy)=(y-x-3% d) f(x,y) = x?y3(12 - x — y);

&) f(X,y) =x+y+4cos(x)cos(y); f) f(x,y) =4ax*—xy+y%

g) f(x,y) = sin®(x) + cos(y); h) f(x,y) =x?—xy—y?+5y—1
i) f(x,y) =x2+y% i) f(x,y) = %2+ x%y%

k) f(x,y) = f(x,y) =x2+y3% ) f(x,y) = x%y?

m) f(X,y) =/ X2+ Y2

2. Najdéte lokalni extrémy funkce f : R?2 — R (respektive R® — R), jestlize
a) f(x,y) =x%—y?—2xy — 4x;
b) f(x,y) = (8x? — 6xy + 3y?) e+3;
0) f(X,Y,2) = 35— 6x + 2z + x> — 2xy + 2y? + 2yz + 372%.
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3. Nagjdéte vechny lokani extrémy funkce f

Oneboz=0} - R,

4. Najdéte vSechny lokalni extrémy funkce f

12 24
f(x, y,z)—xyz+—+—+
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: Rs\{(X,y,Z); X = Oneboy =

72

y 4

1 (=1, 0) x (-1,00) = R,

f(x,y) =

Y1+ X+ xy/14y.

5. Najdéte maximumfunkce f : RT x RT — R,

f(x,y) =

Xy — 4y — 8x

6. Najdéte lokalni extrémy funkce f na mnoziné g(x, y) = 0 (resp. g(x, y, z) = 0),
jestlize

7. Najdéte maximum a minimum (pokud existuje) funkce f

af(X,y)=xy—x+y-1,
b) f(x,y,2) =xyz,

c) f(x,y,2) =xyz,

d) f(x,y) =6—4x — 3y,
e f(X,y)=xy—x+y-1,

gX,y) =x+y—1
9(X,y,2) =X+ y2+ 22— 3;

9(x,y,2) =

gx,y) =x2+y2—1;
gx,y)=x+y-1

X+y+z-5 ).
Xy +yz+zx—-8)’

f) f(x,y) =x*+2y?, g(X, y) = X2 — 2x + 2y2 + 4y;
2 22 _[(Xx+y—=3Z+T).
g)f(X,y,Z)—X +y +Z’ g(X,y,Z)— X_y+Z—3)

h) f(x,y) =x+Y,

R3 — R) namnozing M, jestlize

8. Nadéte lokani i globani extrémy funkce f

Q) f(x,y) = B2 +2y2)e XY M
b)f(x,y,z):xz—y2+23, M
o) f(x,y) =x?—2y°+4xy —6x, M
d fx,y)=y M
e f(x,y)= e, M
fy f(X,y,2) =x — 2y + 2z, M
0) f(X,y,2) = Xy + 2xz+ 2yz, M
h) f(x,y) =x2+y2 M

mnoziné M, jestlize

9.

g(x,y) = 1/x% +1/y2.

: R?2 > R (respektive

{(x,y) € R?; x2+y? < 4};

{(X,y,2) e R3 x2+y2 42722 < 1};
{(x,y) e R? X,y >0,y < =X+ 3};
{(x,y) e R? y < 1,y3 < x?);

{(x,y) e R% x2—y? < 1};

{((X,y,2) e R3; x24+y24+72=09};
{(X,y,2) e R% xyz=4};

{(x,y) e R?% x4yl <1 |x—yl <1}

: R2 - R (respektive R® — R) na

a) f(x,y) = Vx2+2, M ={(x,y) e R% x?+y? < 12};

b) f(x,y) =xy, M ={(x,y) € R% x+y=1};

0 f(X,y,2) =x+2y—2z, M={(X,V,2); X2+Vy2+722=2z2=x%+y?};
d) f(x,y,2) = xy+ xz M={(x,y,2) e RS x24+y2=1xz=1};

e) f(x,y)=4xy M = {(x,y) € RZ: x*+ y* = 2};

f) f(x,y) = 5x + 4y M = {(X,y) e R?: x? — y?> = 9}.

Bud f :

R? — R, f(x,y) = cos(x) cos(y) cos(x + y). Najdéte ngmendi a nejvetsi

hodnotu funkce f nactverci svrcholy (0, 0), (0, x), (x, ), (x, 0).
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10. Najdéte supremum ainfimum (pokud existuje) funkce f (X, y, zZ) = X+ y namnoZziné

M={(x,y,2) eR% x> +722 <1, y>+7° < 2).

11. Najdéte maximum funkce f : R® —» R,
f (X, y,z) = 900z — 700x — 400y
namnoziné danérovnosti z= x/3+y/3—1/x —1/y + 5.

12. Necht f : R? —» R,
f(x,y)= €Y,

aM = {(x,y) e R% J/IX] + Iyl < 1}. Vypottéte f (M).
13. Dokazte, Zeprokazdéx,y,ze R, X, y, z > 0, plati

3/Xyz < # .

(Navod: Hledejte maximum funkce f (x, y, 2) = yXyznamnozing 3(x +y + 2) = k.)
14. Naleznéte vzdalenost elipsy x? + 2y? + 2(x + 1)y = 1 od bodu (0, 0).

15. Na parabole y? = 4x naleznéte bod, ktery je nejblize pfimcex — y + 4 = 0.

16. Naleznéte kvadr nejvétsiho objemu, jestlize délkajeho Ghlopficky je rovna2+/3.

17. Naleznéte polomeér r avysku h kuzele nejvétsiho objemu, aby jeho pl&st byl roven S.
18. Naeznéte kvadr, ktery ma pfi daném povrchu S maximéalni objem.

19. Najdéte takova Ctyfi redlnanezaporna cisa x, y, z, u se souctem s, aby jegjich soucin
byl nejvétsi.

20. UrCete polomér r avysku h vélce, ktery méapfi daném povrchu S maximalni objem.
21. Mezi vsemi trojuhelniky o obvodu O naleznéte ten s maximanim obsahem.

22. Bud M c R" kompaktni mnozinaa x bod nelezici v M. Dokazte, Ze existuje bod
y € M, ktery ma ze véech bodli mnoziny M od bodu x nejkratsi vzdaenost.

23. Bud M c R" uzaviena mnozina a x bod nelezici v M. Dokazte, ze existuje bod
y € M, ktery maze vech bodli mnoZziny M od bodu x nejkratsi vzdalenost.

vysledky

1. a) Maximum v (=2, 4), d) maximum v (4, 6), h) nema extrém; i) minimum v (0, 0);
j) neostré minimum v (0, ¢), ¢ € R; k) nema extrém; 1) neostré minimum na obou
osach; m) minimum v (0, 0). 2. @) Nema extrém, b) minimum v (0, 0), ¢) minimum
v (8,5,—2). 3. ) Minimum v (1,2, 6), maximum v (=1, —2, —6). 6. a) Maximum
v (=3, 3); d) minimum v (2, 3,4 = 3, mximumv (-2, -3),1 = —3; e Nelze
pouzit Lagran. metodu, dosazenim maximum v (—3, 3); f) minimum v (0, 0), 1 = 0,
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maximum v (2, —2), 2 = —2; g) minimum v (0, —1,2), 11 = 1, 12 = —1; h) mini-
mum v (v/2, v/2), A = /2, maximum v (—+/2, —v/2), 1 = —/2. 8. €) lok. maximum
A=-1Dv(@1), (-1 -1 alok.minimum(i = 1) v (1, —1), (-1, 1), f) lok. maximum
(A =-1/2) v (-5,4) alok. minimum (1 = 1/2) v (5, —4). 15.) (1,2). 16.) Krychle
ostrang 2. 17.) r = /S/(¥/3y7),h = V/25/(¥/3/7). 18.) Krychle o strang ,/S/6.
19)Xx=y=z=u=5/4.20.)r =h/2=./S/(6r).21.)a,b,c= O/3.



5. Integralni poCet na R"

PFiklady
1. Wpoctéte
/ (2x 4+ 3y — 2) dx dy,
A
kde A=[-2,3] x [1,4].

Redeni: Funkce (2x + 3y — 2) je spojitanamnozing A, coz je méfitelnamnozina, a f je
tedy na A integrovatelna. MnoZinu A s mbizeme vyjéadfit nerovnostmi
—2<Xx<3,
l1<y<4

Podle Fubiniovy v&ty miizeme dany integral pocitat dvéma zplisoby. Viybereme si jeden z
nich.

3 4
/A(2x+3y—2)dxdy=/_2 (/1 (2x+3y—2)dy) dx =

3 3y2 4 3
= / [ny—}— —_ - 2yi| dx = / (6x + 16,5) dx = 97,5.
-2 2 1 -2
2. Wpoctéte
/ xy dx dy,
A

kde A je mnoZinaviech bod{i zR? ohranicenaparabolouy = 2x —x? apfimkouy = —Xx.

ReZeni: Bylo by vhodné namalovat si obrazek. Soufadnice priise&ikii Py, P> uvedené
paraboly a uvedené pfimky najdeme feSenim systému rovnic

y = 2x — X%,

y = —X.
Odtud dostavame P; = (0, 0) a P> = (3, —3). MnoZina A je tedy dana nerovnostmi

0<x<3
—X <y < —X®+2x.

Jelikoz je funkce F spojita na méFitelné mnozing A, plati
3( p—x+2x 3 xy2 —x%42x
/xydydx =/ (/ xydy) dx:/ [—} dx =
A 0o \/-x oL 2]
3
= %/ (x° — 4x* + 3x3) dx = —28.
0

3. Wpoctéte

/ y dx dy dz,
A

203
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kdeA={(x,y,2)eR% x>0, y>0, z>0, 2x+2y+z—6 < 0}.

ReZeni: Opét by bylovhodnénamalovat si obrazek. Z podminekz > 0, 2x+2y+z—6 <
0 prozvyplyva0 < z < 6 — 2x — 2y. MnoZina A jsou tedy takové body z R3, pro které
plati

0<x<3,
0<z<6-—2x-—2y.

Funkce f (X, y, 2) = y je spojitanaméfitelné mnoZiné A aje nani tedy integrovatel na

Plati
3 ,3—x p6-2x-2y
/ydxdydz:/ / / ydzdydx = Z.
A oJo Jo

/A e~ dx dy,

pFitemz mnoZina A je dana nerovnostmi 1 < x2 +y2 <9, y > 0.

4. \Wpoctéte

ReZeni: Pouzijeme transformaci do polarnich soufadnic. Mnozina A je pfi této transfor-
maci obrazem mnoZiny B dané nerovnostmi 1 <r < 3, 0 < ¢ < r, jak se mliZzeme
presvédCit pouzitim transformacnich vztahll v uvedenych nerovnostech. Toto zobrazeni
je namnozing urcené nerovnostmi r > 0,0 < ¢ < 2z prosté a spojité diferencovatelné.
Funkce f(x,y) = ey je spojita a tedy integrovatelna na mnoziné A. Proto podle
Fubiniovy véty plati

_x2_\2 12002 p—r2sim? T (1 1
e Vdxdy= [ eI rdpdr = (= - 5 ).
/. xy = [ ridocr =5 (5~ )

5. Wpoctéte

kdyz A je dana nerovnosti

ReZeni: P¥i vypottu pouzijeme zobrazeni dané rovnicemi

X = ar cos? cosg,
y = br cos¥ sing,
z =czsinv.

Jakobian tohoto zobrazeni je abcr 2 cosd. Toto zobrazeni je prosté a spojité diferencova-
telné na mnoZiné dané nerovnostmir > 0, 0 < ¢ < 27, —7/2 < ¥ < /2. Mno-
Zina A je pfi uvedené transformaci obrazem mnoziny B dané nerovnostmi 0 < r < 1,
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0<¢ <29, —m/2 <9 < /2 Funkce

2 2 2
f(x,y,z)=\/1—x——y——z—

je spojita atedy integrovatelndna mnoziné A. Proto plati

/A\/l—z—ﬁ—?dxdydz:

= \/1—I‘2COSZ¢7 co? ¥ —r2sin? g cos? ¥ — r2sin2 ¢ |aber 2 cosd | x
B
x dr dp d¥ =

1 r2z rm/2 2
:/ / / V1 —r2abcr?cos’d dv do dr = %abc.
0 Jo —n/2

6. Najdéte pomoci dvojného integralu obsah Casti A roviny ohranicené kfivkami y =

JX, y=2/xax =4
ReZeni: Cast A roviny ohraniéenadanymi kfivkami je mnoZina uréena nerovnostmi

0<x<4,

VX <y <2Yx

4 2%
S:/ dxdy:/ / dxdy = 2.
A 0 Jyx

7. Najdéte objem mnozny A ohranicené plochami

aproto dostavame

z=x>+4y? y=x? y=1 z=0.

ReZeni: Danamnozina A je zdola ohranigenarovinou xy (neboli z = 0), zhora rotaénim
paraboloidem z = x2 + y2 a z bok{l ,,parabolickym valcem* y = x2 arovinouy = 0.
MnoZina A jetedy valcovitétéleso, prokteréplati 0 < z < x2+ y? prokazdé (x, y) € B,
kde B je dana nerovnostmi

Proto plati
2,2 Yta 88
V=/B(x +y)dxdy=/_1/xz(x +y)dydx=ﬁs.

8. Najdéte objem mnoZziny A ohranicené plochami
iy 4R =ad P4y +R=b, xXP+y:-Z2=0,

pficemzz > 0al0<a<h.
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ReZeni: Danamnozina A je téleso ohrani&ené dvémakoncentrickymi kulovymi plochami
se stedem v pocatku a ,,polovinou” kuzelové plochy x2 4+ y? = 72 s vrcholem ve stfedu
obou kulovych ploch. Objem tohoto télesa vyhodné najdeme ve sférickém soufadni covém
systému. Mnozina A je obrazem kvadru

INIA

=

INIA

N O
Nlaﬁ {

BN o o
IA

< S
I

pfi zobrazeni daném rovnicemi

X = r cos? CoSg,
y =r cosd Sing,
Z=zsind.

Toto zobrazeni je prosté a spojité diferencovatel né na mnoziné uréené nerovnostmi

T T
r-0, O 2r, ——= <V <
> <@g <2rm > <V <3

ajeho Jakobian je rovenr 2 cosd. Proto plati
b r2z px/2 -
vz/ dxdydz:/ / / r2cosﬁdz9d¢dr=—(2—ﬁ) (b3—a3).
A a Jo /4 3

9. Najdéte objemovy element na kruznici S se stfedem v bodé (0, 0) a polomérem R.

ReZeni: Rovnice kruznice s pozadovanymi parametry je x2 + y2 = R2. V&mavy student
jisté snadno pozna, Zze normalovy vektor v bodé (x, y) leZici na kruznici je napfiklad
u= (x,y) (steiné tak i v = (2x, 2y)), jednotkovy norméovy vektor v bodé (x, y)
je tedy roven n = (x/R, y/R) (tento krok bude jasngSi uvédomime-li s, Ze |Ju|| =
VX2 4+ y2 = R). Nyni, mame-li normalovy vektor v libovolném bodgé kruznice (nékdy se
takéfikajednotkové normélové pole nakruznici), zZiskdme objemovy element nakruznici
kontrakci objemového elementu na R? timto zminé&nym vektorovym polem. Objemovy
element naR? je dx A dy (n&kdy zkraceng jen dx dy). Vzorec pro kontrakci vngsiho
soucinu 1-forem nasleduje

ic(@An) =ig(@n—is(no.

Dosadime-li, dostavame

y

dS=ip(dx A dy) =ip(dx)dy —ip(dy)dx = %dy— ﬁdx.

10. Ovérte spravnost vzorce pro obvod kruznice (O = 2z R) pomoci integrace objemového
elementu.

ReZeni: Z predchoziho prikladu vime, Ze objemovy element nakruznici So poloméru Rje
dS = x/Rdy — y/Rdx. Obvod spotitame pokud zintegrujeme tento objemovy element

pres tuto kruznici. Tedy
0=/ dsz/idy—idx.
s s R R
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Parametrizujme kruznici Stak, Ze poloZimex = Rcost, y = Rsint at € [0, 2z]. Nyni
dosadime do naSeho integralu

2t Rcost . Rsint 2n .
o) :/ d(Rsint) — —— d(Rcost) =/ R(cos’t + sin?t) dt
0 R R 0
= R[t]5" = 2z R.

11. Wpocitejte kiivkovy integral prvniho druhu

/,/1+x2+y2dc,
c

kde C je spiréla dana parametrizaci X = ¢ cosg, Yy = ¢ Sing pro ¢ € [0, 2x].

ReZeni: Pouzijeme vzorec pro vypotet integralu po kfivce C s parametrizaci I : | —
R?, (X, ¥) = (p(t), y (1)):

L teende= [ toromroid [ 16, vy ooz woz
Jelikoz je parametrizace danav zadani, lehce dostavame:
/ J14+x2+y2dC = / 1+ 0?|[(cosp — g sing, sing + ¢ cose)| dp =
C [0,27]

2r
=/ \/l-l-(/)z\/(COSgo —psSing)2 + (sing + ¢ cosp)2dp
0

_ /Ozn o 2

><\/COSZgo—2¢COS(pSingo+¢28in2¢+sin2¢+2(psingoCOS(p+§02C082¢7dgo
2r 2n 3.2z 873
= [ J1+02/1+p2d :/ 1+ ¢2d :[ "’—] =2 + —.
/0 + 92/ 1+ p2dp ; oty = o+ | T+ =3

Mimo jing, jsme ziskali objemovy element na té&to spirdle v polarnich soufadnicich:

dC = 1+ ¢2dy.

12. Wpocitejte plodny integral druhého druhu

/xdydz+ydxdz+ (Z2 — 1) dxdy,
s

kde Sje &ast valcové plochy x2 + y2 = 1 ohraniéenarovinami z=0az = 2.
ReZeni: V& covou plochu miizeme parametrizovat takto:
X = COS@
®h,p)=| y=snegp |,
z=h

odtud dostavame, Ze dx = —sing dg + 0dh, dy = cosg dp + 0dh, dz = Odyp + dh.
Defini€énim oborem nasi parametrizace je obdénik | = [0, 2z] x [0, 1], proto
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/xdydz+ydxdz+(zz— 1) dx dy
s

:/COSq)COSgodgodh—Sinq)(—singo)d(odh+(hz—l)(—Singo)dgoCOS(pd(p
! 1 r2z ll

:/cos%—s‘n%d@h:/ / cosZgodgodhz/ E[sinzga]g’f dh = 0.
[ o Jo 0

13. Wpoctéte plodny integral prvniho druhu

/de,
S

kde Sjeje tast grafu z = x2 + y? leZici nad pllkruhem x? + y? < 1, x > 0.

ReZeni: VyuZijeme nasledujiciho vzorce

/Sf(x,y,z)dS:/U foo(u,v)

vnémzos : U — Sje parametrizace plochy S. V naSem pripadé je o : (r,¢) —
(r cosp,rsing,r?)au =[0,1] x [-z/2, z/2]. Proto:

/2 1
/de /rCOSq)H( 2r,0, l)||drdg0—/ / r cospv4ar2 + 1dr dp =

oo oo
—(u —(u, dudo,
=5 (U0) x = (u,0)| dudo

/2
/2 5\/5 1
= —cos 1+ 4r2)2/3 / cos(p) d
/_ 12 o[+ 4223 dp = o ) S(¢) dy
T/ /2
_5¢§—1[Sin /2 _5/5-1
T Plzp= "6

14. Wpocitejteintegral [qx dy dz+ y dzdx + zdx dy, kde Sje hranice krychle [0, 1]3.

ReZeni: Jemozno plochu Srozdélit nagest &asti (jednotlivéstény krychle) apogitat integral
prestyto Casti. My ale vyuZijeme Stokesovu vétu, tedy

/xdydz+ydzdx+zdxdy: d(xdydz + ydzdx + zdx dy)
s (0,13

:/ dxdydz + dydzdx + dzdxdy
[0,1]3

_3 / dx dy dz = 3[x]3[yl}[z1} = 3.
[0,1]3

Cviceni

1. Znazornéte mnoziny dané systémem nerovnosti
Ay<X, y=x% b)x?+y?—1>0,4—x?>—y?<0, |y| > x|,
0l<|x| <2, 1<|yl<2 d0<x<?2a v2ax—x2<y<2ax, a>0.

2. Vlypoctéte
a) Jo [ xy?dydx; b) J7/? fcosy x4 dx dy.
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3. Vypoctéte
a) [ (X2 +y? —2x — 2y + 4) dxdy, kde A=[0,2] x [0, 2];
b) [, x2ycos(xy?) dxdy, kde A = [0,z /2] x [0, 2];
c) [oXy?y/Zdxdydz, kde A=[-2,1] x [1, 3] x [2,4].

4, Zameénte poradi integrovani
a) 2 [ f(x,y)dxdy; b) 2[5 £ (x, y) dy dx;
1 01— . 1 pl— +
) Jo f_jl_—yzf(x,y)dxdy, d) fo Jo 7 JotY £(x, y, 2) dzdy dx.

5. Napiste Fubiniovu vétu pro dvojny integrédl [, f(x, y) dx dy, pokud
a) Ajelichobéznik svrcholy (1, 1), (3,1) (2, 2), (1, 2);
b) A je mnoZinaohranitenahyperbolou y? — x2 = 1 akruznici x? + y2 = 9, pficemz
obsahuje bod (0, 0).

6. Vypoltéte

a) [, (5% — 2xy) dx dy, kdyZ A jetrojuhelnik s vrcholy (0, 0), (2, 0), (0, 1);

b) [5(x — y) dx dy, kdyZ A je mnoZinaohrani¢enapfimkami y = 0, y = x,
X+y=2

0) [a /Xy — y2dx dy, kdyZ A jedananerovnostmi 0 < y < b, y < x < 10y;

d) [A(IX] + |yl) dxdy, kdyZ A je dananerovnostmi |x| + |y| < 4;

€) [4(12 — 3x — 4y) dx dy, kdyz A je dananerovnostmi x? + 4y? < 4;

f) [, x/3dxdy, kdyz A je ohrani¢enakfivkou x = 2+ siny apfimkami x = 0,
y=0, y=2x;

) [oson (x2 — y2 + 2) dxdy, kdyz A jekruh x? + y2 < 2.

7. Vypoltéte
3 i 2 [Rx+y+2dxdydz  b) [ [ Y xPy2zdzdydx;
Ot T Y I — y — 2)/(z— &)z +y — € dzdydx.

8. Vypoctéte uvedeny integral, kde mnoZina A je dana uvedenymi nerovnostmi

a) fAzzdxdydz,A: VX2 4y2<z</2-x2—y2 0<y<1—x2
0<x<1;

b) [yzdxdydz, A: x?/a?+ y?/b? +z2/c? < 1, z > 0,kdea, b, ¢ > 0;

) [ (x2+y%+27%) dxdydz, A: y?+27% < x%, x2+y?+22 < R%, x > 0.

9. Vypoctéte integrél
1-x24y?
14+x24y2
kde A c R? je oblast ohranienakfivkami x = 0,y = 0ax? + y2 = 1.
10. Vypoctéte uvedeny integral, kde A je mnozina ohranicenauvedenymi plochami
a) fA(2x+3y—z)dxdydz,A: z=0,z=a, x=0,y=0, x+y=b, a,b> 0;

b) [yxyzdxdydz, A: x2+y?+22=1 x=0,y=0,2=0, X,y,z> 0;
) [pycos(z+x)dxdydz, A: y=/X, y=0,z2=0, x+z=m/2.

11. Vypoctéte
a) [x (X2 +y? + 7% + u?) dx dydzdu, kde A = [0, 1]%;
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b) [ u* e’ dx dy dzdu, kde Ajemnozinadananerovhosmmi0 < z<u, 0<u <
1,0<y<zu, 0<x<yzy
c) [, dxtdx?... dx", kde Ajemnozinadananerovnostmi x! > 0, x2 > 0,...,x" >

0, x}4+x2+.. . +x"< 1.

12. Vypoctéte dvojné integraly namnoziné A transformaci do polérnich soufadnic
a) [5(1—2x — 3y) dxdy, kde Ajekruh x? + y? < 2;
b) [5In(x2+y?) / (x2 + y?) dx dy, kde Ajemezikruzi 1 < x>+ y? < €
c) [osiny/x2 + y2dx dy, kde A je mezikruzi 72 < x2 + y? < 4z2.

13. Vypocitejte pomoci transformace do zobecnd@ ych polarnich soufadnicx = ar cose, y =
br sing dvojny integrél

2

X2 y2 . cy . X 2
1— 2 2 dxdy, kde A jevnitfek elipsy 22 +

y
?51.

14. Vlypoctéte trojné integraly namnoziné A transformaci do valcovych soufadnic
a) [, dxdydz, A: x>+y?<1, x>0,0<z<6;
b) [ zv/x% + y?dxdy dz, kde A je mnoZinaohranigenarovinamiy =0, z=0,z =
a > 0avacovou plochou x2 + y? = 2x;
©) [ (x2+ y?) dx dy dz, kde A je mnoZina ohranitena paraboloidem 2z = x2 + y?
arovinouz = 2.

15. Vlypoctéte trojné integraly namnoziné A transformaci do sférickych soufadnic
a) [4v/X2+y2 + z2dxdydz, kde Aje East koulex? + y? + 22 < 1, X,y,z > O;
b) [5 (X2 +y?) dxdydz, A: 2> 0, 4> x>+ y?+ 22> 9;

0) [av/X2+ y2 + z2dx dy dz, kde A jekoulex? + y? + 722 < z.
16. Vypoctéte obsah oblasti ohranicené pfimkami

2X—y=0, 2Xx—-y=7, x—4y+4+7=0, x—-4y+14=0.

17. Vypottéte obsah oblasti ohranicenych elipsou x2/a? + y?/b? = 1 apfimkou x/a +
y/b=1

18. Vypotitéte obsah oblasti ohranigené danymi kFivkami
ay=x-a)?/a a>0, x2+y2 = a;
b)y:_z’ y:X+27 y:2, y2:X.

19. Transformaci do polarnich soufadni c najdéte obsah ¢asti roviny ohranienékruznicemi
(x—a)2+y2=a?ax?+(y—a)?=a?

20. Pomoci zobecn@ych poléarnich soufadnic

x = ar cosP ¢,
y =brsinPg,
kde a, b, p jsou vhodné zvolené konstanty, vypoctéte obsah Casti roviny ohranicené da-
nymi kfivkami
8) (x2/a% + y?/b?)* = xy/c; b) (x/a+y/b)2 =x/a—y/b, y>0;
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0 X +y% =axy; dvX+/y=+a, x+y=a>0;

21. Trasformaci do zobecnélych sférickych soufadnic x = ar cos cosgp, y = br cosd sing,
z = cr siny vypotteteintegréal

kde V je elipsoid se stfedem v bodé (0, 0, 0) a poloosami a, b, ¢ > 0.

22. Vlypoctete integréal
/ xzyzz dx dy,
s

kdeS={(x,y,2) e R% x>+ y?+7z°=a,z<0}aa> 0.

23. Najdéte objemy téles ohranicenych danymi plochami
arovinami:x —y+z=6, Xx+y=2, x=Yy,y=0, z=0;
b) valcovymi plochami: z = 4 — y2, y = x2 arovinou z = O;
c) paraboloidy: z = 4 — x? — y?, 2z =2+ X%+ y?;
d) plochami: z = e’ z=0, 1=x2+ y2.

24. Vlypocitejte kfivkové integraly druhého druhu:

a) [o(x2+ y?) dx + (x2 — y?) dy, kde C je trojuhelnik svrcholy (0, 0), (1,0), (0, 1)
orientovany ve sméru daném poradim ve vy&tu vrchol &

b) fo(x + ydx — x — ydy)/(x2 + y?), kde C je kruznice se stiedem v potatku a
polomérem 1;

0) Jo xydx + (x +y)dy, kdeC = {(x,y) e R%; x =y [0, 1]};

d) [oxydx + (x +y)dy, kdeC = {(x,y) e R?; x =t2,y =t t € [0, 1]};

e Joxydx + (x +y)dy, kdeC = {(x,y) e R%; x =t,y=t%t € [0,1]};

f) Jc sinydx + sinx dy, kde C je setka z bodu (0, ) do bodu (, 0),

0) Jc (dx — dy)/(x +y), kde C je hranice &tverce svrcholy (1, 0), (0, 1), (-1,0) a
(0, —1) orientovanave sméru daném poradim ve vy&tu vrchol .

h) [c 2xydx + x2dy, kde C je libovolna kfivka vychézejici z bodu (0, 0) a kongici
v bodé (2, 1);

i) Jo yf(xy)dx + xf(xy)dy, kde f je spojitafunkceaC jekfivkaz bodu (1, 1) do
bodu (2, 3);

i) Jo(x*+4x+y3) dx+ (6x?y? — 5y*) dy, kde C jekFivkaz bodu (—2, —1) do bodu
(3,0);

k) [c(1/y)dx — (x/y?) dy, kde C je Gsetka z bodu (1, 1) do bodu (2, 3).

25. Vypocitejte kfivkové integrély prvniho druhu:
a) Jo xydC, kdejekiivkaC = {(x,y) € R : x2/4+y2 = 1,x,y > O};
b) [o X2y dC, kdejekiivkaC = {(x,y) e R? : x2 + y? =4,y < O};
¢) Jo xdC, kdejekfivkaC = {(t,t?) e R?: —1 <t < 3};
d) Jo x2dC, kdejekfivkaC = {(t,In(t)) e R2: 1 < t < 3};
e) Jc Iyl dC, kdejekiivkaC = {(t?/2,t) e R? : t < 1/2};
f) Jo VX2 + y2dC, kdejekfivkaC = {(x, y) € R?: x? + y? = x};
0) Jc YdC, kdejekiivkaC = {(x,y) € R? : (x2 + y?)2 = x2 — y2, X,y > O};
h) fc 1/(x — y)dC, kde C je Uisetka z bodu (0, —2) do bodu (4, 0);
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) Jo(14 +/2y)dC, kdejekfivkaC = {(t —sint,1—cost) e R2: 0 < t < 2x};

i) o 5—x2—2xy + 3y?dC, kdejekiivkaC = {(x, y) € R? : x? + y2 = 4};

k) [c zdC, kdejekiivkaC = {(x, y, 2) € R®: x? + y? + 7% = 1};

) Jo X+ ydC, kde C jettvrtinakruznicex? + y2 + z2 = R%, x = y |eZici v prvnim
oktantu (x, y, z > 0);

26. Vypocitejte plodné integraly prvniho druhu

a) [515/xy| dS, kde Sje st sedlové plochy z = xy leZici uvnitf valce x? + y2 < 1;

b) [5 dS, kde Sje tast kuzele z = /x2 + y2 leZici uvnitf valce x2 + y2 < 2y;

c) [sXydS kdeSjetastvalcex? +y2=4,x,y >0a0<z< 3,

d) fsxyzdS, kde Sjecast roviny z = 2x+3y+z = 6 leZici uvnitf valcex?+y? < 1;

€) [sx dS, kde S je ¢ast kulové plochy v prvnim kvadrantu se stfedem v pogatku a
polomérem R;

) Js x2y? dS, kde Sjehorni plilkakulovéplochy sestfedem v pocatku apolomérem R;

0) [sx%y?zdxdy, kdeS={(x,y,2) e R%; x?+y>+ 22 =1,z < O};

h) [s+/X2 + y2dS, kde Sje &ast kuzelové plochy x2/a2 + y? — z2/c? = 0,
0<z<h.

27. Vypocitejte plosné integraly druhého druhu:

a) [gxdydz+ ydzdx + zdx dy, kde Sje povrch krychle [0, 1]3;

b) [sx?dy dzy?dzdx + z2 dx dy, kde Sje povrch krychle[0, 1]3;

c) [¢6xzdx dy, kde Sjecastrovinyx +y +z =1 kdex,y,z > 1;

d) [sydydz + y?dzdx + yzdxdy, kde S je East roviny x + z = 1 uvniti valce
xX2+y?< 1

e) [xdydz+ y?dzdx + yzdx dy, kde Sjekuzel x> + y? = (z— 1)2a0< z < 1

) Js y2dzdx + zdx dy, kde Sje &ast sedlové plochy z = xy leZici nad &tvrt kruhem
x2+y2<lax,y>0;

0) Jsy?dzdx+zdx dy, kde Sjetast sedlovéplochy z = x?—y? |eZici nad obdé nikem
O<x<lalyl<l

h) [szdxdy — (x + y) dzdx, kde S je Etvrt paraboloidu z = x2 + y2, x,y > Oa
O0<z<1;

i) [ dydz+2z?dx dz, kde Sjecastkuzelex? = z2-+y? |eZici uvniti valcex?+y? < 1;

28. Ngjdéte objemové elementy na nasledujicich kfivkach respektive plochéach.
a) Kulovaplochav R® se sttedem v pocatku a polomérem R;
b) Rovinav R3 danarovnici z = ax + by + c;
¢) Rotatni paraboloid v R3 srovnici z = x2 + y?;
d) Sroubovicev R3 dana parametrizaci x = cost, y = sint, z=t.

29. Nasledujici kfivkovéintegrély se pokuste vypocitat Stokesovou vétou.
a) fc (xy + sin(x/y))/xdx — sin(x/y)/y dy, kde C je hranice trojuhelniku s vrcholy
(0, 0), (1, 1) a(0, 2) orientovana poradim ve vy&tu vrchol {;
b) Jc € dx + ye*dy, kde C je hranice obdélniku [0, 3] x [1, 2],
¢) Obvod jednotkového kruhu, tedy fsx dy — ydx, Sjejednotkovy kruh.

Vysledky

2.2) &,3.2)2,b)—7/16,) 5 (4— fz).4. a) [ [2 £ (x, y)dxdy,b) [# [Y/? £ (x,y) dxdy+
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ff f(?_y f (x, y) dxdy, c) f?l 1N 1-x2 f(x,y)dx dy+f0l 01—x f (x, y) dx dy.5. a) Napf.
JE [TV £(x, y)dxdy, 6.8) 3,b) 1, ¢) 603, d) &, €) 24z, f) 37, g) 2. 7. a) 18, b) 1,
8.a) 7(+/8—1)/15,b) zabc?/4, ¢) 2x R°/5.9.) z (z — 2)/8. 10. a) 5ab3/6 — (a%b?) /4,
b) g ©) 72/16 — 3. 11. a) 3, b) (2e — 5)/32, ¢) 1/n!. 12. &) 2x, b) 7/2, ¢) —6x2.
13.) 2zab/3 14. a) 3z, b) b%a?z/6. 15. @) 7/8, b) &x, ) 7/10.16.) £.17.) S, =
ab(z —2a)/4,S = nab(3+2a/x).18.a) a%(xr /4— 3),b) L.19.) ma?/2.21.) abcr /4.
23. a) ¥, b) 128v2/21, ¢) 3z. 24. @) 0, b) —27, ) 5, d) 3, € 1, 1) 0, g -4
h) 4,1) F(5) — F(1), F-primitivni funkce k f, j) 62, k) —%. 25. a) 14/9, b) —32/3,
0) (37+/37 — 5v5)/12, d) (10410 — 2/2)/3, €) (4/2 — 2)/3, ) 2, g) 1 — /2/2,
h) v5In(2), i) 8+ 272, }) 187, k) 22, 1) 3R?, 26. a) 4(v/2 + 1); b) 7+/2; ¢) 12; d) 0;
e) 1R%/4, f) 2z R®/15, h) 4ra?vaZ+Db2. 27. a) 3, b) 3; ¢) 3, d) 0; € 7/3; )
0)0;h)z;i)0; 28.a) dS= x/Rdydz— y/Rdzdx + z/Rdx dy, b) dS= (—adydz +
bdzdx + dxdy)/va2+ b2+ 1, ¢) dS = (=2xdydz + 2ydzdx + dxdy)/+/4z+ 1
d) (xdy — ydx + dz)/v/2.29.a) —1,b) 2e— €?/2— 3, ¢) 2.



6. Funkce komplexni proménné

Priklady
1. Z definice derivace dokazte zZe pro f : C — C, f(2) = 22, plati f'(z) = 2z.
ReZeni: Hodnota f’(zo) je danavztahem

f(z0+ AZ) — f(20)
Az ’

f(z0) = lim
( O) Az—0
Dosadme do tohoto vztahu nasi funkci. Dostavame

f/(z0) = liMaz—0((Zo + A2)% — (20)?)/ Az = liMaz0(Z3 + 220A2 + AZ2 — Z8) / Az =
limaz—0(220AZ 4+ AZ%)/ Az = limaz—0220AZ/ AZ + limpz—0 AZ2/AZ = 229 + 0.

I:/zzdz,
c

kde C je oblouk kruznice |z| = 1 ohrani¢enybody z; = € az, = €' (a < p).

2. Wpocitejte integral

ReZeni: Podivejme se nejprve blize na funkci f(z) = z2, pomoci realné a imaginarni
¢asti argumentu ma tato funkcetvar f(z2) = 22 = (x +iy)? = (X2 — y?) + (2xy)i =
u(x, y) + in(x, y), kdeu(x, y) = x2 + y2 av(x, y) = 2xy.

Samotny integral budeme pocitat podle nasledujiciho vzorce

/ f(z)dz:/(udx—vdy)+i/(udy+vdx)

c c c

V naSem pripade tedy dostavame
/zzdz:/(xz—y2dx+2xydy)+i/(x2—yzdy+2xydx)
c c c

Nyni parametrizujeme oblouk nasledovné: x =r cost, y =r sint odtud dx = —r sint dt
a dy =r cost dt. Coz dava

B B
I :/ (sin3t—3cosztsint)dt+i/ (cos’t — 3sin®t cost) dit
o a

p - p
= [Cosf’t)} +i [S‘”ft)} = 1(sin(3p) + cos(38) — sin(3a) — cos(3a)).

4 a

Pokud je C cela kruznice, potom | = 0, coZz odpovida faktu, Ze integrél z analytické
funkce po uzavienékfivce je roven 0.
/ 328 dz,
c

kde C je oblouk spiraly dané parametrizaci ¢ : [0,87] 5 t — t €.

3. Wpocitejte integral

ReZeni: Nejpfirozeng i by bylo pouZit zadanou parametrizaci a ,,dosadit* ji do integralu
(pfesngji feCeno provést pull-back formy). VSméme s ale, ze funkce za integrdlem je

214
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analytickav celé C protointegral z ni nezévisi naintegraéni cesté. Proto sl miizeme zvolit
Uplné jinou (jednodussi) kfivku spojujici pocatetni ¢ (0) = 0 akoncovy ¢ (87 ) = 8 bod.
Zvolmesi tedy ,,lepSi“ parametrizaci, tfeba y : [0, 1] > t — 8t. Dostaneme

1 1 1
/ 38dz = / 3t3d(st) = / 24t3dt=6[t4] —6.
C 0 0 0

4. \Wpocitegjteintegral
1
—dz,
cZ
kde C je Ctverec dany vrcholy 1 +1i, —1+i, —1 —ial—i sorientaci danou pofadimve
vyCtu vrchol {1,

ReZeni: V pripadg, ze by sejednalo 0 analytickou funkci integral by vysel roven 0. My ale
takové Stésti neméame. Tato funkce méav bodé 0 singularitu. Integrél po jakékoli zaviené
kfivce obepingjici singulérni bod je roven 2z i-nasobku residuafunkce v tomto bodé. Tedy

1 1
I:/—dz:27rire£0—.
cZ Z

Staci tedy spocitat vySe uvedené residuum. VyuZijeme nasledujiciho vztahu

1 dt

resa f = (n—1)! dz"-1

(z-a)"f(®),
a
kde a je pblem n-tého fadu funkce f. V naSem pfipadé f (z) = 1/z je O pdlem prvniho
Fadu. O tom se Ize pfesvédCit tim, Ze limita lim,—,0(z — 0) f (2) existuje a je koneCna
Dosadme tedy do vzorce pro reziduum
1
((z — O)—) =1
0 z

1-1
(z—a)"f(2)) =1 gt

1
/—dZ:Zni.
cZ

0 1
———dx
/_Oo X241

Reeni: Roz&ifime-li funkci, kterou mameintegrovat nacelé C, tedy formané definujeme
funkcig: C — C,g(z) = 1/(z2+1), |zenéSintegral vypotitat tak, Ze budemeintegrovat
funkci g po,,uzaviené” kfivceC := RuU{oo} c C. Uvnitf C (napfikladv oblasti Zmz > 0)
lezi jediny singularni bod g ato z = i. Tento bod je jednonasobnym po6lem funkce g.
MUizeme tedy pouZit Cauchyho vétu o reziduich a dostaneme

1 dn—l

fo—- 9
St =" at

a

Proto

5. Wpoctéte integrél

kdex e R.

© 1 zZ—i
/_Oo 21 = 2rires 9@ =2eilim ooy =7

Jisté s snadno ovéfite, Ze stejny vysledek dostaneme pokud budeme uvaZovat oblast
Imz < 0.
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Pokud se rozhodneme pocitat naS integral ,,klasicky* potom dostanme

© 1 : ¢ 1 _ c T
/ ———dx = I|m/ z—ldx:cll)rgo[arctan(x)]_cza+

oo X241 c>00 J_o X2 4
Cviceni

1. Z definice derivace dokazte nadedujici vztahy
a) ((a+ hi)z) = (a+ bi); b) (z") = nz""! kden e N;

2. Rozhodnéte, zda je funkce f : C — C analytickav C pripadné na n&jaké oteviené
mnozing, pokud

a f(a=1z b) f(2) = |z;

) f(2) = z¢€% d) f(2 =z

e f(2) = 22+ B+ 4i)z/(z— (1+1)).

3. Nagjdéte rezidua nasledujicich funkci ve viech jgjich singularnich bodech.
Q) f(2=1/(z-2%; b) f(2) = z/(1+ 2%
0 f(2 =1/(Z+0 d) f(2) = 1/(& + 1);
e) f(z) = 1/sn(Xx).

4. Pomoci v&ty o derivaci (integraci) Fady €len po ¢lenu najdétederivaci (primitivni funkci)
k nasledujicim funkcim
a) sin(2); b) cos(2); ) €.

5. Vypoctéte integraly:

a) [c(52—2)/(z(z— 1)) dz, kde C jekruznice|z| = 2 orientovanav kladném sméru;

b) fc 1/(3(z + 4)) dz, kde C jekruznice |z + 2| = 3 orientovanav kladném sméru;

o Jc 1/(z3(z + 4)) dz, kde C je kruznice |z| = 2 orientovanav kladném sméru;

d) [c(3Z% + 2)/((z — 1)(z2 + 9)) dz, kde C je kruznice [z — 2| = 2 orientovana
v kladném sméru;

e) Jc tanzdz, kde C jekruznice |z| = 2 orientovanav kladném sméru;

f) Jc(823+2)/((z— 1)(z2+9)) dz, kde C je kruznice|z| = 4 orientovanav kladném
sméru;

9) Jc 1/2(z+ 1)(z - 2) dz, kde C je kruznice |z — 3] = 2 orientovana v kladném
sméru.

6. Vypocitejteintegrél zfunkce f pojednotkovékladnéorientovanékruznici C se stfedem
v 0jestlize

a) f(z) =z%7% b) f(z) = ze'2.
7. Pomoci rezidui komplexnich funkci vypoCitejte nasledujici integrély z realnych funkci.
a) [Zo0 X2/ (2 + 9) (x* + 4)) dx; b) /75 1/(x* + 1) dx;
0) J7o, 1/ (X2 + 2x + 2)) dx; d) /70 %/ (X2 + 1) (X2 + 2x + 2)) dx;
e %0 x?/(x2 + 1)2dx.
Vysledky

2.a)anonaC, b) nenaC, anonaC \ {0}, c) ano naC, d) ne nikde, €) ne naC, ano na
C\ {1+1i}. 4. a) cos(2), b) —sin(z), ¢) €.5.a) 10xi, b) 0, ¢) zi/32, d) =i, €) —4r,
f) 6zi.6.a) —2xi,b) zi.7.@) #/100,b) =, ¢) =, d) —x /5, €) = /2.



7. ObyCgnédiferencialni rovnice

Ve vét&iné nadedujicich prikladl a cvieni jsou y a z funkce jedné redlné proménné
oznatovanéjako X.

Priklady
1. Ovérte, Ze funkce y(x) = x+/1 — x2 je feSenim diferencialni rovnice

y,_x—2x3
y

naintervalu (0, 1).

Reseni: Nejdrives spotitemey’, tedy y' = (x«/l - xz)/ = (1 —2x%)/+/1 = x2. Nyni
dosadme do pravé strany diferenciani rovnice funkci y:

x—2x3_ X — 2x3 B 1—2x2 _y
Yy xJ1-x2 J1—x2

/

2.V diferencialni rovnici

, y?

T

provedte transformaci y(x) = z(x) - X.

Re%eni: Nejprve s z transformace vypotteme y'. Dostavame y' = z'x + z (hezapo-
mefime, Ze z je funkci proménné x). Transformaci i vypoC€itanou derivaci y' dosadme do

diferencialni rovnice
72
Ix+z=—
z—1

3. Metodou separace proménnych vyfeste diferencialni rovnici

oot
XY STt
ReZeni: Za predpokladu x = 0 upravime rovnici natvar

X
X241

/

y

Nyni jiZ rovnice ma ,,separované* proménné. Nékdy se takové rovnice zapisuji ve tvaru

dy X X

2 -~ anebo dy=——d
dx x2+1 aneno y x2+1X
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Nyni ,,zintegrujeme" obé strany (presngji FeCeno aplikujeme vétu o diferenciénich rovni-
cich se separovanymi proménnymi tj. rovnicich vetvaru y'F (y) = G(x)). Dostavame

X 1 (w2
y:/)(z—de+C:—ln(x +1)+C.

V&echnateSeni nasSi rovnicelzenaR \ {0} zapsat vetvaruy = % In(x? + 1) + C, kde
C € R jelibovolnécido.

4. Najdéte v&echna FeSeni diferencialni rovnice

, y?

Y= —x

ReZeni: D&lime-li Citatele i jmenovatele x, dostaneme rovnici ve tvaru

P
(y/x) =1

Tedy naSe rovnice je homogenni ajevi se jako vyhodné pouZit transformaci y = zx, tedy
y' = Z/x + z, coz i prevadi natvar

y

Zx+z z
T z-1

Je vidét, Ze jde o rovnici se separovatelnymi proménnymi, tedy po jejich separaci (a
predpokladu z, x # 0) dostaneme

Zintegrujeme-li posledni rovnici obdrzime z — In|z| = In|x| + InC, kde C je kladna
konstanta. Toto |ze pfepsat naln € In|z| = In|x| + InC. Odtud tedy €* = C|xz| = kxy,
kde k € R. Nyni provedme inverzni transformaci k té, co jsme provedli na zatatku
(z = y/x). CelkovéTeSenim jsou v&echny funkce y vyhovujici podmince

e/ = ky.

5. Urcete vdechna feSeni diferencialni rovnice

. By—Tx+7
Y = —7y=3

ReZeni: U rovnic tohoto typu zabira substituce x = & + Xo, Y = 7 + Yo, kde (Xo, Yo) jsou

feSeni nadedujici linearni soustavy

—7X+3y+7=0,
3X—-7y—-3=0.
Rovnici vyfeSime Cramerovym pravidlem k tomu potfebujeme nasledujici determinanty

-7 =7
-3 -3

-7 3
3 -7

-7 3

o- 73

o013 0



OBYCEJNE DIFERENCIALNI ROVNICE 219

Odtud xop = Dyx/D = 1ayp = Dy/D = 0, naSe transformace ma tedy tvar x =
&+ 1, y = g, kteraprevadi nasi rovnici natvar

n
3_
dy  3p—-7¢ ¢

d¢ _35—7'7_3_7?

-7

Coz uz je homogenni rovnice atransformace z = /¢ ji prevadi na

: dz 7o 3z-7
@ 3-7z
Po Gpraveé dospgjeme k rovnici
7z—3 dc
@-n @t E =0

Po integraci této rovnicedostavame (z—1)%(z+1)°47 = C # 0, podosazeniz = y/(x—1)
a nezbytnych Upravach zjistime, ze

(Yy—Xx+D?(y+x—-1°=K, KeR\/{0.

6. UrCete FeSeni Cauchyho Ulohy pro linearni diferenciélni rovnici
2
/ - — O
y + X y 2
vyhovujici pocatecni podmince y(1) = 2.
ReZeni: Separovanim proménnych dostavame rovnici

dy = —de.
X

y

Integraci této linearni rovnice ziskame obecnétegeni y = C/x2, kdeC € Rax € R\ {0}.
Nyni pouzijeme pocatecni podminku pro stanoveni konstanty C: y(1) = C/ 12 = 2.
Odtud C = 2. ReSenim tedy jefunkcey = 2/x?, prox € R \ {0}.

7. Najdéte viechna feSeni nasledujici nehomogenni linearni diferenci&lni rovnice

1
y + ;y:Sx.

ReZeni: Nejprve vyresime odpovidajici homogenizovanou rovnici
1
/
-y=0.
y + xy

Metodou separace promeénnych | ze dospét k vysedku

C

H= ">
y X
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kdeC € Rax # 0. Nyni k FeSeni homogenizovanérovnice pfittemejedno feSeni plivodni
rovnice (fikame mu partikularni feSeni) a ziskame tak obecné feSeni nasi rovnice. Toto
feSeni bud uhodneme (podle tvaru rovnice by to mohl byt polynom a jeho stupei nebude
vy&Si nez dva) anebo pouzijeme metodu ,,variace konstant*.
Pouzijme metodu variace konstant. Povazujmenyni C zafunkci x (zopakujme, Ze tedy
mame y = C(x)/x). Dosazenim do naSi rovnice dostaneme:
—X—lZC(x) + %C’(x) + X—12C(x) = 3X

odtud
C/(x) = 3x2.

Dostavame, Ze C(x) = x2 (to neni jediné FeSeni, dal& je napriklad C(x) = x3 + 2. Nam
stati jen jedno.). Nage partikularni feSeni tedy je yp = (x3)/x = x2.
Prictenim yp k yn dostaneme celkové feSeni nasi diferenciélni rovnice
2 l
Yy=YH+Yyp=x"+-C,
kdeC e Rax #0.
8. Redte linearni diferencialni soustavu

X =3Xx—2y
y=2x_y+la

kde y, x jsou funkce proménné t. Wieste tuto soustavu také s pocatecni podminkou
x(0) =0ay(0) = 1.

ReZeni: Nejprve budeme hledat FeZeni homogenizovaného systému, tedy soustavy

X =3Xx—2y
y=2X-—-Y.

Najdéme vlastni ¢isla avlastni vektory matice této soustavy

A=(322)

Bohuzel tato matice majednu dvojnasobnou vlastni hodnotu A = 1, k ni pfislusny vlastni

U=
l ’

Najdémetedy vektor v (nékdy mufikame,,zobecnény vlastni vektor*), ktery seoperatorem
A — AE zobrazi navlastni vektor u. ReSime tedy linearni soustavu(A — AE)v = u, odtud

dostaneme, ze .
—(2
v (1)
Obecné feSeni homogenizovaného systému tedy je

Xy _ it it o (1) & 341\
(V)H =cuet +c +tu) e _Cl(l) e +C2(1+1t €.
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Nyni musime urcit partikularni feSeni nasi plivodni soustavy. Zamydime-li se nad tim,
vidime, ze x ay by mohly byt konstantni funkce napfiklad x = A ay = B, potom staci
dorfesit soustavu

0=3A-2B
0=2A-B+1
ReZeni je A = —2 a B = —3. Pitteme-li toto partikularni Fedeni k obecnému Fedeni

homogenizovaného systému, dostaneme obecné feSeni nasi soustavy.

x\ (1 4 S+at) 4, (-2
(y)_cl(l)e+cz(1+1t)e+ ).
Pro stanoveni konstant ¢z, ¢, pouzijeme pocatecni podminku, feSime soustavu

x(0)=ce®+c(3+1.00°-2=0
yO0) =c1® +cp(1+1-0)®—3=1.

Dostavamec; = 8 acy = —4. Regeni rovnice s pogateéni podminkou je
XY _afN o A3+ ¢, (-2
(y) _8(1) ¢ 4(1+1t) ¢+(73).
9. WreSte nasledujici linearni diferencialni rovnici
y// + y — 0
ReZeni: Teorie nam radi provést substituci y = z a piiklad dopogitavat jako soustavu
rovnic prvniho fadu, to my udélame, ale preskoCime Uvodni kroky a pfejdeme rovnou

k charakteristickému polynomu mati ce tohoto systému. Tento polynom se napadnépodoba
(aneni to ndhoda) nadi plivodni rovnici, tedy

24+1=0.
Tento polynom méa bohuzel pouze komplexni kofeny 412 = =i. ReZenim samozfejmé
jsou linearni kombinacefunkci f; = €% a f, = €%, pokud bychom chtéli zapsat Feseni
pomoci redlnych funkci neni nic jednodusSiho, nez v prostoru fedeni (linearni obal funkci
f1, f2) zvolitjina(redlnd) nezavid areseni tFeba%(fz—i f1) = sjnxa%(f2+i f1) = cosx.
ReZenim tedy je

y =cC18inX + cpcosx ekvivalentné y e [sinx, cosx].

Obdobné feSime soustavy rovnic, pokud nam vychazeji komplexni viastni ¢ida.

Cviceni
1. Rozhodnéte, které z nasledujicich funkci jsou feSenim direfencialni rovnice
X(X = 1)y + 2xy = 1.

a) y = COoSX; by=¢€;
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0 y=x-Inx)/(x - 1% d)y = x2

2. Rozhodnéte, které z nasledujicich funkci jsou feSenim diferenciélni rovnice

yy/// _ y/y// — O
ay= ¢, b) y = x%
Qy=X; d)y =sinx;
€) Y = COSX; fly=0.

3. Nagjdéte diferencialni rovnici Fadu k tak, aby feSenim
a) bylafunkcey = x? ak = 1;
b) byly v&echny funkcetvaruy = x — ¢/x, kdec e R ak = 1;
¢) byly v&echny funkcetvaruy = c1x + c2, kdecy,co e Rak = 2;
d) byly v&echny funkcetvaruy = cix + co €%, kdecy, o e Rak = 2;
€) byly viechny funkcey = ce*/*, kdec € R ak = 1.

4.V diferenci@lni rovnici xy’ = y provédte trasnformaci

a) z = yx?; b)z=¢;
0Z=y; dz=.Yy;
zZ2=y+1 f)z=xy.

5. Ngjdéte alespon jedno Fe3eni nadedujicich diferencidnich rovnic
Ay +y=0; b)y +y=snx.
Oy +y=1 Ay +y=2x+2;
e) y + y = X cosx; )y +y=e*;

Oy +y=€+e+1

6. VyfeSte nadedujici diferencidlni rovnice (vhodnou metodou se jevi metoda separace
proménnych)

ay = 3y; b)ylny —xy'=0, y(1) =1
o ytanx+y =0; Ay dL+x)=1+y% y0) =1L
€) ycosx — y'sinx =0; fly =2/yInx, y(e =1
7. Vyfedte nad edujici homogenni rovnice
a) 2x%y = X% + y3; b) y'xy = X% + y%;
Q) Xy’ =y +Vy2+x2 d) y'x =y+xe;
QYyL—x) =x(1-y), y2) =2 )y (y—x =x+y;
9) xy’ = yIn(x/y); h) xy’ = x + 2y;
)X+ yy' = 2y; i) <+ yhy = x3y.

8. Vyfedte diferencidni rovnice
A2y+3Xx—14+@y+6x—5y =0; by+2=02x+y—-4Yy;
c) xy” +2y +4xy =0;
d) 2yy’ — y?/x = x (premy3ejte o substituci y(X) = /z(X)).

9. Najdé&te viechnafeSeni nasledujicich lineérnich diferenciélnich rovnice
a) y + 2xy = 4x; b) xy’ +2y = 0;
0) y' (x cosy + sin(2y)) = 1; d)y + yv/X = 3x%

ey —2xy = 2x e f)y + y/x = 3x;



g) 3y?y = € h) y'cosy = 1;

i)y +y/tanx = sinx; DY +xy = xy3;

Ky -y=1 )y = (y+21sinx;

m) (cosx)y’ + (sinx)y = 1; n) 4y’ + 4y + 1y =0, kde . € (0, 1).

10. Rete nasledujici soustavy linearnich diferencialnich rovnic

a X =5x+2y+ € b) X = 7x + 6y — cost
y= Xx-—6y+ &%, y = 2x 4 6y — sint;

CX= X+4Yy d) X = —x+5y
y=-5x—-y; y=-X+ y+8t;

€) X = 5x — 10y — 20z x=x—-y+ 2z
y =5x+ 5y+ 10z y=X+y— 2z
Zz=2x+ 4y+ 9z Z= —-Yy+2z

g) X = y hyx=3x+ y—z
y=X+3y—4z y=-X+4+2y+z
Z=X+2y— z Z= X+ y+2z

11. Redte nasledujici linearni diferencialni rovnice vy&ich Fad

ay’ -9y =0 b))y +2y +y=0;

C) y/// _ y/ =0 d) y//// _ 5y// + 4y =0

e) y/// _ y// — O, f) y//// _ y/// + y// — O,

oy —7y +10y =0; h) y’ — 7y’ 4 10y = 40;

i)y — 7y + 10y = 6, j)3y” — 4y =3¢€

K)y” -9y =0; DY'+2y+y=0;

m) y// + y/ — 0’ n) y/// _ 13y// + 12y/ — 0’

O) y/// _ 2y// — 0, p) y/// _ Sy// + Sy/ _ y — O

Vysedky

1. a) ne, b) ne, ¢) ano, d) ne. 2. a) ano, b) ne, ¢) ano, d) ano, €) ano, f) ano. 3. a) y' = 2y/X,
b)2x —y—xy' =0,0y" =0,d)y—x(y —y) —y'=0,8) y— (x/Iny) & =0.
4.a) x%(Z —2xy) = z/x,b) Zx—zInz=0,0) 2xZ = 7,d) 2xZ = z,€) 2xZ — 2* = —1,
f)z = 2z/x.5.a)y =ke™*,b) y = 3(snx—cosx),c)y = 1+ke*,d) y = 2x—ke™%,
&)y =3(x—1sinx+ Ixcosx,f)y=1eX,g y= e +xeX+16.a)y=3x+c,
b))y =1,¢) y = kcosx, k € R\ {0}, d) y = tan(arctanx + z/4), € y = csinx,
fly=x(Inx—1)+12%7.a)y= x+x/(% In|x|+c¢);c) y = xsin(In|cx]) ¢ € R\ {0},
d)y=—xInc=In|x|),e) y?> = x>, f) x2+ 2xy —y?> =c,h) y = cx> = x c e R\ {0},
i) (y/x—1) /% = x,j) ye¥*/¥" = cx2.8.8) 4 (y—x) — 3 — 2In|20y+30x— 22| = c,
b)y=3/(x=35+cv/x—3-29.a) y=ce X +2,b)y=c/x,c)ces —2(1+
sny) =x,d)y = ce 2B 1 3/x3-9/2,6) y = (x> +¢) &%, ) y = k/x + X2
10.a)x =ce e+ Led+ 2 y=ce +pe + 5 + L,
C) X = C12Cc082t+CpSin2t,y = C1(— Ccos2t —2sin2t) 4+ cx(2cos2t —sin2t). 11.n) y =
C14+Co € +C36%%,0) Y = C1 4+ Cox+Ca V2 4 cq e VX, p) y = C1 5+ Cox €+ Cax2 eX.
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