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Řady funkćı

Necht’ X ⊂ R je neprázdná množina. Pro každé n ∈ N mějme funkci fn : X → R.

• Symbol
∞X
n=1

fn nazveme nekonečnou řadou funkćı.

• Funkci hn : X → R definovanou p̌redpisem

hn(x) = f1(x) + f2(x) + . . . + fn(x)

nazýváme n-tý částečný součet řady
∞X
n=1

fn .

Jestliže na množině Y ⊂ X konverguje bodově (stejnoměrně) k funkci f posloupnost (hn) částečných

součt̊u, ř́ıkáme že řada
∞X
n=1

fn konverguje bodově (stejnoměrně) k funkci f na množině Y .
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Obor konvergence
Př́ıklad

Najděte obor konvergence řady
∞X
n=1

lnn(3x)

n
.

Řešeńı

Položme fn(x) =
lnn(3x)

n
. Všechny funkce fn jsou definovány na intervalu (0,∞). Zaj́ıma nás, pro která x z

tohoto intervalu daná řada konverguje.
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Řady funkćı
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Řešeńı
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Použijeme limitńı odmocninové kritérium: lim
n→∞

n
q
|fn(x)| =
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Řešeńı

Položme fn(x) =
lnn(3x)

n
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Jestliže je pro řadu s
∞X
n=1

an nezápornými členy

• lim
n→∞

n√an < 1, potom konverguje,

• lim
n→∞

n√an > 1, potom diverguje.
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Uvažujme řadu
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|fn(x)|. Jestliže je pro x ∈ (0,∞)

• lim
n→∞

n
q
|fn(x)| < 1, konverguje v tomto bodě řada

∞X
n=1

fn(x) absolutně,

• lim
n→∞

n
q
|fn(x)| > 1, potom i limn→∞ |fn(x)| > 1 a tedy neńı splněna nutná podḿınka konvergence

• řady
∞X
n=1

fn(x), tj. lim
n→∞

lnn(3x)

n
6= 0.

Muśıme tedy určit, jakých hodnot pro r̊uzná x ∈ (0,∞) nabývá lim
n→∞

n
q
|fn(x)|.
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Řešeńı
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• lim
n→∞

n√an < 1, potom konverguje,

• lim
n→∞

n√an > 1, potom diverguje.
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∞X
n=1

fn(x) absolutně,
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Veronika
Kurková
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n→∞

n
q
|fn(x)| =?

lim
n→∞

n
q
|fn(x)| = lim

n→∞
n

s
| lnn(3x)|

n
= lim

n→∞

| ln(3x)|
n√n

=| ln(3x)|
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Obor konvergence
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n→∞

n
q
|fn(x)| =?

lim
n→∞

n
q
|fn(x)| = lim

n→∞
n

s
| lnn(3x)|

n
= lim

n→∞

| ln(3x)|
n√n

=| ln(3x)|
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Michaela
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Řady funkćı
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Najděte obor konvergence řady
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,
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«
,

• řada
∞X
n=1

fn(x) diverguje, jestliže lim
n→∞

n
q

fn(x) = | ln(3x)| > 1 , tedy pro x ∈
„
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3 e
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∪
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«
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Řešeńı
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• řada
∞X
n=1
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Veronika
Kurková
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tohoto intervalu daná řada konverguje.
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• řada
∞X
n=1
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Řady funkćı
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• řada
∞X
n=1
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Veronika
Kurková
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Veronika
Kurková
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Podle integrálńıho kritéria jsme ukázali, že tato řada diverguje.

• Jestliže ln(3x) = −1, tj. jestliže x =
1
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, pak

∞X
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lnn(3x)
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=
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(− 1)n
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.

Tato řada splňuje p̌redpoklady Leibnitzova kritéria pro alternuj́ıćı řady a tedy konverguje (ovšem pouze
relativně).
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Př́ıklad
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Veronika
Kurková
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Řešeńı
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Čiklová,
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• Jestliže ln(3x) = −1, tj. jestliže x =
1

3 e
, pak

∞X
n=1

lnn(3x)

n
=
∞X
n=1

(− 1)n

n
.
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.

Obor konvergence dané řady je tedy interval

»
1

3 e
,
e

3

«
, p̌ričemž uvniťr tohoto intervalu řada konverguje

absolutně a v levém krajńım bodě relativně.
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Řešeńı
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Stenoměrná konvergence řad
Př́ıklad

Dokažte, že řada
∞X
n=1

sin(nx)

2n · n
konverguje stejnoměrně na R.

Řešeńı

Použijeme Weierstrassovo kritérium.

Necht’ (fn) je posloupnost funkćı na I . Jestliže existuje posloupnost nezáporných č́ısel (xn) taková, že řada
∞X
n=1

xn konverguje a pro všechna x ∈ I a n ∈ N plat́ı |fn(x)| ≤ xn, pak řada
∞X
n=1

fn konverguje stejnoměrně

na I . Řadu
∞X
n=1

xn nazýváme majorantou funkčńı řady
∞X
n=1

|fn|.

Položme

|fn|(x) =

˛̨̨̨
sin(nx)

2n · n

˛̨̨̨
a xn =

1

2n · n
.

Řada
∞X
n=1

xn je majorantou řady
∞X
n=1

|fn|.
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∞X
n=1

fn konverguje stejnoměrně
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Řešeńı
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xn nazýváme majorantou funkčńı řady
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Dokažte, že řada
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xn nazýváme majorantou funkčńı řady
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|fn|(x) =

˛̨̨̨
sin(nx)

2n · n

˛̨̨̨
a xn =

1

2n · n
.
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Řady funkćı
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∞X
n=1
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∞X
n=1

|fn|.
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Dokažte, že řada
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∞X
n=1

|fn|.
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Řešeńı
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|fn|(x) =

˛̨̨̨
sin(nx)

2n · n

˛̨̨̨
a xn =

1

2n · n
.
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Pro všechna x ∈ R a n ∈ N plat́ı | sin(nx)| ≤ 1. Tedy:˛̨̨̨
sin(nx)

2n · n

˛̨̨̨
≤

1

2n · n
.
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Veronika
Kurková
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Čiklová,
Veronika
Kurková
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Dokažte, že řada
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∞X
n=1

fn konverguje stejnoměrně
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Stenoměrná konvergence řad
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∞X
n=1
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∞X
n=1
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∞X
n=1

|fn|.
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∞X
n=1

fn konverguje stejnoměrně
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Čiklová,
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Řešeńı
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Veronika
Kurková
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na Y spojitá i funkce f .

Označ́ıme fn(x) = ex2

n(n2+1)
a Y = [−a, a].
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fn na množině Y stejnoměrně konverguje k funkci f a funkce fn jsou na Y spojité, potom je

na Y spojitá i funkce f .

Označ́ıme fn(x) = ex2

n(n2+1)
a Y = [−a, a].

K ově̌reńı, zda řada
∞X
n=1

fn na Y stejnoměrně konverguje, použijeme Weierstrassovo kritérium.

Pro každé n ∈ N a x ∈ Y = [−a, a] plat́ı
ex2

n(n2 + 1)
≤

ea2

n(n2 + 1)
=

ea2

n3 + n
<

ea2

n3
.

Pomoćı integrálńıho kritéria lze ukázat, že řada
∞X
n=1

ea2

n3
konverguje.
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Čiklová,
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Př́ıklad
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Pro každé n ∈ N a x ∈ Y = [−a, a] plat́ı
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n(n2 + 1)
≤

ea2

n(n2 + 1)
=

ea2
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<

ea2

n3
.

Pomoćı integrálńıho kritéria lze ukázat, že řada
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n=1

ea2
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konverguje.
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Řešeńı
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na Y spojitá i funkce f .

Označ́ıme fn(x) = ex2

n(n2+1)
a Y = [−a, a].

K ově̌reńı, zda řada
∞X
n=1

fn na Y stejnoměrně konverguje, použijeme Weierstrassovo kritérium.

Pro každé n ∈ N a x ∈ Y = [−a, a] plat́ı
ex2

n(n2 + 1)
≤

ea2

n(n2 + 1)
=

ea2
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<

ea2

n3
.

Pomoćı integrálńıho kritéria lze ukázat, že řada
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Spojitost
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∞X
n=1

fn na množině Y stejnoměrně konverguje k funkci f a funkce fn jsou na Y spojité, potom je

na Y spojitá i funkce f .

Označ́ıme fn(x) = ex2

n(n2+1)
a Y = [−a, a].

K ově̌reńı, zda řada
∞X
n=1

fn na Y stejnoměrně konverguje, použijeme Weierstrassovo kritérium.

Pro každé n ∈ N a x ∈ Y = [−a, a] plat́ı
ex2

n(n2 + 1)
≤
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n(n2 + 1)
=
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Př́ıklad

Dokažte, že součet řady
∞X
n=1

ex2

n(n2 + 1)
je na R spojitá funkce.

Řešeńı

Jestliže řada
∞X
n=1

fn na množině Y stejnoměrně konverguje k funkci f a funkce fn jsou na Y spojité, potom je

na Y spojitá i funkce f .

Označ́ıme fn(x) = ex2

n(n2+1)
a Y = [−a, a].

K ově̌reńı, zda řada
∞X
n=1

fn na Y stejnoměrně konverguje, použijeme Weierstrassovo kritérium.

Pro každé n ∈ N a x ∈ Y = [−a, a] plat́ı
ex2

n(n2 + 1)
≤

ea2

n(n2 + 1)
=

ea2

n3 + n
<

ea2

n3
.

Pomoćı integrálńıho kritéria lze ukázat, že řada
∞X
n=1

ea2

n3
konverguje.

Integrálńı kritérium:
Necht’ f : [1,∞) → R je spojitá nezáporná nerostoućı funkce a necht’ xn = f (n) pro každé n ∈ N. Potom
plat́ı:

řada
∞X
n=1

xn konverguje ⇐⇒ existuje vlastńı integrál

Z ∞
1

f (x) d x.



Řady funkćı

Michaela
Čiklová,
Veronika
Kurková

Spojitost
Př́ıklad

Dokažte, že součet řady
∞X
n=1

ex2

n(n2 + 1)
je na R spojitá funkce.

Řešeńı

Jestliže řada
∞X
n=1

fn na množině Y stejnoměrně konverguje k funkci f a funkce fn jsou na Y spojité, potom je

na Y spojitá i funkce f .

Označ́ıme fn(x) = ex2

n(n2+1)
a Y = [−a, a].

K ově̌reńı, zda řada
∞X
n=1

fn na Y stejnoměrně konverguje, použijeme Weierstrassovo kritérium.

Pro každé n ∈ N a x ∈ Y = [−a, a] plat́ı
ex2

n(n2 + 1)
≤

ea2

n(n2 + 1)
=

ea2

n3 + n
<

ea2

n3
.

Pomoćı integrálńıho kritéria lze ukázat, že řada
∞X
n=1

ea2

n3
konverguje.

Integrálńı kritérium:
Necht’ f : [1,∞) → R je spojitá nezáporná nerostoućı funkce a necht’ xn = f (n) pro každé n ∈ N. Potom
plat́ı:

řada
∞X
n=1

xn konverguje ⇐⇒ existuje vlastńı integrál

Z ∞
1

f (x) d x.

Jestliže f : [1,∞) → R, f (x) = ea2

x3 , je funkce f klesaj́ıćı, spojitá a plat́ı:Z ∞
1

ea2

x3
d x = lim

t→∞

Z t

1

ea2

x3
d x = lim

t→∞

24− ea2

2x2

35t

1

= lim
t→∞

0@− ea2

2t2
+

ea2

2

1A =
ea2

2
.
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Čiklová,
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Kurková

Spojitost
Př́ıklad

Dokažte, že součet řady
∞X
n=1

ex2

n(n2 + 1)
je na R spojitá funkce.

Řešeńı

Jestliže řada
∞X
n=1

fn na množině Y stejnoměrně konverguje k funkci f a funkce fn jsou na Y spojité, potom je

na Y spojitá i funkce f .

Označ́ıme fn(x) = ex2

n(n2+1)
a Y = [−a, a].



Řady funkćı
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Řešeńı

Jestliže řada
∞X
n=1

fn na množině Y stejnoměrně konverguje k funkci f a funkce fn jsou na Y spojité, potom je

na Y spojitá i funkce f .

Označ́ıme fn(x) = ex2

n(n2+1)
a Y = [−a, a].

• Řada
∞X
n=1

fn konverguje stejnoměrně na intervalu Y .
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Označ́ıme fn(x) = ex2

n(n2+1)
a Y = [−a, a].

• Řada
∞X
n=1

fn konverguje stejnoměrně na intervalu Y .

• Pro každé n ∈ N je funkce fn spojitá na Y .
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Řešeńı

Jestliže řada
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na Y spojitá i funkce f .

Označ́ıme fn(x) = ex2

n(n2+1)
a Y = [−a, a].

• Řada
∞X
n=1

fn konverguje stejnoměrně na intervalu Y .

• Pro každé n ∈ N je funkce fn spojitá na Y .

=⇒ Součet řady
∞X
n=1

fn je spojitá funkce na Y = [−a, a], kde a > 0 je libovolné,

=⇒ součet řady
∞X
n=1

ex2

n(n2 + 1)
je spojitá funkce na R.
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Veronika
Kurková
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n(n2+1)
a Y = [−a, a].

• Řada
∞X
n=1

fn konverguje stejnoměrně na intervalu Y .

• Pro každé n ∈ N je funkce fn spojitá na Y .

=⇒ Součet řady
∞X
n=1

fn je spojitá funkce na Y = [−a, a], kde a > 0 je libovolné,

=⇒ součet řady
∞X
n=1

ex2

n(n2 + 1)
je spojitá funkce na R.



Řady funkćı

Michaela
Čiklová,
Veronika
Kurková

Mocninné řady
Př́ıklad

Určete poloměr a obor konvergence řady
∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .

Řešeńı
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Řešeńı
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(−1)n−1

2n · n
(x + 3)2n .

Řešeńı
∞X
n=1

(−1)n−1

2n · n
(x + 3)2n =

1

2
(x + 3)2 −

1

8
(x + 3)4 +

1

24
(x + 3)6 −

1

64
(x + 3)8 + · · ·

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).
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Michaela
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1
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(x + 3)4 +

1

24
(x + 3)6 −

1

64
(x + 3)8 + · · ·

Pro n = 1 :
(−1)n−1

2n · n
(x + 3)2n =

(−1)1−1

21 · 1
(x + 3)2·1 =

1

2
(x + 3)2

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).
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1
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∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
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(−1)m−1

2mm
pro k = 2m (k je sudé).
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Př́ıklad
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1
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(x + 3)2

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =
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1
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1

8
(x + 3)4 +

1

24
(x + 3)6 −

1
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(x + 3)8 + · · ·

Pro n = 2 :
(−1)n−1

2n · n
(x + 3)2n =

(−1)2−1

22 · 2
(x + 3)2·2 =−

1

8
(x + 3)4

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =
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Řešeńı
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(−1)n−1
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(x + 3)2n =

(−1)2−1
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(x + 3)2·2 =−

1

8
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Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a
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1
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(x + 3)8 + · · ·
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(−1)n−1

2n · n
(x + 3)2n =

(−1)3−1

23 · 3
(x + 3)2·3 =

1

24
(x + 3)6

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).
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(−1)n−1

2n · n
(x + 3)2n =

(−1)3−1

23 · 3
(x + 3)2·3 =

1

24
(x + 3)6

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).



Řady funkćı

Michaela
Čiklová,
Veronika
Kurková

Mocninné řady
Př́ıklad

Určete poloměr a obor konvergence řady
∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .

Řešeńı
∞X
n=1

(−1)n−1

2n · n
(x + 3)2n =

1

2
(x + 3)2 −

1

8
(x + 3)4 +

1

24
(x + 3)6 −

1

64
(x + 3)8 + · · ·

Pro n = 3 :
(−1)n−1

2n · n
(x + 3)2n =

(−1)3−1

23 · 3
(x + 3)2·3 =

1

24
(x + 3)6

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).



Řady funkćı

Michaela
Čiklová,
Veronika
Kurková

Mocninné řady
Př́ıklad

Určete poloměr a obor konvergence řady
∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .

Řešeńı
∞X
n=1

(−1)n−1

2n · n
(x + 3)2n =

1

2
(x + 3)2 −

1

8
(x + 3)4 +

1

24
(x + 3)6 −

1

64
(x + 3)8 + · · ·

Pro n = 4 :
(−1)n−1

2n · n
(x + 3)2n =

(−1)4−1

24 · 4
(x + 3)2·4 =−

1

64
(x + 3)8

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).
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2n · n
(x + 3)2n .

Řešeńı
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n=1
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2n · n
(x + 3)2n =

1

2
(x + 3)2 −

1

8
(x + 3)4 +

1

24
(x + 3)6 −

1

64
(x + 3)8 + · · ·

Pro n = 4 :
(−1)n−1

2n · n
(x + 3)2n =

(−1)4−1

24 · 4
(x + 3)2·4 =−

1

64
(x + 3)8

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).
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Řešeńı
∞X
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1
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2n · n
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(x + 3)8

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a
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8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).
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Čiklová,
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Mocninné řady
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(x + 3)6 −
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(x + 3)8 + · · ·

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).
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Určete poloměr a obor konvergence řady
∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .

Řešeńı
∞X
n=1
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2n · n
(x + 3)2n =

1

2
(x + 3)2 −

1

8
(x + 3)4 +

1

24
(x + 3)6 −

1

64
(x + 3)8 + · · ·

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).



Řady funkćı
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Kurková

Mocninné řady
Př́ıklad

Určete poloměr a obor konvergence řady
∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .

Řešeńı
∞X
n=1

(−1)n−1

2n · n
(x + 3)2n =

1

2
(x + 3)2 −

1

8
(x + 3)4 +

1

24
(x + 3)6 −

1

64
(x + 3)8 + · · ·

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak = ?

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).



Řady funkćı

Michaela
Čiklová,
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Kurková
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Určete poloměr a obor konvergence řady
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(x + 3)2 −

1

8
(x + 3)4 +

1

24
(x + 3)6 −

1
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(x + 3)8 + · · ·

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak = ?

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).

Je snadno vidět, že a1 = a3 = a5 = · · · = a2m−1 = · · · = 0,

zat́ımco a2 =
1

2
, a4 = −

1

8
, a6 =

1

24
, a8 = −

1

4 · 24
, . . . , a2m =

(−1)m−1

2mm
.
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ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).

?

Je snadno vidět, že a1 = a3 = a5 = · · · = a2m−1 = · · · = 0,

zat́ımco a2 =
1

2
, a4 = −

1

8
, a6 =

1

24
, a8 = −

1

4 · 24
, . . . , a2m =

(−1)m−1
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.
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∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .
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Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).

?

Je snadno vidět, že a1 = a3 = a5 = · · · = a2m−1 = · · · = 0,

zat́ımco a2 =
1

2
, a4 = −

1

8
, a6 =

1

24
, a8 = −

1

4 · 24
, . . . , a2m =

(−1)m−1
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.
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1

24
(x + 3)6 −

1
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(x + 3)8 + · · ·

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1
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pro k = 2m (k je sudé).

?

Je snadno vidět, že a1 = a3 = a5 = · · · = a2m−1 = · · · = 0,
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.
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Čiklová,
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k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =
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0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).
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.
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∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .
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k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1
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pro k = 2m (k je sudé).

?
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.
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(x + 3)2 −

1

8
(x + 3)4 +

1

24
(x + 3)6 −

1
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(x + 3)8 + · · ·

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).

?

Je snadno vidět, že a1 = a3 = a5 = · · · = a2m−1 = · · · = 0,
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1
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.
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Př́ıklad
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1
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(x + 3)6 −
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(x + 3)8 + · · ·

Jde o mocninnou řadu, tzn. je ve tvaru

∞X
k=0

ak (x − x0)k = a0 + a1(x − x0) + a2(x − x0)2 + a3(x − x0)3 + a4(x − x0)4 + · · · ,

se sťredem v bodě x0 = −3, p̌ričemž a0 = 0 a

ak =

8<:
0 pro k = 2m − 1 (k je liché),

(−1)m−1

2mm
pro k = 2m (k je sudé).

?

Je snadno vidět, že a1 = a3 = a5 = · · · = a2m−1 = · · · = 0,
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1

2
, a4 = −

1
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.



Řady funkćı

Michaela
Čiklová,
Veronika
Kurková

Mocninné řady
Př́ıklad

Určete poloměr a obor konvergence řady
∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .

Řešeńı

Pro každou mocninnou řadu se sťredem v x0, necht’ p = lim sup
k→∞

k
q
|ak |.

• Je-li p = 0, řada konverguje absolutně pro všechna x ∈ R.

• Je-li p = ∞, řada diverguje pro všechna x ∈ R \ {x0}.

• Je-li 0 < p < ∞, řada absolutně konverguje pro x ∈
„

x0 −
1

p
, x0 +

1

p

«
a

• diverguje pro x ∈
„
−∞, x0 −

1

p

«
∪
„

x0 +
1

p
,∞
«

.

Poloměr konvergence je

• roven č́ıslu ρ = ∞, jestliže p = 0,

• roven č́ıslu ρ = 0, jestliže p = ∞,

• roven č́ıslu ρ =
1

p
, jestliže 0 < p < ∞.

Abychom určili interval a poloměr konvergence, muśıme vypoč́ıtat p.
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∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .
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• Je-li 0 < p < ∞, řada absolutně konverguje pro x ∈
„

x0 −
1

p
, x0 +

1

p

«
a

• diverguje pro x ∈
„
−∞, x0 −

1

p

«
∪
„

x0 +
1

p
,∞
«

.
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∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .
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• roven č́ıslu ρ =
1

p
, jestliže 0 < p < ∞.
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∞X
n=1

(−1)n−1

2n · n
(x + 3)2n .
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• roven č́ıslu ρ = ∞, jestliže p = 0,

• roven č́ıslu ρ = 0, jestliže p = ∞,

• roven č́ıslu ρ =
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Určete poloměr a obor konvergence řady
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• roven č́ıslu ρ =
1

p
, jestliže 0 < p < ∞.
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Veronika
Kurková
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Mocninné řady
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Řešeńı
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p
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Řešeńı
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Čiklová,
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Čiklová,
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Čiklová,
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Stač́ı už jen vyšeťrit konvergenci v koncových bodech intervalu konvergence

J =
“
− 3−

√
2, − 3 +

√
2
”

.

Jestliže x = −3 +
√

2, dostaneme řadu ve tvaru
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Michaela
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Michaela
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Čiklová,
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∞X
n=1

(−1)n−1

2n · n
(x + 3)2n konverguje i v bodě x = −3−
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Řešeńı
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Př́ıklad
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Řešeńı

Protože 0 < p = 1√
2

< ∞ , řada
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Řešeńı
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Řešeńı
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sin x =
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n=0

(−1)n
x2n+1

(2n + 1)!
= x −

x3

3!
+

x5

5!
−

x7

7!
+

x9

9!
−

x11

11!
+ · · ·

cos x =
∞X
n=0

(−1)n
x2n

(2n)!
= 1−

x2

2!
+

x4

4!
−

x6

6!
+

x8

8!
−

x10

10!
+ · · ·
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Michaela
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Aplikujeme-li pro x ∈ R limitńı pod́ılové kritérium na řadu
∞X
n=0

˛̨̨̨
˛ x2n+1

(2n + 1)!

˛̨̨̨
˛, zjist́ıme, že tato řada

konverguje, a tedy
∞X
n=0

(−1)n
x2n+1

(2n + 1)!
konverguje absolutně na R. Analogicky ukážeme, že i řada

∞X
n=0

(−1)n
x2n

(2n)!
konverguje absolutně na R , a tedy konverguje absolutně i Cauchyho součin těchto řad.
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+ · · ·

Aplikujeme-li pro x ∈ R limitńı pod́ılové kritérium na řadu
∞X
n=0

˛̨̨̨
˛ x2n+1

(2n + 1)!

˛̨̨̨
˛, zjist́ıme, že tato řada

konverguje, a tedy
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x2n+1

(2n + 1)!
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∞X
n=0

(−1)n
x2n

(2n)!
konverguje absolutně na R , a tedy konverguje absolutně i Cauchyho součin těchto řad.
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sin x =
∞X
n=0

(−1)n
x2n+1

(2n + 1)!
= x −

x3

3!
+

x5

5!
−

x7

7!
+

x9

9!
−

x11

11!
+ · · ·

cos x =
∞X
n=0

(−1)n
x2n

(2n)!
= 1−

x2

2!
+

x4

4!
−

x6

6!
+

x8

8!
−

x10

10!
+ · · ·

Aplikujeme-li pro x ∈ R limitńı pod́ılové kritérium na řadu
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∞X
n=0

(−1)n
x2n

(2n)!
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Řady funkćı
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Chceme-li tyto řady vynásobit, jako pomůcku můžeme použ́ıt ”nekonečnou tabulku”, která má v m-tém
řádku a v n-tém sloupci součin n-tého členu prvńı řady s m-tým členem druhé řady. Tedy:
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Řešeńı
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Řešeńı
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Pomoćı Cauchyho součinu řad ukažte, že plat́ı rovnost sin(2x) = 2 sin x cos x.
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Řešeńı
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Řady funkćı
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Veronika
Kurková
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Př́ıklad
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Čiklová,
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Řešeńı
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Řešeńı
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x − x3

3!
x5

5!
− x7

7!
x9

9!
· · ·

− x·x2

2!
x3·x2

3!2!
− x5·x2

5!2!
x7·x2

7!2!
− x9·x2

9!2!
· · ·

x·x4

4!
− x3·x4

3!4!
x5·x4

5!4!
− x7·x4

7!4!
x9·x4

9!4!
· · ·

− x·x6

6!
x3·x6

3!6!
− x5·x6

5!6!
x7·x6

7!6!
− x9·x6

9!6!
· · ·

.

.

.
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Cauchyho součin řad
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Cauchyho součin daných řad je řada, jejichž členy jsou součty prvk̊u na vedleǰśıch diagonálách naš́ı ”tabulky”.
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Veronika
Kurková
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Roznásob́ıme závorku č́ıslem dvě.
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Př́ıklad
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Řešeńı

2 sin x cos x = 2

"∞X
n=0

(−1)n
x2n+1

(2n + 1)!
·
∞X
n=0

(−1)n
x2n

(2n)!

#
=2

"
x−
 

x3

3!
+

x · x2

2!

!
+

+

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
−
 

x7

7!
+

x5 · x2

5!2!
+

x3 · x4

3!4!
+

x · x6

6!

!
+ · · ·

#
=

= 2x − 2

 
x3

3!
+

x · x2

2!

!
+ 2

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
− 2

 
x7

7!
+

x5 · x2

5!2!
+

+
x3 · x4

3!4!
+

x · x6

6!

!
+ · · · =+

1X
k=0

xk · x1−k

k!(1− k)!
−

3X
k=0

xk · x3−k

k!(3− k)!
+

+
5X

k=0

xk · x5−k

k!(5− k)!
−

7X
k=0

xk · x7−k

k!(7− k)!
+ · · · =

∞X
n=0

0@(−1)n
2n+1X
k=0

xk ·x2n+1−k

k!(2n + 1− k)!

1A =

2x = x + x =
x0 · x1

0!1!
+

x1 · x0

1!0!
=

1X
k=0

xk · x1−k

k!(1− k)!
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Řešeńı
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Řešeńı
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Řešeńı

2 sin x cos x = 2

"∞X
n=0

(−1)n
x2n+1

(2n + 1)!
·
∞X
n=0

(−1)n
x2n

(2n)!

#
=2

"
x−
 

x3

3!
+

x · x2

2!

!
+

+

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
−
 

x7

7!
+

x5 · x2

5!2!
+

x3 · x4

3!4!
+

x · x6

6!

!
+ · · ·

#
=

= 2x − 2

 
x3

3!
+

x · x2

2!

!
+ 2

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
− 2

 
x7

7!
+

x5 · x2

5!2!
+

+
x3 · x4

3!4!
+

x · x6

6!

!
+ · · · =+

1X
k=0

xk · x1−k

k!(1− k)!
−

3X
k=0

xk · x3−k

k!(3− k)!
+

+
5X

k=0

xk · x5−k

k!(5− k)!
−

7X
k=0

xk · x7−k

k!(7− k)!
+ · · · =

∞X
n=0

0@(−1)n
2n+1X
k=0

xk ·x2n+1−k

k!(2n + 1− k)!

1A =

2

 
x3

3!
+

x · x2

2!

!
=

x0 · x3

0!3!
+

x · x2

1!2!
+

x2 · x

2!1!
+

x3x0

3!0!
=

3X
k=0

xk · x3−k

k!(3− k)!
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Řešeńı
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Cauchyho součin řad
Př́ıklad
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Řešeńı

2 sin x cos x = 2

"∞X
n=0

(−1)n
x2n+1

(2n + 1)!
·
∞X
n=0

(−1)n
x2n

(2n)!

#
=2

"
x−
 

x3

3!
+

x · x2

2!

!
+

+

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
−
 

x7

7!
+

x5 · x2

5!2!
+

x3 · x4

3!4!
+

x · x6

6!

!
+ · · ·

#
=

= 2x − 2

 
x3

3!
+

x · x2

2!

!
+ 2

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
− 2

 
x7

7!
+

x5 · x2

5!2!
+

+
x3 · x4

3!4!
+

x · x6

6!

!
+ · · · =+

1X
k=0

xk · x1−k

k!(1− k)!
−

3X
k=0

xk · x3−k

k!(3− k)!
+

+
5X

k=0

xk · x5−k

k!(5− k)!
−

7X
k=0

xk · x7−k

k!(7− k)!
+ · · · =

∞X
n=0

0@(−1)n
2n+1X
k=0

xk ·x2n+1−k

k!(2n + 1− k)!

1A =

2

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
=

x0x5

0!5!
+

x1 · x4

1!4!
+

x2 · x3

2!3!
+

x3 · x2

3!2!
+

x4 · x1

4!1!
+

+
x5x0

5!0!
=

5X
k=0

xk · x5−k

k!(5− k)!
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Př́ıklad
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Řešeńı
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Cauchyho součin řad
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Př́ıklad
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Řešeńı

2 sin x cos x = 2

"∞X
n=0

(−1)n
x2n+1

(2n + 1)!
·
∞X
n=0

(−1)n
x2n

(2n)!

#
=2

"
x−
 

x3

3!
+

x · x2

2!

!
+

+

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
−
 

x7

7!
+

x5 · x2

5!2!
+

x3 · x4

3!4!
+

x · x6

6!

!
+ · · ·

#
=

= 2x − 2

 
x3

3!
+

x · x2

2!

!
+ 2

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
− 2

 
x7

7!
+

x5 · x2

5!2!
+

+
x3 · x4

3!4!
+

x · x6

6!

!
+ · · · =+

1X
k=0

xk · x1−k

k!(1− k)!
−

3X
k=0

xk · x3−k

k!(3− k)!
+

+
5X

k=0

xk · x5−k

k!(5− k)!
−

7X
k=0

xk · x7−k

k!(7− k)!
+ · · · =

∞X
n=0

0@(−1)n
2n+1X
k=0

xk ·x2n+1−k

k!(2n + 1− k)!

1A =

2

 
x7

7!
+

x5 · x2

5!2!
+

x3 · x4

3!4!
+

x · x6

6!

!
=

x0 · x7

0!7!
+

x1 · x6

1!6!
+

x2 · x5

2!5!
+

x3 · x4

3!4!
+

+
x4 · x3

4!3!
+

x5 · x2

5!2!
+

x6 · x1

6!1!
+

x7 · x0

7!0!
=

7X
k=0

xk · x7−k

k!(7− k)!
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Př́ıklad
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Cauchyho součin řad
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členy budou konečné řady.
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Cauchyho součin řad
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Řešeńı

2 sin x cos x = 2

"∞X
n=0

(−1)n
x2n+1

(2n + 1)!
·
∞X
n=0

(−1)n
x2n

(2n)!

#
=2

"
x−
 

x3

3!
+

x · x2

2!

!
+

+

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
−
 

x7

7!
+

x5 · x2

5!2!
+

x3 · x4

3!4!
+

x · x6

6!

!
+ · · ·

#
=

= 2x − 2

 
x3

3!
+

x · x2

2!

!
+ 2

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
− 2

 
x7

7!
+

x5 · x2

5!2!
+

+
x3 · x4

3!4!
+

x · x6

6!

!
+ · · · =+

1X
k=0

xk · x1−k

k!(1− k)!
−

3X
k=0

xk · x3−k

k!(3− k)!
+

+
5X

k=0

xk · x5−k

k!(5− k)!
−

7X
k=0

xk · x7−k

k!(7− k)!
+ · · · =

∞X
n=0

0@(−1)n
2n+1X
k=0

xk ·x2n+1−k

k!(2n + 1− k)!

1A =
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Řady funkćı
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Př́ıklad
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Řady funkćı
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Michaela
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Řešeńı
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Michaela
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Řešeńı

2 sin x cos x = 2

"∞X
n=0

(−1)n
x2n+1

(2n + 1)!
·
∞X
n=0

(−1)n
x2n

(2n)!

#
=2

"
x−
 

x3

3!
+

x · x2

2!

!
+

+

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
−
 

x7

7!
+

x5 · x2

5!2!
+

x3 · x4

3!4!
+

x · x6

6!

!
+ · · ·

#
=

= 2x − 2

 
x3

3!
+

x · x2

2!

!
+ 2

 
x5

5!
+

x3 · x2

3!2!
+

x · x4

4!

!
− 2

 
x7

7!
+

x5 · x2

5!2!
+

+
x3 · x4

3!4!
+

x · x6

6!

!
+ · · · =+

1X
k=0

xk · x1−k

k!(1− k)!
−

3X
k=0

xk · x3−k

k!(3− k)!
+

+
5X

k=0

xk · x5−k

k!(5− k)!
−

7X
k=0

xk · x7−k

k!(7− k)!
+ · · · =

∞X
n=0

0@(−1)n
2n+1X
k=0

xk ·x2n+1−k

k!(2n + 1− k)!

1A =

=
∞X
n=0

0@(−1)n
1

(2n + 1)!

2n+1X
k=0

„
2n + 1

k

«
xk · x2n+1−k

1A =
∞X
n=0

(−1)n
(x + x)2n+1

(2n + 1)!
=
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